Ellipsoid Methods for Metric Entropy Computation

Thomas Allard Helmut Boleskei
tallard@Qmins.ee.ethz.ch hboelcskei@ethz.ch

Abstract

We present a new methodology for the characterization of the metric entropy of infinite-
dimensional ellipsoids with exponentially decaying semi-axes. This procedure does not rely
on the explicit construction of coverings or packings and provides a unified framework for
the derivation of the metric entropy of a wide variety of analytic function classes, such as
periodic functions analytic on a strip, analytic functions bounded on a disk, and functions
of exponential type. In each of these cases, our results improve upon the best known
results in the literature.

1 Introduction

The concept of metric entropy has traditionally played a significant role in various do-
mains of mathematics such as non-linear approximation theory [1, 2, 3], mathematical
physics [4], statistical learning theory [5, 6, 7], and empirical process theory [8, 9]. Re-
cent advances in machine learning theory, more specifically in deep learning, have led
to renewed interest in methods for metric entropy computation. Indeed, metric entropy
is at the heart of the approximation-theoretic characterization of deep neural networks
[7, 10, 11]. However, computing the precise value of the metric entropy of a given function
class turns out to be notoriously difficult in general; exact expressions are available only
in very few simple cases. It has therefore become common practice to resort to character-
izations of the asymptotic behavior as the covering ball radius approaches zero. Even this
more modest endeavor has turned out daunting in most cases. A sizeable body of corre-
sponding research exists in the literature [12, 13, 14]. The work of Donoho [15] constitutes
a canonical example of the type of asymptotic results sought; specifically, it provides the
exact expression for the leading term in the asymptotic expansion of the metric entropy
of unit balls in Sobolev spaces.

The methods for characterizing the asymptotic behavior of metric entropy available
in the literature are usually highly specific to the function class under consideration. The
survey [16, Chapter 7] illustrates this point in the context of complex-analytic functions.
An in-depth study of the variety of methods available in the literature leads to the insight
that the underlying ellipsoidal structure of the function classes considered can be exploited
to formulate a comprehensive methodology and en passant improve many of the best
known results. This will, in fact, be the main goal of the present paper. A first step
toward such a general method was made in [17, 18] by computing the metric entropy of
infinite-dimensional ellipsoids with semi-axes of regularly varying (typically going to zero
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as the inverse of a polynomial) or slowly varying (typically going to zero as the inverse of
a logarithm) lengths. This approach was applied in [17] to recover the above mentioned
result by Donoho.

An analogous result for exponentially decaying lengths of the ellipsoid semi-axes does
not seem to be available in the literature. We fill this gap and develop a general three-step
procedure for the computation of the asymptotic behavior of the metric entropy of a wide
variety of function classes. The versatility of our theory is illustrated by applying it to
classes of analytic functions on a strip, analytic functions bounded on a disk, and entire
functions of exponential type; in each of these cases, we improve upon the best known
results in the literature.

These specific improvements along with the general methodology developed in the
paper can find practical applications wherever the precise quantitative behavior of metric
entropy, as opposed to its asymptotic scaling behavior only, is relevant. Examples include
determining the minimum required sampling rate in A/D conversion [19] or the minimum
size of deep neural networks needed to learn given function classes [10].

2 A Simple Example

The purpose of this section is to present a simple example which elucidates the main ideas
the paper is built on. We start with the formal definition of metric entropy.

Definition 1 (Metric entropy). Let (X,d) be a metric space and KK C X a compact set.
An e-covering of K with respect to the metric d is a set {x1,...,xzxy} € X such that for
each x € K, there exists an i € {1,...,N} so that d(z,z;) < €. The e-covering number
N(e;K,d) is the cardinality of a smallest such e-covering. The metric entropy of K is

H(e;K,d) == logy N(g;K,d).

The example we consider is the most basic of examples, namely the computation of the
metric entropy of the unit interval [0, 1] equipped with the metric induced by the absolute
value |-|. Although this example has been studied exhaustively in the literature, the van-
tage point we take, namely in terms of binary expansions, seems novel. Before developing
our idea, we briefly recall the main arguments usually employed to establish the result,
following the exposition in [6]. Specifically, one wishes to prove that

N(e:[0,1], |]) = HJ (1)

This is typically done by establishing

1 1
. D<= . N> =
NEOALH) < |5 | ad NEDALH > || 2)
which, when combined, yield the desired result. The upper bound in (2) is obtained by
constructing an explicit e-covering of [0, 1], specifically {z;}Y, with z; == 2 (i —1/2) ¢, for
i=1,...,N,and N = [1/(2¢)]. It follows by inspection that, for every = € [0, 1], there
exists an i such that |z — z;| <e. Fig. 1 depicts an example.

[
® ® l ® : ®
x1 =1/8 x9=3/8 ' x3=5/8 ' x4=7T/8




Figure 1: Covering of the unit interval for ¢ = 1/8 and N = 4. The
interval [0, 1] is divided into four subintervals of length 2¢ centered at
x1, o, x3, and x4, one of which is indicated in blue.

The lower bound in (2) is found through a volume argument as follows. If the interval
[0, 1] can be covered with N (e;[0,1],|-|) intervals of size 2¢, we must have

2eN(e;[0,1],]-)) > 1.

Since N(g;]0,1],|-]) is an integer, this can be refined to

N0l > |5

which is the desired lower bound, thereby finalizing the proof of (1). As a byproduct, it
has also been established that the e-covering {x1,...,xx} constructed above is optimal,
in the sense that there is no e-covering with fewer elements; and we have identified a
natural mapping that takes every x € [0, 1] to its nearest x;.

We now view the derivation of (1) just presented through the prism of binary expan-
sions of real numbers. A binary expansion of x € [0,1] is a sequence {b, }nen+ € {0, 1}V
of digits, indexed by the positive integers N*, satisfying

T = Z b, 27", (3)

neN*

Note that binary expansions are unique up to the trivial 2-ambiguity that identifies, e.g.,
x = 1/2 with the sequence b = 10000... and the alternative b = 01111.... For simplicity
of exposition, we assume that ¢ is an inverse power of 2, i.e., ¢ = 27571 for some k € N,
and hence log(1/(2¢)) = k. For this choice, the e-covering constructed above divides the
interval [0, 1] into the N = 2¥ sub-intervals I; :== [(i — 1)27%,i27%], i = 1,..., N, with the
interesting property that, for given 4, the binary expansions of the points in I; coincide in
their first £ digits'. Put differently, one can view the construction of the optimal covering
above, together with its corresponding natural mapping, as follows: Given a number
x € [0,1], (i) write its binary expansion, (ii) discard all the digits after the k-th one, and
(iii) append a 1 to the remaining digits to obtain the covering element x is mapped to.
This three-step procedure can be illustrated for k = 2 (also see Fig. 2) as follows:
() (42) (i)
r — 0. @ b3b4b5b6... — 0.b1b2 — I’i:ZQO.blb21.

first k digits

We can now formally view (3) as an expansion of the objects in the set under consideration
into a series that exhibits exponential decay, according to 27" here. The corresponding
expansion coefficients, the digits b,, can take on values from the set {0,1}. Both the
construction of the covering ball centers x; and the mapping of the elements in [0, 1] to
the closest covering ball center are effected by thresholding the series expansion after
k = log(1/(2¢)) terms. Equivalently, this means that the approximation error decays
exponentially in the number of terms k retained.

IThe interval boundary i2~% is identified with the alternative binary expansion b.
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Figure 2: Covering of the unit interval, for k£ = 2.

The present paper builds on a vast generalization of this viewpoint. More precisely,
given a class of functions, we follow an analogous three-step procedure by first identifying
an expansion of the elements z in the class in terms of an exponentially decaying coeflicient
sequence {x,}nen+. This exponential decay property is formally expressed through a

condition of the form
1/p
(z xn/un\p) <1 B

neN*

where p € [1,00) and {u, }nen is an exponentially decaying sequence. For p = oo, we use

SUp [ /pn| < 1. (5)
neN*

Conditions of the form (4) or (5) define infinite-dimensional ellipsoids with semi-axes
{ttn}nen+. In the binary expansion case considered above, we would have (5) with z,, =
bp2™", py, = 27", for n € N*, thanks to b, € {0,1}. In the second step, we reduce the
problem to the analysis of finite-dimensional ellipsoids by truncating the expansion. The
choice of the number of terms to be retained is informed by the exponential decay of
the ellipsoid semi-axes and should depend logarithmically on 1/¢; this will, in turn, yield
an approximation error on the order of €. In the third step, the metric entropy of the
finite-dimensional ellipsoid obtained through truncation is derived, specifically through
volume arguments. This would not be possible in the infinite-dimensional case where
volumes are infinite. In summary, we are hence spared from the often tedious task of
explicitly constructing coverings and packings as done in traditional approaches (see e.g.
[16, Chapter 7] or [2, Chapter 10]). In fact, when the coefficients x,, are real- or complex-
valued, as will be the case in general, it is actually unclear how to infer explicit coverings or
packings within our approach. In the binary expansion example considered above this was
made possible by the finite-alphabet property of the x, = b,27". In summary, while we
have a very general methodology which allows to improve upon best-known metric entropy
results, our approach is not constructive in the sense of identifying optimal coverings and
packings.

We conclude this section by defining notation and terminology. N and N* stand for the
set of natural numbers including and, respectively, excluding zero, Z is the set of integers.
R and C denote the fields of real and, respectively, complex numbers. We use the generic
notation K to mean that a statement applies both for K = R and K = C. It will further
be convenient to introduce the notation

d, ifK=R
ox(d) =<4’ ’ 6
k(d) {Qd, if K = C. (6)
For d € N*, we denote the geometric mean of the set {p1, ..., uq} of positive real numbers

by

d
Hd = H il
n=1
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We refer to the closed ball with center z, of radius r, and with respect to the metric p by
B,(x;r). The subscript p will be omitted when there is no room for confusion. When the
metric p is induced by the usual p-norm, we simply write B, for the unit ball B,(0;1).
log(+) stands for the logarithm to base 2 and In(-) is the natural logarithm. For k € N*,
we denote the k-fold iterated logarithm by

log®™ (-) :==logo---olog (-).
k ti

Finally, when comparing the asymptotic behavior of the functions f and g as x — ¢, with
¢ € RU{—00,00}, we use the notation
f(x)

f = 00malg) = lm 5 =0 and = 0si(g) <= lim

f(x)

g9(z) =

for some constant C' > 0. We further indicate asymptotic equivalence according to

f(x)

f~eseg <= lim—= =1.
a—t g(x)

3 Metric Entropy of Ellipsoids

As mentioned earlier, we shall characterize the metric entropy of infinite-dimensional
ellipsoids by reduction to finite-dimensional ellipsoids while controlling the resulting ap-
proximation error. We begin by formally introducing finite-dimensional ellipsoids.

