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Abstract. Covering numbers of families of (deep) ReLLU networks have been used to
characterize their approximation-theoretic performance, upper-bound the prediction
error they incur in nonparametric regression, and quantify their classification capac-
ity. These results are based on covering number upper bounds obtained through the
explicit construction of coverings. Lower bounds on covering numbers do not seem to
be available in the literature. The present paper fills this gap by deriving tight (up to
a multiplicative constant) lower and upper bounds on the covering numbers of fully-
connected networks with bounded weights, sparse networks with bounded weights,
and fully-connected networks with quantized weights. Thanks to the tightness of
the bounds, a fundamental understanding of the impact of sparsity, quantization,
bounded vs. unbounded weights, and network output truncation can be developed.
Furthermore, the bounds allow to characterize the fundamental limits of neural net-
work transformation, including network compression, and lead to sharp upper bounds
on the prediction error in nonparametric regression through deep networks. Specif-
ically, we can remove a log®(n)-factor in the best known sample complexity rate in
the estimation of Lipschitz functions through deep networks thereby establishing op-
timality. Finally, we identify a systematic relation between optimal nonparametric
regression and optimal approximation through deep networks, unifying numerous re-
sults in the literature and uncovering general underlying principles.
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tion theory, nonparametric regression
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1 Introduction

It is well known that neural networks exhibit universal approximation properties [1, 2,
3, 4], but these results typically require infinitely large, specifically infinitely wide, networks.
Neural networks employed in practice are, however, subject to constraints on width, depth,
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weight magnitude and precision, and connectivity (i.e., the number of nonzero weights). To
characterize the performance limits of neural networks under such constraints, it is necessary to
quantify the complexity of the function classes they realize. This is typically done through two
widely used complexity notions, namely Vapnik-Chervonenkis (VC) dimension [5] and covering
numbers [6].

The VC dimension finds application in the characterization of (i) the approximation-theoretic
limits of neural networks with the ReLU activation function, see e.g. [7], hereafter referred to
as ReLLU networks, and (ii) the prediction error incurred in nonparametric regression through
ReLU networks, see e.g. [8]. Nearly-tight bounds on the VC dimension of ReL.U networks were
reported in [9], specifically upper and lower bounds differing only by a multiplicative factor of
order lower than that of the upper and the lower bound.

Covering numbers have been used to characterize the approximation-theoretic limits of
ReLU networks [10, 11, 12], upper-bound the prediction error they incur in nonparametric re-
gression [13, 14], and quantify their classification capacity [15, 16, 17]. These analyses typically
construct coverings by quantizing the network weights to a precision commensurate with the
desired covering ball radius. The cardinality of the resulting coverings then provides upper
bounds on the covering number. Corresponding explicit lower bounds are, to the best of our
knowledge, not available in the literature.

The contributions of the present paper can be organized along three main threads. The
first one revolves around explicit lower bounds on the covering number of fully-connected ReLLU
networks with uniformly bounded weights. In particular, these bounds are shown, by way of
establishing matching upper bounds, to be tight in terms of scaling behavior. The techniques
we devise to derive the bounds are novel and partly rely on results recently reported by the
authors of the present paper in [18].

The second thread of contributions illustrates, by way of application scenarios, what is made
possible by the tightness of the covering number bounds identified before. The first scenario
is concerned with the fundamental limits of neural network transformation, concretely, the ap-
proximation of a given class of networks by another class that is subject to different constraints.
This includes applications such as network quantization [19] and network compression [20]. In
the second scenario, we consider the fundamental limits of function approximation through
ReLU networks. A novel minimax error upper bound, interesting in its own right, is shown
to lead to sharp upper bounds on the prediction error in nonparametric regression through
ReLU networks. This result also allows us to uncover a systematic relation between optimal
nonparametric regression and optimal approximation through (deep) ReLU networks thereby
unifying numerous corresponding results in the literature [13, 14, 21] and identifying general
underlying principles. In all cases considered, we either improve upon best known results in
the literature or fill gaps in available theories.

Our third objective is to establish tight covering number bounds for sparse (in terms of
connectivity) networks with bounded weights and for fully-connected networks with quantized
weights. We also provide an upper bound on the covering number of fully-connected networks
with unbounded weights and truncated outputs. These three choices are motivated by their
prevalence in theoretical analyses and practical applications, see e.g. [10, 13, 14, 20, 21, 22, 23,
24, 25].

The remainder of the paper is organized as follows. Frequently used definitions are provided
at the end of this section, while basic notation and further definitions are listed in Appendix A.
In Section 2, we present our results on the covering number of fully-connected ReLLU networks
with uniformly bounded weights. Sections 3 and 4 discuss the application of our covering
number bounds to neural network transformation, function approximation, and nonparametric
regression. Sections 5-7 report the covering number bounds for sparse networks with uni-
formly bounded weights, fully-connected networks with quantized weights, and fully-connected



networks with truncated outputs, respectively.