Definition 2 (Finite-dimensional ellipsoids). Let d € N* and p € [1,00]. To a given set
{p1, ..., na} of strictly positive real numbers, we associate the p-ellipsoid norm || - ||y, on
K<, defined as

1/p
(ZZ:l’xn/MH‘p) ) /Lf 1 S p < o0,

maxi<p<d |Zn/pnl, if p=oo.

I Mlpe: zeK

The finite-dimensional p-ellipsoid is the unit ball in K% with respect to the norm || - ||y
and is denoted by

& (e = {w € K| ol < 1}.

The numbers {u1,...,1uq} are referred to as the semi-axes of the ellipsoid Eg({un}gzl).
We simply write Eg when the choice of semi-azes is clear from the context. For simplicity
of exposition, and without loss of generality, we assume that the semi-axes {u1,. .., pqa}
are arranged in non-increasing order, i.e.,

> > g > 0.

As already mentioned, our approach is based on volume arguments. Specifically, we
shall exploit the fact that the total volume occupied by the covering balls of a given set is
larger than or equal to the volume of the set. Conversely, when packing balls into a set,
the total volume occupied by these balls must be less than or equal to the volume of a
slightly augmented version of the set. This intuition is formalized in [6, Lemma 5.7] for
z € R? (the case x € C? can be handled similarly by identifying C with R?), which we
restate here for completeness.



Lemma 3 (Volume estimates). Let d € N* and fix € > 0. Consider the norms || - || and

|- I on K and let B and B’ be their respective unit balls. Then, the e-covering number
N(e;B,| - |I') satisfies

VO]K(B)

< () volg (B + %B/)
VOIK(B/) -

N(e:B, || |") e < 29x ) 7
(€8, 11 ) e < E 7)
Volume ratios akin to those in (7) will appear regularly in our analyses, in particular
with || - || and || - || given by p— and g—norms, for some p, ¢ € [1,00]. It will hence turn
out convenient to introduce the notation

Kd ._ volk (Bp)

P4 volg (By,) (8)

Such volume ratios have been studied extensively in the literature, see e.g. [20] and [21
Chapter 3] for representative references in the context of metric entropy.

Now, observe that, by taking logarithms in (7), one can readily deduce the metric
entropy scaling behavior of a d-dimensional unit ball B according to

H({:‘;B, ” : H/) ~e—0 O'K(d) log(eil)' (9)

Intuitively, this scaling quantifies that, in order to encode an element of B with precision
e, one needs to quantize each of its components using log(¢~!) bits.

Recalling that finite-dimensional p-ellipsoids are unit balls with respect to || - ||, .-
norms, it follows that their metric entropy behavior is, in principle, characterized by (9).
However, bringing out the dependency on the semi-axes {u1,...,uq} and getting good
constants in lower and upper bounds on metric entropy, ideally even sharp results, requires
significantly more work. The following two theorems, whose proofs have been relegated
to Appendix C.1, address these issues and constitute our main results in this context.

Theorem 4. Let d € N* and p,q € [1,00]. Then, there exists a positive real constant
k independent of d such that, for all € > 0, the covering number of the ellipsoid Eg mn
|| - lg-norm satisfies

1
N (8- 10) =7 2 > mow(d) s fa,

where [ig is the geometric mean of the semi-axes of Eg.

Theorem 5. Let d € N*, let p,q € [1,00], and assume that

H(585 - 1lg) = 20x(d),  for all e € [0,2pd, (10)
where g is the smallest semi-axis of Eg. Then, there exists a positive real constant ®

independent of d such that, for all € € [0,2ug], the covering number of the ellipsoid Eg mn
|| - ||lg-norm satisfies

1
N (8- ) = e < Rowl@) a5

where [ig is the geometric mean of the semi-axes of 53.



Obviously, we must have
R > k. (11)

Note that the upper bound in Theorem 5 requires the additional assumption € €
[0,2p4). This can be explained as follows. If ¢ is large compared to pg (recall that the
semi-axes are ordered), the problem of covering the d-dimensional ellipsoid can be reduced
to that of covering a lower-dimensional version thereof. This insight is illustrated, for
d = 2, in Figure 3.

Figure 3: Reduction of a two-dimensional covering problem to one di-
mension by lining up e-balls, with € > 2u,, along the x-axis.

Equipped with Theorems 4 and 5, we are ready to study infinite-dimensional ellipsoids.

Definition 6 (Infinite-dimensional ellipsoids). Let p € [1,00]. To a given bounded se-
quence {jin fnen= of positive real numbers, we associate the ellipsoid norm || - ||, on

P(N*;K), defined as

1 .
(ZnEN*’xn/HN|p) /p’ Zf 1 S b < 00,

| llpp: © € (N K) .
Pt [n/iml. i p= oo,

The infinite-dimensional p-ellipsoid is the unit ball in (P(N*;K) with respect to the norm
| lp,. and is denoted by

Ep({pntnen-) = {x € (N K) | ||2[lp, < 1}

The elements of {jn tnen+ are referred to as the semi-azes of the ellipsoid Ey({fin nen+)-
We simply write &£, when the choice of the semi-axes is clear from the context. For
simplicity of exposition, and without loss of gemerality, we assume that the semi-azes
{tn}nen= are arranged in non-increasing order, i.e.,

p > > g > >0,

Note that z € P(N*;K) does not necessarily imply ||z, < co. However, the converse is
true, namely every x with finite ellipsoid norm |[|z||,, , must be in 7(N*;KK). Consequently,
defining the ellipsoid &,({ftn }nen+) as a subset of P(N*;K) is without loss of generality.
Restraining the semi-axes to be positive does not come at a loss of generality as the
dimensions corresponding to semi-axes that are equal to zero can simply be removed from
consideration. In particular, when the semi-axes equal zero beyond a certain index, we
are back to the case of finite-dimensional ellipsoids. As announced in the introduction, we
restrict ourselves to ellipsoids with semi-axes of exponential decay formalized as follows.

7



Definition 7 (Exponentially decaying semi-axes). We say that a smooth (i.e., infinitely
differentiable) function
P: (0,00) = R

is a decay rate function with parameter t* > 0 if

P((t*,00)) = (0,00) and t— q’/)gt) s non-decreasing on (t*, 00). (12)

Further, the ellipsoid Ep({fin tnen+) has 1-exponentially decaying semi-azes if
tn = coexp{—1In(2)¢¥(n)}, for alln € N* and some ¢y > 0. (13)

Concrete examples of decay rate functions ¥ will be considered in Corollaries 12-14. We
note that every decay rate function ¢ must be invertible on (t*,00); see Lemma 31 in
Appendix B for a formal statement and proof of this fact. The inverse

P (0,00) = (17, 00)

of 1 plays a central role in our main result Theorem 9. Before stating this result, we need
to introduce two auxiliary functions.

Definition 8 (¢-average and 1-difference functions). Let ¢ be a decay rate function. We
define the v-average function according to

d

and the -difference function as
C(d) =(d) —(d—1), foralld> 2.

The main properties of the i-average and the i-difference function are summarized in
Appendix B.

The next theorem constitutes the main result of the paper and characterizes the asymp-
totic behavior of the metric entropy of infinite-dimensional ellipsoids with y-exponentially
decaying semi-axes.

Theorem 9 (Metric entropy of infinite-dimensional ellipsoids). Let p,q € [1, 00| and let ¢
be a decay rate function. There exists an integer-valued function d. which can be written
i the form

de = "V [log(e7) + log(co)] + Ocso(1), (14)

with ¢y as per (13), such that the metric entropy of the infinite-dimensional ellipsoid &,
with Y-exponentially decaying semi-azes {n }nen+ satisfies

He:6p |- [l) = aK<d€>{5<de> i (; - ;) log(o(d:)) +odﬁoo<<<dg>>}, (15)

where §(+) and ((-) are the -average and the ¥-difference function, respectively.



We note that the metric entropy of ellipsoids with exponentially decaying semi-axes does
not seem to have been characterized before in the literature. The proof of Theorem 9
follows steps two and three of the three-step procedure described in the introduction.
Concretely, given an infinite-dimensional ellipsoid &,({n nen+) to be covered by balls of
radius € > 0, the problem is reduced to covering a finite-dimensional ellipsoid of dimension
d.. One then applies Theorems 4 and 5 to this d.-dimensional ellipsoid to obtain (15).
The choice of d. is informed by the idea that semi-axes with indices beyond d. should
asymptotically be on the order of ¢, i.e.,

Hd. ~e—0 €,
or, equivalently using . = co exp{—1n(2)(d.)}, we want
de ~e—s0 YV [log (1) + log(co)]
which is (14).

Proof. We first introduce, for all ¢ > 0, the effective dimension of the ellipsoid &, with
respect to || - ||, as
1 1

1
d. = min{k EN' | N(e:&p || llg) P py < Foge (k) o™ ﬂk}7 (16)

where % is the constant in the statement of Theorem 5. It is formally established in
Lemma 47 (see Appendix C.6.18) that the effective dimension is well-defined for all € > 0
and approaches infinity as ¢ — 0. Taking the logarithm in (16) yields

ox(de — 1){ log(F) + <(1] - ;) log(ow(de — 1)) (17)

< H(e;8E, |- llq)

< aK<ds>{ log (%) + (1 - ;) log(o(de)) + 7 dzlg{“}} (18)

q = pa.
Using
1 ) 1~ [
o) = 3 S0 — ) 2 S g e
and identifying the term log(%) as O4, 00 (1), we can rewrite the upper bound in (17)-(18)

according to

H(eiEn - 1) < o) {80 + (5 = 3 ) low(ow(@)) + 0D |- (19

The lower bound in (17)-(18) can equivalently be expressed as
ox(des — 1){5(0[E —-1)+ ((11 - ;) log(og(de — 1)) + Odg_mo(l)}
= (@) a0+ (5 - 1 ) owlowldo) ~ () (1~ 1/d0) + Ons(D)}.



where we used
ok (de — 1)log(ox (d: — 1)) = or(d:)(log(ok (de)) + Od.—o0(1))

together with the identity

ok (d)d(d) —ox(d—1)0(d—1)
ok (d)

established in Lemma 32 (see Appendix B). With

=((d)(1—-1/d), foralld>2,

1 = 04500(¢(d)), and therefore d= O4_00(d((d)), (20)

which follows from Lemma 33 (see Appendix B), we can further rewrite the lower bound
in (17)-(18) according to

(@) {50 + (1 = 1) on(oe(d) + Ouelcla) | (21)

Combining the upper bound (19) with the lower bound (21) and using once more (20),
we obtain the desired final result according to

He:6 ] o) = aK<ds>{5<ds> n (; - ;) log (0w (d2)) + odﬁoo@(ds))}-

It remains to establish that d. can, indeed, be expressed as in (14). This will be accom-
plished with the help of the following two lemmata.

Lemma 10. There exists a positive real constant ¢ < 1 independent of € such that
€> g, foralle >0,
where d. is as defined in (16).

Proof. See Appendix C.6.1. O

Lemma 11. There exist a positive real number €* and a constant ¢ > 1 such that, for all
e € (0,e%),
€ < Clg. 1,

where d. is as defined in (16).
Proof. See Appendix C.6.2. O
Let ¢, ¢, and €* > 0 be as in Lemmata 10 and 11. Choose ¢ € (0,¢*) small enough for
log(e7!) +log(cp) +log(c) >0 and d.—1>¢t* (22)
to hold. It further follows from Lemmata 10 and 11 that
log(14.) + log(¢) < log(e) < log(pg, 1) + log(). (23)
On the other hand we have from (13)

log(pq) = —1(d) + log(cp), for all d € N*. (24)
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Combining (23) and (24) yields

(de — 1) —log(t) < log(e™") + log(co) < ¥(de) — log(c),

or, equivalently,

de > (=Y [log(e71) + log(co) + log(c)], and

(25)
d- < " D[log(e™") +log(co) + log(e)] + L,

where we used that the second part of (22) together with Lemma 31 ensures that
can, indeed, be inverted, and the first part of (22) guarantees that both bounds are well
defined. Using the subadditivity of 4(—1 (cf. Lemma 34 in Appendix B) and recalling
that ¢ <1 <, we get from (25)

d. > D [log(s_l) + log(co)] — w(_l)[— log(¢)], and

d. < b [log(sfl) + log(co)] + w(fl)[log(f)] +1,
which, in turn, allows us to finish the proof by concluding that

d. = ¢(_1) []og(g_l) + log(co)] + Os—>0(1)'
O

For later reference, we next collect consequences of Theorem 9 for specific decay rate
functions . The first one, Corollary 12, treats the case of linear functions ; while
Corollaries 13 and 14 pertain to -functions growing super-linearly.

When 1 is a linear function, the analogy with binary expansions, studied in Section
2, suggests that the effective dimension d. grows logarithmically in e~!. Combining this
observation with (9), we expect the leading term of the metric entropy expression to scale
according to log? (6*1). The next corollary formalizes this insight.

Corollary 12. Let p,q € [1,00], ¢ > 0, and
P:te (0,00) —cteR.

The metric entropy of the infinite-dimensional ellipsoid &, with 1-exponentially decaying
semi-azxes satisfies

H(ei&p, | - llg) = 5 log*(e™)
+ j(; - ;) log(s71) log? (e71) + 0.0 (log(e71)),

where a =1 if K=R and a =2 if K=C.
Proof. See Appendix C.2. O
We now turn to decay rate functions of super-linear growth, whose corresponding metric

entropy asymptotics will be expressed in terms of the Lambert W-function, the main
properties of which are recalled in Appendix A.

11



Corollary 13. Let p,q € [1,0¢], ¢, > 0, and
it € [l,00) — ct(log(t) — ) € R.

The metric entropy of the infinite-dimensional ellipsoid &, with 1-exponentially decaying
semi-azxes satisfies

/
ac2e-l 1

H(ei6n ) = g exp (280} (5(6) + 5 ) (14 Oate- e exp{~5(e1)),

where a =1 if K=R, a =2 if K=C, and

with W (-) denoting the Lambert W -function.
Proof. See Appendix C.3. O

The next result exploits properties of the Lambert W-function to find the explicit asymp-
totic behavior of the metric entropy in Corollary 13 up to second order. We remark
that inspection of the proof reveals that it is actually possible to obtain the asymptotic
behavior up to arbitrary order. Concretely, this can be done by continuing the asymp-
totic expansion of 1~ in Lemma 45 using more terms from Lemma 29. For clarity
of exposition, however, we decided to limit the formal statement of the result to second
order.

Corollary 14. Let p,q € [1,00], ¢, > 0, and
it € [l,00) — ct(log(t) — ) € R.

The metric entropy of the infinite-dimensional ellipsoid &, with 1p-exponentially decaying
semi-axes satisfies

H(esgp - ) = 18 (5—1)) (1 4o Eg_lg t om0 <1°g(3) (5_1)».

T 9 clog® (1 log® (e—1)

Proof. See Appendix C.3. O

We conclude by pointing out that, both in Corollary 13 and Corollary 14, the asymptotic
behavior of metric entropy does not depend on the parameters p and q.

4 Applications to Complex Analytic Functions

We now turn to the application of our general results to classes of analytic functions whose
asymptotic metric entropy behavior has been characterized before in the literature. In
each of these cases, we improve upon the best known results, in some cases significantly
so. All of these best known results are based on evaluating the cardinalities of explicitly
constructed coverings and packings. The corresponding proofs are hence often tedious
and highly specific to the function class under consideration.
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4.1 Periodic Functions Analytic on a Strip

We first consider a class of functions that are periodic on the real line and can be analyt-
ically continued to a strip in the complex plane. The formal definition is as follows.

Definition 15 (Periodic functions analytic on a strip). Let M and s be positive real
numbers. We denote by As(M) the class of functions f: R — C which are 2mw-periodic
and can be analytically continued to the domain

S={z=2+iyeClzeR and |y| < s},

such that
sup [f(z)] < M.
z€S
Note that, by the identity theorem (see e.g. [22, Corollary 10.18]), f(z) in Definition 15
is 2m-periodic on the entire strip S, i.e., f(z + 27) = f(2),z € S.
The metric entropy of the class As(M) endowed with the metric

dor: (f1, fo) V= sup |fi(z) — fa(z)]

z€[0,27]
was characterized in [16, Chapter 7, Section 2.4] according to

H(g;As(M),dor) = 212(2) log? (6_1) + Oz50 (log(e_l) log?) (6_1)). (26)

The standard technique for deriving this result is to construct covering and packing ele-
ments via an adequate choice of Fourier series coefficients. We next demonstrate that our
general approach improves upon (26) by providing a more precise characterization of the
Oz—0(+) term.

Theorem 16. Let M and s be positive real numbers. The metric entropy of the class
As(M) equipped with the metric doy can be expressed as

21n(2)

S

H(e; Ay(M), dor) = [log?(=7") + log (=™ 10g™® (™) (7() + 0--0(1) |,

with v(-) a function satisfying |y(e)| < 1, for all € > 0.

Theorem 16 improves upon (26) as follows. While (26) states that there exists K > 0,
possibly depending on s and M, such that

sy H (€3 As(M), dar) — log®(e71)

lim
log(e~1) log(Q) (e 1)

e—0

<K,

Theorem 16 establishes that the constant K can be taken to be equal to 1, independently
of s and M.

Proof. The elements of A4(M) are 2m-periodic functions and can hence be represented in
terms of Fourier series according to

0 2w

. 1 ,
f(z) = Z are®®, with aj, == 2 ), f(z)e ™ dz, for all k € Z.
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We shall use the shorthand a = {ax}rez. Following our three-step procedure, we first
establish that the body formed by the Fourier series coefficients is of ellipsoidal structure,
more specifically it can be inscribed and circumscribed with ellipsoids. There is a minor
technical adjustment we need to make before we can proceed. Specifically, so far we
only considered one-sided ellipsoids, that is, ellipsoids indexed by N* rather than Z. The
Fourier series coefficients {ay }rez are, however, two-sided sequences. To consolidate this
matter, we define the coefficients

ay = ag, Qgp:=an, and ag,i1:=a_y,, foralln e N¥, (27)

together with the map
v f € As(M) = {an}, en--

The ellipsoidal structure of the body formed by the Fourier series coefficients is formalized
in the following lemma.

Lemma 17 (Ellipsoidal structure of ¢(As(M))). Let M and s be positive real numbers

and set
s(n—1)

pV = Me™%  and pP =v2Me "z, for alln e N*. (28)
Then, we have
1) C C (2)
& ({}, ) ot e &({ud} ).
Proof. See Appendix C.6.3. O

We next relate the metric do, to £9-metrics in sequence spaces.

Lemma 18. Let fi and fo be 2m-periodic functions with Fourier series coefficients a(!)
and a@ | respectively, such that

o0 o
fiz) = Z a,(j) ek and folz) = Z a,(f) otk

k=—o00 k=—o00

Then, we have

H“(l) )
9(Z)

< da(f1, f2) < Ha(l) —a?

2(z)

Proof. See Appendix C.4.1. O

Combining Lemma 17 with Lemma 18, we obtain
H(e({nD} )l ll) < HesA(M), dos) (29)
< H<€;82({N7(12)}neN*>7 H ’ H1>7 (30)

where {,ugll)}neN* and {,ug)}neN* are according to (28). We now wish to apply Corollary
12 as a proxy for the second and third steps of our procedure. To this end, first observe

that, with ¥(t) = ﬁ@)t, we have

MS) = M exp{—1In(2)¢(n)} and ug) = V2Me*/? exp{—In(2) ¥ (n)},
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for all n € N*. This shows that the semi-axes { /M(zl)}neN* and { u,(f)}neN* are Y-exponentially
decaying. We are now in a position to apply Corollary 12 with ¢ = 572 j and a = 2 to

2In(2)
get
(=& ({n?) )1 (31)
_ 211;(2) log? (6—1) n 21n(2) log(z—:_l) log(2) (5_1)(1 + 0.150(1)) (32)
and
aea({nd} )l l) (33
— 212(2) log? (5_1) + Qh;@) log(e_l) log? (5_1)(—1 + 0-0(1)). (34)
Inserting (31)-(32) and (33)-(34) in (29)-(30) yields the desired result
(e A(M), dor) = 222 [10g2 (1) 4 o) 1o (77 ) (3() + 0-s0(1)].
with |y(e)| < 1, for all € > 0. O

We conclude by noting that thresholding infinite-dimensional ellipsoids in the Fourier
series sequence space and covering through the resulting finite-dimensional ellipsoids im-
plicitly amounts to covering the class Az(M) by finite Fourier series expansions, i.e., by
trigonometric polynomials.