1.1 Important Definitions
We start with the definition of ReLU networks.

Definition 1.1. Let L, Ny, Ny, ..., Ny € N. A network configuration ® is a sequence of matriz-
vector tuples

¢ = ((Alv bi))z’L:D

with A; € RN>Ni—v b c RN 4 = 1,....L. We refer to N; as the width of the i-th layer,
i = 0,...,L, and call the tuple (Ny,...,Np) the architecture of the network configuration.
N(d) denotes the set of all network configurations with input dimension No = d and output
dimension Ny = 1. The depth of the configuration ® is L(®) := L, its width W(®P) :=
max;—,..r, N;, its weight set coef(®) :=J,_, (coef(A;)Jcoef(b;)), with coef(A) and coef(b)
denoting the value set of the entries of A and b, respectively, its weight magnitude B(P) =
max;—y.; max{ || Ao, |billsc}, and its connectivity M(®) := S0 (| Aello + [|bello)-

We define, recursively, the network realization R(®) : R s RNt associated with the
network configuration ®, according to

R(®) = S(Ar,br), . Z:fL: 1,
S(Ar,br) o po R(((Ai bi))isy), if L >2,

where S(A,b) is the affine mapping S(A,b)(x) = Az + b,x € R"2, with A € R"*"2 b € R™,
and p(x) := max{z,0}, for v € R, is the ReLU activation function, which, when applied to
vectors, acts elementwise.

The family of network configurations with depth at most L, width at most W, weight magni-
tude at most B, where B € Ry U{oo}, connectivity at most s, weights taking values in A C R,
d-dimensional input, and 1-dimensional output, for d € N, W,L,s € NU {oco}, with* W > d,
is denoted as

-----

(1)

Na(d,W,L,B,s) ={® € N(d) : W(®) <W, L(®) <L, B(®) < B, M(®) < s,coef(®) C A},
with the family of associated network realizations
Ru(d,W,L,B,s) :={R(®) : ® € Ny(d,W, L, B,s)}. (2)

To simplify notation, for A =R, we allow omission of the argument A in Ny(d, W, L, B, s)
and Ry(d, W, L, B, s). When s = oo, we allow omission of the argument s in Ny(d, W, L, B, s)
and Ra(d, W, L, B, s). Furthermore, we allow omission of both arguments B, s in Ny(d, W, L, B, s)
and Ru(d, W, L, B,s) when B = s = co. One specific, frequently used, incarnation of these
policies is N (d, W, L) = Ng(d, W, L, 00, 00) and R(d, W, L) = Rg(d, W, L, 00, 00).

We emphasize the importance of differentiating between network configurations and network
realizations. Different network configurations may result in the same realization. Nevertheless,
whenever there is no potential for confusion, we shall use the term network to collectively refer
to both configurations and realizations.

Throughout the paper, we shall frequently use the covering number and the packing number,
defined as follows.

!The condition W > d is formally stated here so as to prevent the trivial case of N (d, W, L, B, s) being an
empty set. It will be a standing assumption throughout the paper.



Definition 1.2 (Covering number and packing number). [6, Definitions 5.1 and 5.4] Let (Y, 6)
be a metric space. An e-covering of X C Y is a subset {xy,...,x,} of X such that for allx € X,
there exists an i € {1,...,n} so that §(z,x;) < e. The e-covering number N(e,X,d) is the
cardinality of a smallest e-covering of X. An e-packing of X is a subset {x1,...,x,} of X such
that 6(z;,x;) > e, for alli,j € {1,...,n} with i # j. The e-packing number M (e, X,0) is the
cardinality of a largest e-packing of X.

To simplify notation, when ¢ is the LP(X)-norm, with X C R¢ and p € [1, oo], we may write
N(e, F,LP(X)) := N(e, F,|| - |lzrcx))- Moreover, we shall use N(e, F,L*(P)) := N(e,F,| -
| z2(p)), for P a distribution on X. The same conventions apply to the packing number.

2 Fully-connected ReLU Networks with Uniformly
Bounded Weights

Our covering number bounds for fully-connected ReLLU networks with uniformly bounded
weights are as follows.

Theorem 2.1. Let p € [1,00],d,W,L €N, B,e € R, with B>1 ande € (0,1/2). We have
1)t Bt
log(N (2, R(d, W, L, B), L*([0, 1]%))) < CW2Llog (%) (3)
where C' € Ry is an absolute constant. Further, if, in addition, W, L > 60, then

M) , (4)

log(N (e, R(d,W, L, B), L*([0,1]%))) > ¢ W?2Llog ((

where ¢ € Ry is an absolute constant.