4.2 Functions Bounded on a Disk

We next consider functions that are analytic and bounded on a disk, formally defined as
follows.

Definition 19 (Analytic functions bounded on a disk). Let M and r’ be positive real
numbers. We denote by A(r'; M) the class of functions f that are analytic on the open
disk D(0;7") in the complex plane centered at 0 and of radius r’, and satisfy
sup | f(z)] < M.
z€D(05r7)
Based on our three-step procedure, we now characterize the asymptotic behavior of the
metric entropy of the class A(r'; M) endowed with the metric

dr: (flafZ) — Sup' )‘fl(z) - fQ(Z)‘7 (35)

z€D(0;

where we will assume throughout that 0 < r < 7.

The metric entropy of this function class is of relevance, inter alia, in control theory
and signal processing [23, 24] as well as in neural network theory [25], with the best-known
result due to Vituskin [2, Chapter 10, Theorem 4] given by

B log? (6*1)
~ log(r'/r)
The standard technique for deriving this result is based on explicit constructions of cover-
ings and packings via adequate choices of Taylor series coefficients of functions in A(r’; M).
Again, we shall show that our general approach improves upon (36) by providing a more

precise characterization of the second-order term, and does so without resorting to the
explicit construction of coverings and packings.

H(s;.A(r’;M), dr) + O:_0 (log(e_l) log(2) (8_1)). (36)
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Theorem 20. Let r, v/, and M be positive real numbers such that v’ > r. The metric
entropy of the class A(r'; M) equipped with the metric d, can be expressed as

B log2 (5_1) log(e_l)
~ log(r'/r)  log(r'/r)

with v(-) a function satisfying |y(e)| < 1, for all € > 0.

H(5§A(TI;M)adr) 10g(2) (5_1)(7(5) +OE—>0(1)>7

Theorem 20 improves upon (36) as follows. While (36) states that there exists K > 0,
possibly depending on r,7’, and M, such that
log(r'/r) H(e; A(r'; M), dy) —log®(s ™)
m
=0 log(e~1) log® (e~ 1)

<K,

Theorem 20 establishes that the constant K can be taken to be equal to 1, independently
of r,r’', and M.

Proof. Let {a}ren be the sequence of Taylor series coefficients of f, which exists by
analyticity, i.e.,

f(z) = Zakzk, for all z € D(0;r").
k=0
We start by defining the embedding
v f € A(r' s M) — {ag tren € (°(N),  with ay = apr”, (37)

where {ax }ren € °°(N) is a direct consequence of Cauchy’s estimate (47). As in the proof
of Theorem 16, we next inscribe and circumscribe t(A(r'; M)) with ellipsoids.

Lemma 21 (Ellipsoidal structure of A(r'; M)). Let r, ', and M be positive real numbers
such that ' > r, and let

pi = M exp{—kIn(r'/r)}, for all k € N. (38)

Then, we have
E (i tren) € (A@ ;M) C Ex({k}ren).

Proof. See Appendix C.6.4. O

We next relate the metric d, to £9-metrics in sequence spaces.

Lemma 22. Let v be a positive real number and let f1, fo be functions that are analytic
on D(0;71), with respective Taylor series expansions

fi(z) = Zag)zk and  fa(z) = Zag)zk.
k=0 k=0

Then, we have

|a®—a®| , <di(fifo) < oV —a®| . (39)
where
Proof. See Appendix C.4.2. O
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Combining Lemma 21 with Lemma 22, we obtain

H(e; & ({ptren)s || - 12) < H(e3 A(r's M), dy) < H(e3E({prtren), | - 1), (40)
where {1 }ren is as per (38). We can now apply Corollary 12 with ¢ = log(r/r) to obtain
H(e;&({prtren), I| - 1) = 11058;2((;/_3 (41)
* g s ) 08 ) (5 o) a2

and
H(e;&({prtren), || - [l2) = 11(5((;/_3 (43)

2 - 1
+Wlog(e N log® (e 1)<_2+08_>0(1)). (44)

Inserting (41)-(42) and (43)-(44) in (40) yields the desired result

B log2 (5_1) N log(e_l)
~ log(r'/r)  log(r'/1)
with |y(e)| < 1, for all € > 0. O

H(e; A(r's M), d,) log® (™) (7(e) + 0-0(1)),

We conclude by noting that thresholding infinite-dimensional ellipsoids in the Taylor series
sequence space and covering through the resulting finite-dimensional ellipsoids implicitly
amounts to covering the class A(r’; M) by finite Taylor series expansions, i.e., by polyno-
mials, in a complex variable.

4.3 Functions of Exponential Type
We finally consider functions of exponential type [22, Chapter 19] defined as follows.

Definition 23 (Functions of exponential type). An entire function f is said to be of
exponential type if there exist positive real constants A and C such that, for all z € C,

f(2)] < CelAl. (45)

We write fé},c for the class of entire functions of exponential type with constants A and

C.

Functions of exponential type appear naturally in many practical applications, mainly as
they can be identified, through the Paley-Wiener theorem [22, Theorem 19.3], with band-
limited functions. For instance, in [19] the metric entropy (rate) of band-limited signals
plays a fundamental role in assessing the ultimate performance limits of analog-to-digital
converters.

The best known result on the metric entropy of ]:é?(f is [16, Chapter 7, Theorem XX]

log? (5_1)

H(e;F5E d1) ~eso —my—2s
( 1) e—0 log(2) (5_1)

exp

(46)

where dy is the metric defined in (35) under the choice » = 1. We improve upon (46) as
follows.
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Theorem 24. Let A and C be positive real constants. The metric entropy of the class
TQ},C (as per Definition 23) equipped with the metric dy satisfies

2
(%) =22 e+ 5|11+ Onoelexpl-tr(e)

2 In(2)
< H(E;fé’]{)c’7dl)

< (e S22 5,0y 2| 14 O m(exnl -,

n -1 n -1
B (&) =W<21(Z)> and B(e) :=W<1 ffA))

with W denoting the Lambert W -function (cf. Appendiz A).

where

Proof. See Appendix C.5. O

It is not immediate that the characterization provided in Theorem 24 indeed constitutes

an improvement over (46). We therefore employ Theorem 24 to make the second order
. . . . AC .

term in the asymptotic expansion of the metric entropy of Fexp explicit.

Corollary 25. Let A and C be positive real constants. The metric entropy of the class
fé’pc (as per Definition 23) equipped with the metric dy satisfies

log2(e—1 1 (3)(~—1 1 3)(-—1
H (e AL dy) = 22 ) ))<1+Og s )+oﬁo<°g (€ )))

log® (1 log® (1) log®? (1)

Proof. See Appendix C.5. O
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A Complements

This appendix collects known results that will be used frequently in the paper along with
auxiliary results.

Lemma 26 (Cauchy’s estimate). [22, Theorem 10.26] Let r and M be positive real num-
bers and let f be analytic on D(0;1) with Taylor series coefficients {ck}ren. If | f(2)] < M,
for all z € D(0;r), then

M
lex] < e for all k € N. (47)

We next recall results on the Lambert W-function.

Definition 27 (Lambert W-function). The Lambert W -function is defined as the unique
function satisfying
W(z)eV® =z forall z > 0.

Lemma 28. Let a and b be positive real numbers. Then, the equation
r=ae *+b

has a unique solution, which is given by

r=>b+ W(ae*b)
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Lemma 29. The Lambert W -function satisfies the relation

s(n —|— m,n+ 1) <ln(2)(a:))
lnner(

W (z) = In(z) +ZZ

n=0m=1

)

x)

for all x > 0, where s(n +m,n + 1) denotes the Stirling numbers of the first kind. In
particular, one has the asymptotic behavior

In® (z)
In(x)
We refer to [26] for further material on the Lambert W-function and to [27, Chapter 2.4]

for a proof of Lemma 29. Lemma 28 can be verified by direct substitution.
Finally, we shall need the following auxiliary result.

W(z) = In(z) — In®(z) +

(L4 0g—00(1)). (48)

Lemma 30. It holds that

V2ork eT2R
1< sup ——/— < o0
keN= 2
Proof. See Appendix C.6.5. O

B Properties of Decay Rate Functions

Lemma 31. Let ¢ be a decay rate function with parameter t*. Then, 1 is strictly in-
creasing and invertible on (t*,00).

Proof. Fix tq,ty € (t*,00) such that ¢; < t2. We then have

Y(ta) —P(t1) = t2[

The inequality (49) directly implies that 1 is strictly increasing on (t*,00). Combined
with the continuity of ¢ on (t*, 00), which follows by definition, this allows us to conclude
that ¢ is invertible on (t*, c0). O

Lemma 32. Let ) be a decay rate function. The y-average function § and the y-difference
function ¢ are related according to

ox(d)d(d) —ox(d —1)6(d—1)
ok (d)

Proof. We fix d > 2 and note the following chain of identities

=((d)(1—-1/d), foralld>2.

d d—1
do(d) = (d—1)6(d—1) =Y ((d) —¥(n)) = > _(¥(d —1) = (n))
n= n=1
1 d— d
=di(d) - (d—1)9 Z )= > (n)
n=1 n=1
=di(d) — (d=1)¢(d - 1) —¢(d)

=(d=1)(¥(d) = ¢(d - 1))
=(d—=1)¢(d) = d((d) (1 = 1/d).
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Rewriting this relation according to

ok (d)o(d) —og(d—1)0(d—1)
ok (d)
finishes the proof. O

=((d) (1 - 1/d)

Lemma 33. Let ¢ be a decay rate function with parameter t*. There exists a positive
real number k such that the i-difference function ( satisfies

C(d) >k, forall d>t"+2.

Proof. We fix d > t* 4+ 2 and start by rewriting ¢ according to

_ (v Pd-1)\  P(d-1)
=d d d—1 + d—1 (51)
As the function .
t e (#,00) 1> %) € (0, 50)
is non-decreasing by definition, we have
) pd-1) =1 (e 1)
d d—1 d—1 [t + 1]
Putting everything together, we obtain
O(d) Pd—-1)\ vd-1) _ o([t"+1])
— — >
¢(d) d( & d=1 )T d=1 % rtil
which establishes the desired result upon setting
_ (e +1])
[t* + 1]
O

Lemma 34 (Subadditivity of w(_l)). The inverse (=Y of the decay rate function v is
subadditive, i.e., for all a,b > 0, we have

(@ +b) < (a) + D (b).

Proof. We proceed in two steps, the first of which analyzes the variations of the function

UHw“yw
To this end, we compute
=Dy (=D (y 1 =D (y
F’J)]—[WW’J>” _¢u;1 (52)




Changing variables according to

t=4D(w),
(52)-(53) can be rewritten as
0] N SO B
[ u ] _[wtn%'@[ 2 ] (54)
_ 2 [em)
N [w(t)]Qw’(t)[ t ] =0, (55)

where the inequality holds for all ¢t € (t*,00) as a direct consequence of ¢ being strictly
increasing (cf. Lemma 31) and satisfying the properties (12) in Definition 7. It hence

follows from (54)-(55) that
(-1)
w20 (56)

is non-increasing on (0, 00).
For the second step, fix a,b > 0 and observe that

) »(D(a +b) <6V and b D (a +b)

(=1

The desired result now follows by application of these two inequalities according to

pa+b) D a+b) 6D (1)
i TP S YT @A)

P D(a+b)=a

C Proofs
C.1 Proofs of Theorems 4 and 5

We start with preparatory material needed in both proofs. First, observe that Sg is the
image of B, under the diagonal matrix

pr 0 ... 0
0 Mmoo 0
Ap = . - . (58)
0 0 e M4
Indeed, we have
d d
&l ={v e K| |lall, <1}
= {IL‘ c K| ||z, <1, such that @, = pnzy,, for alln € {1,.. .,d}}
= {Auz | z € K% and |z[|, < 1} = A,B,.
Next, note that
det(4,,) = i, (59)
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where we identified C with R2. It now follows as an immediate consequence of Sg = A.B,
that the volumes of the ellipsoid Sg and the ball B, are related according to

(59

volg (£2) = volg(B,) det(A,) = volg (B,) a5< ). (60)

We conclude with a lemma on volume ratios.

Lemma 35. Let d € N* and p,q € [1,00]. The volume ratio Vpﬂijd satisfies
K,d f"l](l(d) _ 1 1 O
log ] (V35) 7 1 = (= ) 108(04(@) + Oses (1)
Proof. See Appendix C.6.6. O

Proof of Theorem 4

The proof of Theorem 4 is effected by applying Lemma 3 with B = gg’ B =B, | | =
I llpar and [ - = [} - llg, according to

o VOIK(gd) (60) _ox(d
N (eI ll) 7@ = = v @), (61)

~ volg (Bq)

and observing that Lemma 35 then implies the existence of a constant £ > 0 independent
of d such that
K.d) 72 @ (:-1)
(V) ™ = mow(@\i77). (62)

Using (62) in (61) yields the desired result. We additionally note that, in the case p = ¢,
one can take x = 1. This observation is exploited in [28, Theorem 5].

Proof of Theorem 5

We split the proof of Theorem 5 into the cases p > g and p < gq.
Case p > q. With a view towards application of Lemma 3 with B = Sg and B’ = B,
we first consider the set

4 €
& + §Bq
and note that owing to B, C B, and € < 2u4, it holds that
d ¢ d, ¢ d
& + 58(1 &+ ng C & + pnabp. (63)
Next, as the semi-axes 1, ..., g are non-increasing, we obtain
&+ paBp C EY + &) = 287, (64)

where the equality is thanks to the convexity of the ellipsoid Eg (recall that p > 1 by
assumption). Combining (63) and (64) now yields

volic (&1 + 5B,) < 27 vol (7). (65)
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Applying the upper bound from Lemma 3, with B = Sg, B =B |-l = Ilpu and
-1 =1l - llq: we get

VOIK (Sg + %Bq)
VOIK(BQ)

(69) o (d VOIK(Ed) (60) ok (d K,d -ox(d)
o xR T A C)

N<€;537 |- Hq) co(d) < 9on(d)

From Lemma 35 we know that there exists a constant C' > 0 that is independent of d and
such that

1
()7 < 0t
which, when used in (66), leads to

1_1

_1
N (8L 1) e < 400x(@ ) g (67)

Setting & := 4 C yields the desired result.

Case p < q. The proof proceeds through arguments based on entropy numbers. We
first recall that, for m € N*, the m-th entropy number e,,(T) of a linear operator T: (K¢, ||-
) — (K2, -]|") is defined according to

em(T) =inf{e > 0| H(g;T(B),| - |') < m},

where B denotes the unit ball in K¢ w.r.t. the norm || - || (see [21, Definition 1.3.1]). We
are particularly interested in the mapping

Tpqu = 1id: (Kda - llp) = (Kda - lg), (68)

that is, the identity operator between K¢ equipped with the p-ellipsoid norm || - ||p,n and
K? equipped with the g-norm || - ||, With this choice, we have

em(Tyqp) = inf{a >0 H(a;é‘{f, I- Hq) < m}.
Additionally, we fix m according to

m =

L (=588 1)

DN |

so that trivially

e < eonlTpqp) and N(siEf |- ],) <22, (69)

Next, note that the operator T}, 4, can be factorized according to
Tpgp = idpg o Ay,

where id,, , refers to the identity operator between K? equipped with the p-norm |||, and
K? equipped with the g-norm ||-|,, and A, was defined in (58). Using the multiplicativity
property of entropy numbers (see e.g. [29, Equation 15.7.2]), we get

eam(idp g0 Ay) < e (idpq) em(AL), (70)
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which allows us to reduce the problem of upper-bounding the entropy number ez, (7). q,.)
to that of upper-bounding the entropy numbers e, (idp ) and e;(A,). Under the as-
sumption (10) and using the fact that og(d) is integer, one has m > ox(d) and hence
the classical result [30, Theorem 1] on the entropy number of diagonal operators applies,
which can be reformulated in our setting according to

1

em(idyy) < Cr2” 7 oy () (75, (1)

B =

where C] is a positive numerical constant. Moreover, by setting p = ¢ in (67), we get
em(Au) < Co2 7@ fig, (72)

where Cs is a positive numerical constant. Now combining (71) and (72) in (70) yields

2m
eam(Ty o) < Co2 750 () (77) g, (73)

with C a positive numerical constant. Finally, using (69) in combination with (73) results
in the desired bound according to

"lKl(d) (69) 2m+1
N( ; paH lg ) e < 27k egn(Thgu)
1 1

(73) 1 (7_,) ( 1
< 29%k@ Cyog(d)\a 7/ fig < Rog(d)\e »

1
where we set K = 2Cy and used 2°x(9 < 2 in the last inequality. This concludes the
proof.

C.2 Proof of Corollary 12

First, note that ¢ (t) = ct trivially satisfies the defining properties of decay rate functions
with the choice t* = 0 (cf. Definition 7). We can therefore apply Theorem 9 to get

H:6p ] o) = ac<d€>{5<de> ; (; - ;) log(c(d)) +0dm<c<d€>>}, (74)

with d. satisfying

log(1)

C

d. = ¢V log(e71) + log(co)] + Ocmso(1) = + Oc0(1). (75)

With Definition 8, we obtain the -average function according to

1< i1
gch—cn 5 foralldeN, (76)

together with the v-difference function

C(d)=v¢(d)—y(d—-1)=c¢c, foralld>2. (77)
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Finally, observe that oc(d) = ad, for all d € N*. Using (75), (76), and (77) in (74), the
desired result follows according to

c 1 1
HE | - [1) =ads{d5 ; (q - p) log(d.) + odﬁooa)}

1 1
= % dg + « (q — p) dg log(ds) + Odg—wo(ds)
o« log? (E 1)
- 2c
(3 1 togle ) 108t (=) + Onmflog( 7))

C.3 Proofs of Corollaries 13 and 14

First, note that ¢ (t) = ct(log(t) — ') verifies the properties of decay rate functions with
the choice t* := 2¢. We can therefore apply Theorem 9 with K = C to get

H{(e;&p, | - llq) = rde{d(de) + Ocso(log(de) + ¢(de))}, (78)

where
d. =Y [log(e_l) +log(co)] + Oz0(1) = p(b [log(s_l)] + O:0(1). (79)

Here, we made use of the sublinearity of ¢)(=Y to rid ourselves of the log(cp) term.
The following two lemmata are needed in the study of the asymptotic behavior of the
right-hand-side in (78).

Lemma 36 (Asymptotic behavior of the i-difference function). Let ¢, > 0 and consider
the function ¥ : t — ct(log(t) — ). The -difference function  scales according to

((d) = Od—o0(log(d)).
Proof. See Appendix C.6.7. O

Lemma 37 (Asymptotic behavior of the i-average function). Let ¢,¢’ > 0 and consider
the function ¥ : t — ct(log(t) — ¢'). The 1p-average function & scales according to

cdlog(d) N cd(In™1(2) —2¢)

i(d) = 5 4

+ O4— o0 (log(d)).

Proof. See Appendix C.6.8. O
Using Lemma 36, we can now express (78) according to

H(e;&p, || - lg) = ad-{d(d:) + Ocm0(log(de))} (80)
Furthermore, direct application of Lemma 37 yields

cdglog(de) n cde (In71(2) — 2¢)

5(d5) = 9 4

+ Oz—0(log(de)),
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so that (80) becomes

_acd?log(d.) N acd?(In"1(2) — 2¢)

Hei8p - 1) =225 . +O-ofdelog(d))  (8)
ac n~1(2) —2¢
=5 d? [log(ds) + 1(22)2} [1 + Oc0 (i)} . (82)
Inserting (79) in (81)-(82), we get
He:8 )l = 5 (979 [log(e™)] + 0-0(1)) (83)
-1 —92¢
X [log(zﬁ(_l) [log(e™")] + OE_>0(1)> - hl(22)2]
1
" [l O (w(—w[log(e-l)])]
oc 2
=5 (¥ og(= ™))
-1 —92¢
x [bg(z/ﬂl) [1og(e*1)]) o Bo2e (23 2 }
1
X 1 00 <log(¢(—1)[log(€_1)]) )] . (84)

Next, we characterize the inverse of the decay rate function ¢ (t) = ct(log(t) — ¢).