Proof. The proofs of the upper bound and the lower bound are provided in Sections 2.1 and
2.2, respectively. [

We remark that, for W, L > 60 and ¢ € (0,1/2), the upper bound (3) and the lower bound
(4) differ only by the multiplicative absolute constants C, ¢ to be specified in the proof. These
constants as well as the condition W, L > 60 are chosen for expositional convenience of the
proof; improvements are possible, but will not be pursued here.

The covering number upper bounds available in the literature apply to specific settings. For
example, [13, Lemma 5] addresses the case B = 1 and [14, Lemma 5.3| pertains to p = oo,
while we consider the general case B € [1,00),p € [1,00]. We note that [13, Lemma 5] and [14,
Lemma 5.3| also apply to sparse ReL.U networks with uniformly bounded weights as considered
in Section 5, again for B € [1,00),p € [1, .

2.1 Proof of the Upper Bound in Theorem 2.1

The proof is effected by constructing an explicit e-covering of R(d, W, L, B) with elements in
Ri_p,Bjr2-bz(d, W, L), where b € N is a parameter suitably depending on £. We start with three
technical lemmata, and then provide the proof of the upper bound at the end of the section.
The first lemma quantifies the distance between the realizations of two networks sharing the
same architecture.



Lemma 2.2. [18, Lemma E.1] Let d, W, L,¢ € N with ¢ < L, B € Ry with B > 1, and let

O = (AL b)), e N(d,W,L,B), i=1,2,

Jr 73/ /3=1

have the same architecture. Then,
IR(®Y) = R(®?)||oe(oyey < LW + 1) B H@! — @7, (5)

where
|0 — @2|| := jr:qaxgmax{HA} — Ao, |6 — 03| }- (6)

.....

Based on Lemma 2.2, we now construct the announced e-covering of R(d, W, L, B).

Lemma 2.3. Let p € [1,00|, d,W,L,b € N, and B € Ry with B > 1. Then, the set
Ri_p,pjro-vz(d, W, L) is an (L(W + 1)*BY127%)-covering of R(d, W, L, B) with respect to the
L*([0, 1]%)-norm.

Proof. Define the quantization mapping g : [—B, B] = [—B, B|N27%Z as

- 2% 22|, for x €0, B],
() = 27°[2%2], for x € [-B,0),

and note that |z — g(z)| < 27°, for all € [~B, B]. When applied to matrices or vectors,
() acts elementwise. Now, arbitrarily fix R(®) € R(d,W, L, B) with ® = ((Ag, b)), €
N(d,W,L,B) and L < L, and quantize the weights of ® according to

Qu(®) = ((a(Ae), 05(be)))i=1 € Ni—p,pra-rz(d, W, L, B).

We then have

.....

which, together with Lemma 2.2, yields

IR(®) — RQy(®) | 1=oae) < LW + 1)* B 127 7)
As
I7(®) ~ RQU®)lsion < s [R®)) - RQUB)E)] = LRD) - RQUE oo

x€|0, d

(7) implies that

IR(®) = R(Qu(®)) || oo,y < LW + 1)FBF1270, (8)
We can therefore conclude that R_p pro-vz(d, W, L) is an (L(W + 1)XB*~127)-covering of
R(d,W, L, B) in the L?([0,1]%)-norm. O

It remains to upper-bound the cardinality of the covering R;_p pjro-bz(d, W, L) identified
in Lemma 2.3. To this end, we first state an auxiliary result from [18].

Lemma 2.4. [18, Proposition 2.4] For d,W,L € N and a finite set A C R with |A| > 2, it
holds that
log([Ra(d. W, L)) < log(IN(d. W, )]) < 5L log(|A)). )



We next make the choice of b explicit. Specifically, we set

b [log(L(WjL ”LBLIN. (10)

€

Noting that L(W +1)LBL7127b < ¢ it follows from Lemma 2.3 that Ri_p,Br2-bz(d, W, L) is an
e-covering of R(d, W, L, B) with respect to the LP([0, 1]%)-norm. By minimality of the covering
number, we have

N(E:u R(d7 VV; L> B)? Lp([oa 1]d)) S |’R’[—B,B}ﬂ2’bz(d7 VV? L)‘ (11)

Application of Lemma 2.4 yields an upper bound on the cardinality of the covering according
to

log(|R(_ g pjro-vz(d, W, L)|) <5W?Llog(|[-B, B] N 27"Z). (12)

The term log(|[—B, B] N 27°Z|) can now be bounded as follows

log(|[-B, B N 27"Z|) = log(|[-2"B,2"B] N Z|) (13)
<log(|2-2°B +1]) (14)
< log(4 - 2"B) (15)
—24 [log(L(W+i> b ﬂ +log(B) (16)

<3+ log + log(B) (17)

SWuiEsza) *

(L(W + i)LBL‘l )

€

where (15) is by 1 < 2-2°B and in (18) we used 3 < 210g(w) owing to € € (0,1/2).
Putting (11)-(18) together, yields

log(N (e, R(d, W, L, B), L*([0, 1]%)) < 15W2Llog(L<W tl)LBL) (19)
< 30W2L log (M) (20)

LW+DEBY - WHDE-(WH+DEBE <(W+1)LBL)

where (20) follows from - < . < . 2. The proof is concluded

by taking C' := 30.