Lemma 38. Let ¢, > 0. The inverse of the function 1: t — ct(log(t) — ) is given by

Dy —s exp{c’ In(2) + W(u In(2) e 1n(2)> },

C

where W denotes the Lambert W -function.
Proof. See Appendix C.6.9. O

Using Lemma 38 in (83)-(84), we obtain

o221 n(e-1 n(e-1
H@&wwpzlimm{m<1§j>}h(1§j)+;

ool o ()]

which concludes the proof of Corollary 13.
For the proof of Corollary 14, we first need a characterization of the asymptotic be-
havior of 1(~1).

X

Lemma 39. Let ¢, > 0. The inverse function of 1: t — ct(log(t) — ) satisfies the
relation

Y () log <¢(_1)(u)) = v [1 + log™ (u) + Ou—oo (IOg(Z) (u)>].

2 log(u) log(u) log(u)

Proof. See Appendix C.6.10. O
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Now, starting from (83)-(84) and using Lemma 39 with u = log(¢ ') together with the
observation

1 1
Oc0 <log(¢(—1) [log(e=1)]) ) =0e0 <10g(2) (5—1)>

log(?’) (8_1)
=0 —_— s
e—0 log(z) (5_1)
which employs Lemma 45, we obtain

aloc) [ 1) (g ()
H(z:Ey, | - — 1+ + o¢ — | |-
(€& - Mlg) 2clog? (e 1) log® (1) 020 log® (1)

This concludes the proof of Corollary 14.

C.4 Proofs of Lemmata 18 and 22
C.4.1 Proof of Lemma 18
We first observe that, for all x € R,

|f1(56) - f2(x)| = io: a]il)eikx — io: a](f)eikx
k=—o0 ke —oo
(9] n @] _ e
: kz—:oo‘ak g ‘ - Ha Vot 0(z)

Upon taking the supremum over all z € R, we hence get the desired upper bound

dan(f1, f2) < [tV = a®

41(Z)

The sought lower bound is obtained through Parseval’s identity according to

2 L@
ZQ(Z)_k:ZOO‘ak — a

2T
=5 [ 15@) = @) s
< Sup [fi(z) = fo(@)|? = dan(f1, f2)*.

e

2
Ha(l) _4® ‘

This concludes the proof.

C.4.2 Proof of Lemma 22

We start by rewriting the metric d, according to

dr(f1,f2) = sup |fi(2) — f2(2)]

z€D(0;r)
- zeSDu(Ig;r) fl <§> - f2 <§> ’
= sup ‘f1(2) — fa(2)|,
z€D(0;1)
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where f; and fo are analytic functions defined on the unit disk D(0;1) via their power
series expansions

Applying [25, Theorem 3.1], we obtain

T (e

IIIII 2=1

p (85)

where x denotes the convolution operator (for sequences). The desired upper bound now
follows directly from (85) by Young’s convolution inequality according to

dr(f1, f2) = ”xSHUQP 1H< >*$ 2
< sup |afp|a —a® 0 HN(D -a? o

llzll,2=1
The sought lower bound follows from (85) by particularizing the choice of z to
zo = (1,0,0,...) € %
so that

dr(f1, f2) = sup H( —d@))*x

llzll 2=1

(a“) - a(2>) X 0

EQ

2|

_ Hau) —_a®

e 2

This concludes the proof.

C.5 Proofs of Theorem 24 and Corollary 25

We start by developing material that is pertinent to both proofs. Let {aj}reny be the
sequence of Taylor series coefficients of

o
= Zakzk, for all z € C.

We start by defining the embedding
L: f S fé?{po — {ak}keN € EOO(N),

where {ay }ren € £°°(N) follows from arguments smnlar to those employed in the proof of
Lemma 40. We wish to circumscribe and inscribe L(fexp ) with ellipsoids.

Lemma 40. Let A and C be positive real constants. It holds that

UFaE) C Eol{ntren),

{“0 =G (36)

where

pr = Cexp{—k(In(k) — 1 —1In(A))}, fork>1.
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Proof. See Appendix C.6.11.

Lemma 41. Let A and C be positive real constants and set

-1
A ~ 2k eﬁ
A::§ and C =C :;@21@] .
Then,
Eso({ktren) C o(FLHF),
where

fio = C,

i, = C’exp{—k(ln(k) -1- ln([l))}, for k> 1.
Proof. See Appendix C.6.12.
Combining Lemmata 40 and 41 with Lemma 22, yields

H(e ;€ ({fin tren), || - l2) < H (e FL4S, dr)
< H(g;Eo({1k b ren), || - Il1)-

We are now ready to proceed to the proof of Theorem 24.

C.5.1 Proof of Theorem 24

Observe that, from (88) and under the convention 0log(0) = 0, we have
i = C’exp{—k(ln(k) —1- 1n(;1))} = Cexp{— In(2) ¥ (k)},
for all k € N, with

Y(k) = ck (log(k) — ), wherec=1and ¢ = log(efl).
Application of Corollary 13 with ¢ =1 and ¢’ = log (e[l) now yields

H(e; Eo({ ikt ren), || - 1|2)

= (cd)” “PEAO (51 ) + 3] 1+ O mlexnl-5: 0.

o) W(ln(s_l)).

where

eA
Likewise, upon application of Corollary 13 with ¢ =1 and ¢ = log(eA), we obtain
H(e;Eo({mitben), | - lI1)
exp{2082(e 1
= teap "2 5,6) 1 3] 14 Ot m(exnl- ).
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where

_ In(e™1)
BQ(S) =W (614) .

Using (91)-(92) and (93)-(94) in (89)-(90), yields

(c4) expff(ﬁl)(g)} {51 (&) + ;] [1+ Opy ) oc(exp{~F1(2)})]

< H(e; F58 da)

exp

< (e “PERO  56) 4 1] 14 0 wlenp (-],

thereby concluding the proof.

C.5.2 Proof of Corollary 25
Upon application of Corollary 14 with ¢ =1 and ¢/ = log(efl), we obtain

H(&; & ({ftkfoem)s || - [|2) (95)
B logQ(s_l) log(S)(E_l) M
= 0@ () <1+ g @ () + 0:0 oe@) ) ) (96)

Likewise, Corollary 14 with ¢ =1 and ¢’ = log(eA), yields
H(e: oo ({purtken), I - 1) (97)
log? gt log® (1
= Og@)( 1) <1 T o >( 1) +"H0< Og@)( 1) : (98)
log'*/ (1) log'*(e~1) log'™(e~1)
Using (95)-(96) and (97)-(98) in (89)-(90), results in
log? (&1 1 (3)(~—1 1 3)(~—1
H(s;]—"é?(f,dl) = 7%2(8 ) 1+ o8 ) (=) + 0:0 N G 5 (=) )
log® (e—1) log® (e—1) log® (e—1)

thereby concluding the proof.

C.6 Proofs of Auxiliary Results
C.6.1 Proof of Lemma 10

We argue that covering the ellipsoid &, by balls of radius ¢ essentially reduces to covering
the corresponding finite-dimensional ellipsoid 5,55 obtained by retaining the first d. semi-
axes of &£,. More precisely, we combine the inequality

NE3E - ) = N (=351 1)

with Theorem 4 to obtain

1_1

N |- 10775 & 2 mow(d) 77) g,
Now, using the definition of d. in (16), this yields
e>KF ' .,
which, upon setting ¢ := k%! and noting that (11) then implies ¢ < 1, concludes the

proof.
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C.6.2 Proof of Lemma 11

The proof is effected by reducing the infinite-dimensional covering problem to a finite-
dimensional one followed by application of Theorem 5.

Lemma 42. Let p,q € [1,00] and p > 0 be real numbers, and let d > 1 be an integer. Let
Ep be an infinite-dimensional ellipsoid with exponentially decaying semi-axes {fin }nen-,
and let Eg be the d-dimensional ellipsoid obtained by retaining the first d semi-aves of &,.
Then, there exist an integer d* and a constant K > 1 not depending on d, such that, for

all d > d*, it holds that

(07 + Kul, )", if1<q< oo,
max{p, pat1},  if ¢ =00

N([);gg:H ) Hq) > N(ﬁ§€P7H ’ H¢1)7 with p = {

Proof. See Appendix C.6.13. O

Now, let d* and K > 1 be as in Lemma 42 and let €] > 0 be such that d.: —1 > d*. We
can further assume, without loss of generality, that

e> K'Yy, (99)

as, otherwise, the statement of Lemma 11 follows trivially by setting ¢ := K/¢ > 1. Next,
we define the radius

q _ g \1l/a . <
,0:2{(6 K:“ds) , if 1 <g¢q < oo, (100)

€, if g =00
which is positive by assumption (99). As a direct consequence of (100), we obtain
R (VR N S YR
P g, if g =00

so that N(e;&p, || - lq) = N(p; Ep |l - llg). Applying Lemma 42 with d = d. —1, then yields

N8 |- llg) < N (o684 0 o)- (101)

Our strategy now consists of first upper-bounding p and then using the definition (100)
to obtain a corresponding bound on e. Specifically, we employ Theorem 5 to obtain

EO-K(ds — 1)<lil> ﬁda 1

e a)
N (ot 0 lg)

The assumption p < 2u4 1 required by Theorem 5 will be verified below, in (105).

Further, by (101) and the fact that H (e;€, || - ||;) grows superlinearly in d., there exists

€5 > 0 such that the hypothesis (10) needed in Theorem 5, that is,

(102)

H(p:&, 1 ) = 20%(d),  for all p € 0,244,
is satisfied for all ¢ < 5. Upon application of (101), the bound (102) becomes

_ Fow(de - 1)(%*%) Bt

1
N(g; &, || - [lq) &1

(103)
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Moreover, we have
(-
EO’]K(CLE — 1) a P ﬂdg—l
1
N(e;Ep, || - llg) 7=

as a direct consequence of the definition (16) of d.. Combining (103) and (104), we now
get an upper bound on the radius p according to

< fd.—1 (104)

1 1
(109) 7o (d — 1)3F) 5, (0a
p'< Fowlde m DV Vet B8 (105)
N (38 | - 1) D

For all € < ¢* := min{e}, €5}, combining (105) with (100) now yields

[+ K ) < (K ) S g, 1< g < o0,
,OS,Uds—la lfq:OO

where we have used that the semi-axes are non-increasing and we set ¢ == (1 + K)/4 > 1.
This concludes the proof.

C.6.3 Proof of Lemma 17
We first define the sequences
= Me™®" and fi, = Me*"2 foralln €N, (106)

and fix f € As(M) with Fourier series coefficients a;. Then, we note that

= la a = [la a
S |5 =5 2 |+
o Hn M1 o— Hon H2n+1
Qa, > a a
= |20 +Z [ n —n] ,
Mo n—1 Hn Hn ke? H|k‘| :u‘k| kLeZ 0(Z)

(1)

where {ay, }nen+ is as defined in (27). Moreover, fi,, > py,’ readily implies

1{@n}ren- |l (107)

Lu® 2

H k| keZ 01(Z)
The right-hand-side in (107) can be dealt with using the following lemma.

Lemma 43. Let M and s be positive real numbers, and let f be a 2w-periodic function
with Fourier series coefficients {ay},cy satisfying

<1

f— )

H k| keZ 01(2Z)
with the sequence {jin}, o as defined in (106). Then, f € As(M).

Proof. See Appendix C.6.14. O
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Combining Lemma 43 with (107), it follows that

a({ud} ) cuaon). (108)

Next, upon observing that v/2 fi,, < /X), for all n € N*, we readily obtain

0 o\ 1/2
ag
< p—
S (Z > H{\@ i }kez

n=1
Next, we show that the right-most expression in (109) can be upper-bounded by 1.

a

n
2 fin,

(109)

H {d”}neN*

L2(Z)

Lemma 44. Let M and s be positive real numbers, and consider f € As(M) with Fourier
series coefficients {ay}c;. Then, we have

V2Hik J e 02(2)

nen has been defined in (106).
Proof. See Appendix C.6.15. O

<1

where the sequence {p,}

Using Lemma 44 together with (109), we can conclude that

M) C (2) .
U(As(M)) € 52({% }neN*) (110)
The proof is finalized by combining (108) and (110).

C.6.4 Proof of Lemma 21

Let f be analytic on D(0 ; ') with Taylor series coefficients {ay} .y, and set ay := agr¥,

for all £ € N. First, note that

dy(f,0) = Ef;%’, /)\f(Z)I- (111)

Application of Lemma 22 yields

T e (O
Pk ) penlle keN

For f € A(r'; M), we hence get
<

U
Mk ) kenllp2

which, in turn, implies the inclusion relation
LA M) S Ea({pn }ren)- (112)
Conversely, assuming that {ax}ren € E1({pr tren), we have
4, (£,0) < MH{“’“}
273
which implies f € A(r'; M) and hence yields

E ({prtren) C (A M)). (113)
Combining (112) and (113) establishes the desired result.

M <d.(f,0)

2

< [{owr
keN

14

-
e Pk ) ke

[1

dr’(fﬂ 0)

<1

)

=

<M,
yas

keN
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C.6.5 Proof of Lemma 30

The function

vV 2mt e Tt
is continuous on [1,00) and satisfies
tlgglog(t) =0
Therefore, g is bounded on [1, c0), i.e.,
sup g¢(t) < oc.
te([1,00)
This obviously implies
sup g(k) < oo.
keN*
We finally observe that
sup g(k) > g(1) = \/?6112 > 1,
ken* 2

which concludes the proof.

C.6.6 Proof of Lemma 35

We start by noting that for K = R, it follows from the usual volume formula for unit balls
in Euclidean spaces (see e.g. [20, Eq. (1)]) that

S T(/p+1) (T(d/g+1)\7
R,d)or@ _ p q
(Vi) T(1/q+1) (F(d/p n 1)> ! (114)
where I' denotes the Euler gamma function. By the Stirling formula, we have
2rd (d Y
g+ 1) =) 22 () 0+ 01/,
qa \g¢
and
2rd [ d \ P
r )=/ —| — 1 1 .
@+ 1) =22 (2) 0+ Ot/
Taking ratios yields
T(d/qg+1) B pd/p+1/2 d\ 41/a=1/p)
Inserting (115) into (114) gives
P L(1/p+1)p'/r
R,d\ 7@ _ p p (1/q—1/p)
( pa > - T(1/g+1)q"e 71/ (14 Oasoo(1/d)). (116)

Taking the logarithm on both sides of (116) yields the desired result in the case K = R.
Likewise, for K = C, we use the corresponding volume formula (see e.g. [21, Proposition

3.2.1]) to get 1 1
- () o

Following the same steps as in the case K = R then yields the desired result.
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C.6.7 Proof of Lemma 36

The result follows directly from

¢(d) =(d) —(d—1) = cdlog(d) — c(d — 1) log(d — 1) — ¢
= cdlog(d) — cdlog(d — 1) + ¢ log(d — 1) — ¢
= —cdlog(1 —1/d) +clog(d —1) —cc
= c log(d) + Og—e0(1).

C.6.8 Proof of Lemma 37
We first note that

d
5(d) = 5 S (0(d) — b(n) (118)

d
_ 2 S [d(log(d) — ¢') — n(log(n) — )]

ccd

d
=cdlog(d) — 2 Z nlog(n) — + O4soo(1). (119)
n=1

Sum-integral comparisons now yield the lower bound

d d 1 d? 1
;nlog(n) > /1 tlog(t) dt =5 {dz log(d) — 2In(2) 21n(2)}
_ d*log(d) d?

EEETON Out-roo(1)

and the upper bound

d d+1 1 )
Z nlog(n) < /2 tlog(t) dt = 5 [(d +1)°log(d+1) —

(d+1)? 2
2In(2) ln(Q)]

n=1
_& lc;g(d) - 1{?2) + Ousoo(dlog(d)).
Combining these bounds, we obtain
d log(d)  d?
;nlog(n) = 5 e + Og—o0(dlog(d)),

which, when inserted into (118)-(119) yields the desired result

cdlog(d) n cd(In"1(2) = 2¢)

o) =— 1

+ Ogso0(log(d)).

C.6.9 Proof of Lemma 38

Starting from the expression

(Yo wil)(u) =, for all u € (0,00) and with ¢ (t) = ct(log(t) — ),
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it follows that
u=cp(u) <log (1/1(*1)(u)> - c’).
Setting
z=In(vD(w)),
we can rewrite (120) according to

of % / : uln(2) _,
ce <1n(2) c), or equivalently, = pa— + In(2)

Next, applying Lemma 28 with

uln(2)

Cc

and b= In(2),

a =

the solution of (122) can be expressed as

r=cn(2)+ W(u In(2) e ln(2)>,

C

which, when combined with the definition (121), yields the desired result
D (u) = exp{c’ In(2) + W<“hl(2)e—c’ ln(2)) }

C.6.10 Proof of Lemma 39
We start with a result on the asymptotic behavior of ¢(~1)

Lemma 45. Let ¢, > 0. The inverse of 1: t — ct(log(t) — ) satisfies

gyt | (aleg®)
v () clog(u)jL clog?(u) T Oumoe log*(u) )

Proof. See Appendix C.6.16.

We note that by Lemma 45

_ B u 2 log?) (u) log® (u
oV = | [” los (1) ”“*“( log(u) )]

B u 2 log™® (u) log® (u)
a [clog(u)] T2 ety log(u) " 0u_>oo< log(u) >]
as well as
- log® (u) log® (u)
10g(?/)( 1)(u)) :]og|:clog(u):| + log 1+W+0u—>oo <log(u)>]

— log(u) — log® (u) — log(c) +

log(u) log(u)
-~ ~ log®(u) log® (u)
= log(u) [1 oz (1) + 0y—soo <log(u) )] .
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We further observe that

142 log®(u) + Ousoo (bg@)(u)ﬂ [1 _ log®(u) + Ousoc (bg(g)(u))] (127)

log(u) log(u) log(u) log(u)
L log®(w) log® (u)
— 1+ a0 +01HOO< g0 ) (128)

Combining (123)-(124), (125)-(126), and (127)-(128), we obtain

i) 60 1 g “m( log(u) )]

ou? log™® (u) log™® (u)
~ c2log(u) [1 * log(u) * O“%oo< log(u) >] '

(w2 10g (0 (w)) =

which finalizes the proof.

C.6.11 Proof of Lemma 40

Given f € féi’pc with Taylor series coefficients {ay }ren, we need to show that

lao] < C,
lag| < Cexp{—k(In(k) — 1 —1In(A))}, for k> 1.
From (45) it follows that

sup |f(2)] < CeE, YR > 0. (129)
z€D(0;R)

Applying Cauchy’s estimate (47) together with (129), we get

C eAR

|ak‘| S Rk 3

VR > 0.

As this bound holds for all values of R > 0, it holds in particular for the value minimizing
the upper bound, or, more specifically, we have

lax| < }i%nfOCexp{AR —kIn(R)}. (130)
>
For k = 0, we readily get
|ao| < C,

as desired. It remains to consider the case k > 1. A straightforward calculation reveals
that the infimum in (130) is attained at

k
Ry = Z > 0,
which, upon insertion into (130), yields
lax| < Cexp{ARy — kIn(Ry)} (131)
= Cexp{—k(In(k) — 1 —In(A))}. (132)

This concludes the proof.
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C.6.12 Proof of Lemma 41

We first note that C is well-defined owing to Lemma 30. Next, consider a sequence

{ak}keN satisfying

jaol < C,
~ ~ (133)
lag| < Cexp{—k(ln(k:) 1 1n(A))}, for k> 1.
Under the definition -
f(2) = apz",
k=0
we need to show that
1f(2)] < Ce?Vl, for all z € C.
To this end, fix z € C and start with the following chain of inequalities
1F(2)] = D ar®| <) laxllz)* (134)
k=0 k=0
(133) . L & -
< +ZCexp{—k<ln(k) —1—ln(A))}\z\k
k=1
~ ek AF| 2|
=C (1 + i (135)
k=1
Applying Stirling’s inequality, we obtain
ek Ak|z|k AF|z|k \/2rrk eTor
i < o o , forall k>1. (136)
Using (136) in (134)-(135), we get
~ > AF|z|k 2rk eToR
7)) < c(uz L verh
k=1 '
~ 2k e T2 AF|z|F
<C| 1+ sup
/67 -L T oo k
< C|sup 27Tkkem 4 ],'z\ = CeAll,
where the last inequality relies on the property
V2rk eT2R
sup ———— >1
keN+ 2
established in Lemma 30. This concludes the proof.
C.6.13 Proof of Lemma 42
Let {z!,..., 2"} be a p-covering of Sg‘ with respect to the || - ||;-norm. We introduce the

vector obtained by completing the coordinates of ¢ with infinitely many zeros as

=1

= (2%,...,25,0,...), foralliec{1,...,N}.
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The proof is then effected by showing that {z!,..., 2"} is a p-covering of &,. To this end,
take T € &, and define the vector

x = (T1,...,%q)
obtained by retaining the first d components of z. By definition, z € 8}?. As {z!, ... 2N}
is a p-covering of Sg in the || - [|;-norm, there exists an index j € {1,..., N} such that

Hx—ijq < p. (137)

Now, consider the case g € [1,00), and observe that

d
2 — 2|3 =D |z — @[+ Z |Znl”. (138)
n=1

n=d+1

The first term on the right-hand-side of (138) equals ||z — 27| and can hence be upper-
bounded by p? owing to (137). We next observe that, thanks to € &,, |Z,| < pp, for
n € N*. This immediately implies

oo oo

7 |4
DR SR o
n=d+1 n=d+1 n=d+1

We will need to further upper-bound the right-hand-side in (139), which will be effected
through the following result.

) . (139)

Hd+1

Lemma 46. Let ) be a decay rate function. For every sequence {jin }nen+ of ¥-exponentially
decaying semi-axes, there exist a positive real number ¢ and an n* € N* such that, for all
pairs of integers n and m satisfying n > m > n*, it holds that

& < 20(m—n)‘

M
Proof. See Appendix C.6.17. O

With n* according to Lemma 46, setting d* == n* — 1, it follows from Lemma 46 that

- Hn ! = cq(d+1—n) _ cqn _ 24
> <2 22 T2 1 (140)

n=d+1 Hd+1 n=d+1
for all d > d*. Upon defining the constant

24

= > 1,
24 —1 =

we get, from (139) and (140), the bound

00
Z |jn|q S KMZH-
n=d+1

Consequently, (138) becomes
|z - joZ < o'+ Kpgyy =07,

which shows that {z!,...,zV} is a p-covering of &,. Finally noting that K does not
depend on d as required, the result is established for ¢ € [1,00). For ¢ = oo, we have

|z — 27| = sup |z, — z| :max{ max ‘:z:n—a: |, sup ]a;n]} (141)
7 penx n=1,. n>d+1

As max,—1. 4|, — Z,| < p thanks to (137) and sup,>qy1|Zn| < pas1, it follows that
{zt,..., 2N} is a max{p, pgs1 }-covering of &,.

41



C.6.14 Proof of Lemma 43

Consider the analytic extension of f to S (recall Definition 15), i.e.,

oo
g:z€8— Z are’™

k=—o00

and write z = x + iy, with |y| < s. Then, it follows from

< M,

Z ‘akezk(z—&—zy ‘ < |ak|65|k| — MH
6(2)

k=—o00 k——oo

Hikl ) ez

that the infinite series defining g is absolutely and uniformly convergent on &, which
implies analyticity of ¢ on S. In particular, as g = f on R C &, we have that g is the
analytic continuation of f to S. It remains to prove that sup,cs|g(z)| < M. To this end,
fix s’ € R such that |s'| < s and apply Lemma 48 which yields

oo o0
lg(z +is")| = Z ape’™e k| < Z |ag|el*! (142)
k=—oc0 k=—o00
_ MH{%} < M. (143)
Hikl ) kez 41(2)
Taking the supremum in (142)-(143), according to
sup [g(2)| = sup sup |f(z +is')| < M,
z€S z€R |s'|<s
concludes the proof.
C.6.15 Proof of Lemma 44
Fix s € (0;s) and define
= Me_sln, for all n € N.
We start with the observation that
2 o )
M2 {;f} 3 ’ak elkls (144)
Kl ) kezlloyz)y — k=—o0

© 12 > 2
< Z ‘ak e R 4 Z ‘ak e (145)
k=—00 k=—o00
Next, using Parseval’s identity combined with Lemma 48, we get
0 12 1 2
Z ‘akefks :/ }f(x—i—zs ‘ dx < sup|f(2)]* < M. (146)
e — o0 27 0 z€S

Therefore, upon taking the limit s' — s in (146), the sequence of partial sums {ZszfN ‘ak e ks ‘Z}NeN*
is non-decreasing and bounded by M2. By [31, Theorem 3.14], it hence converges to a
limit which is also bounded by M?2, i.e., we have

> 2

< M?. (147)




Likewise, one can show that

< M2 (148)

o0
2
> foxe

k=—o0

Using (147) and (148) in (144)-(145) hence yields

=
V20t | e

C.6.16 Proof of Lemma 45

<1

- )

02(Z)

which concludes the proof.

We start by observing that

—c’ In(2)
| Y ln(12)26 o
cln (%)

=)+ ) (149)

=+ 1+ 0 ()]
= —JIn(2) + 1n<clog(u)> + Ousroo <1og1(u))‘ (150)

Furthermore, we have

wln(2) e=¢ n(2)
n? (“) I (1) + Ouso0 (ﬁ)
= (151)

1n<zm@wrdmw> In(u) + Oyso0(1)

_ osV(u) log™ (w)
~ log(u) +OUHO°( log(u) ) (152)

Combining (149)-(150) and (151)-(152) with (48) in Lemma 29, we obtain

W (“111(2)6—0’ 1n(2)> (153)

C

, In® (uln@) e/ In(2 >
—c’ In(2) c
ln( uln(2)e ))+

cln (MR In (22

(1 + 0u—o0(1))

c Cc

- u log™® (u) log'® (u)
=) (e )+ “*°°<>

. u log™® (u) log? (u
= —c In(2) +ln<clog(u)> —l—ln{l + = Tog (1) + Ou—so0 og u)
(2) (2)
= JIn(2) + ln{ u__ulog w) (mog > } (154)




Using (153)-(154) in the expression for ¢(~1) according to Lemma 38, yields

YD (u) = exp{c' In(2) + W <“hZ(2>€—c’ 1n<2)> }

__u +ulog(j)(u) toue ulogf)(u) 7
clog(u) | clog?(u) log?(w)

thereby concluding the proof.

C.6.17 Proof of Lemma 46

Let t* be the parameter of ¢ and set

n* = [t"] + 1.
Then, from (12), we get
wlm) _ bn).
m n
which directly implies
m) —Y(n 1 1
Y(m) —P(n) qu(n)( _)7
m n o m
or, equivalently,
1 1
- > — ). 1
()~ o) = m o) (1) (155)
Furthermore, we have
ﬂz w(ri):(j>0,
n n
which, when used in (155), yields
1 1
_ > — _ )= _
vl — o) 2 emn (= ) = cn-m)

Finally, invoking (13) results in

e exp{—1In(2)(¢(n) — p(m))} < 2¢m="),

m

which is the desired result.

C.6.18 Statement and Proof of Lemma 47

Lemma 47. Let p,q € [1,00]| and let &, be the infinite-dimensional ellipsoid with semi-
azes {fin tnen+. Then, the effective dimension

J (l,l)
de = min{k € N' | N(e:6,. |- )7 i, < Fow (k)T i},

with fix, denoting the geometric mean of the first k semi-azxes, for all k € N* | is well-defined
for all e > 0 and lim._,od. = co. Here, & is the constant defined in Theorem 5.
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Proof. To prove that the effective dimension is well-defined, it suffices to show that, for
all € > 0, there exists a k € N* such that

1 1 /j’k‘ UK(k)
Neignll - < [Row)& P 2] (156)
1k
which, in turn, is guaranteed by
ox(
|:/€0’K(k)(‘17_1) uk] koo
1223

It is hence sufficient to establish that

i 1 1 0
10g<uk> + < - ) log(ok (k)) Ll Nes
Pk q P

which holds as a direct consequence of the identity

| (“’“) ) LSy — ()] = (k- 1)
og ) = E 2 n)] >k ,

for some k > 0 independent of k, with the inequality relying on the assumption that ) is
a decay rate function and therefore grows at least linearly.

Finally, lim._,od. = oo is an immediate consequence of the right hand side in (156)
being finite for all £ € N*, while the left hand side goes to infinity as € approaches zero. [

C.6.19 Statement and Proof of Lemma 48

Lemma 48. Let s be a positive real number and let s € R be such that |s'| < s. Consider
the 2m-periodic function f analytic on the strip S of width s from Definition 15. Then,
the Fourier series coefficients of the function

x+— f(z+1is') are given by {ake_ksl} .
keZ
Proof. We first define

8t, te[0,1/4],

2 s’ (4t — 1 te|1/4,1/2
8m(3/4 —t)+1is', te[1/2,3/4],
4is' (1 — t), t € [3/4,1],
which is a closed contour in S (see Figure 4).

Im(z)
~([0,1])

Figure 4: Plot of the contour 7.
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As the function ‘
z f(z)e

is analytic in § by assumption, we can apply Cauchy’s integral theorem on the contour ~

to get
/ f(z)e ** dz =0, forall k€ Z.
((0,1])

Using the 27-periodicity
f(z)e ™ = f(z+2m)e ™ = f(z+2n) e k(zt+2m)

it follows from (157) that

/ f(z)e %= dz 4 / f(z)e **dz =0, forall k€ Z.
v([1/4,1/2)) v([3/4.1])

Combining (157) and (158) yields, for all k € Z,

1 2

o [ @t de—a [ pe)e

~([0,1/4])

/ 7ikz dz
v([1/2, 3/4]

2m
[z +is') e ™otk gy,

ap =

1
o7

S

Rearranging terms, we obtain

—ks" __ 1 2

2— flx+is)e @ dg,  for all k € Z,
T

aie

which concludes the proof.

46

(157)

(158)

(159)

(160)



	Introduction
	A Simple Example
	Metric Entropy of Ellipsoids
	Applications to Complex Analytic Functions
	Periodic Functions Analytic on a Strip
	Functions Bounded on a Disk
	Functions of Exponential Type

	Complements
	Properties of Decay Rate Functions
	Proofs
	Proofs of Theorems 4 and 5
	Proof of Corollary 12
	Proofs of Corollaries 13 and 14
	Proofs of Lemmata 18 and 22
	Proofs of Theorem 24 and Corollary 25
	Proofs of Auxiliary Results