2.2 Proof of the Lower Bound in Theorem 2.1

We again start with a series of technical results, which will then be synthesized to the
proof of the lower bound. The first of these results reduces the problem of lower-bounding the
covering number of R(d, W, L, B) with respect to the LP([0, 1]¢)-norm to that of lower-bounding
the packing number of R(1, W, L, B) with respect to the L'([0, 1])-norm.

Lemma 2.5. Letp € [1,00|, d,W,L €N, B,e € R, with B> 1 and e € (0,1/2). We have

N(e,R(d, W, L, B), L"([0,1]%)) > M(2¢,R(d, W, L, B), L"([0,1]"))) (21)

>
> M (26, R(1,W, L, B), ([0, 1]))). (22)



Proof. The inequality (21) follows from Lemma F.1. To establish (22), we show that a maximal
(2¢)-packing of R(1,W, L, B) with respect to the L!([0,1])-norm induces a (2¢)-packing of
R(d,W, L, B) with respect to the L?([0,1]¢)-norm and of the same cardinality. The proof of
this statement is provided in Appendix B.2. [

We shall next make use of the fact that ReLLU networks can efficiently realize one-dimensional
bounded continuous piecewise linear functions, defined as follows.

Definition 2.6 (One-dimensional bounded continuous piecewise linear functions). [18, Defini-
tion B.2] Let M € N, with M >3, E € R, U{oo}, and let X = (x;)X5* be a strictly increasing
sequence taking values in R. Define the set of functions

S(X,E)={f €CMR): ||fllem < E, f is constant on (—oco, x| and [xp_1,00),
f is affine on [x;,x;44],1=0,..., M — 2}.

For a function f € ¥(X, E), we call X the set of its breakpoints, as the slope of f can change
only at these points. We refer to the intervals (—oo, o], [xs, iy1], 1 =0,..., M — 2, [xp1_1,00)
as the piecewise linear regions of f.

We only need to consider breakpoint sets of the form
Xy :=(i/N)Y,, NEeN,

along with the associated function families ®(Xy, E), E € R, , whose L*(]0, 1])-covering num-
ber can be lower-bounded as follows.

Lemma 2.7. For N e N, ¢, E € R, , we have

log(M (2, S(X, E), L'([0, 1]))) > Nlog(LleiN—D, (23)

Proof. See Appendix B.3. ]

To realize functions in ¥(Xy, F) efficiently by ReLU networks, we need two technical results
from [18], which we restate for convenience.

Lemma 2.8. [18, Proposition C.1] Let M € N with M >3, E € Ry, and let X = (z;)5" be
a strictly increasing sequence taking values in [0,1]. Then, for all u,v € N such that v*v > M,
we have

Y(X, E) C R(1,20u, 30v, max{1, C, M (R,,(X))*E}),

for an absolute constant Cy, € R satisfying 2 < Cy, < 10°, and where R,,,(X) := max;—1__pr(z; —
ZEi,l)_l.

The second result is as follows.

Lemma 2.9. [18, Proposition H.J] Let Wy, L1 € N, with Wi > 2, Ly € N U {0}, and
Bi, By € Ry, with By, B, > 1. It holds that

(By)" 2 | Wy /2] "
B

-R(1,Wy, Ly, By) CR(1, Wi, Ly + Lo, By). (24)



We are now ready to prove the lower bound in Theorem 2.1 and start by noting that
thanks to Lemma 2.5, it suffices to lower-bound M (2¢, R(1, W, L, B), L*([0, 1])). We proceed
to identify the family of bounded continuous piecewise linear functions corresponding to the
set R(1,W, L, B). To this end, we first introduce notation, namely we set

- 5] - 18]

As W, L > 60, we have u > 3 and v > 1. Application of Lemma 2.8 with M = v?v, X =
Xy2o_1 = (ﬁ);‘zg_l, R, (Xy20_1) = v*v —1,and E = W, with the absolute constant

C} per Lemma 2.8, yields

1

2 Xuzo—1, 5570
( 2v-1 Cr(u20) 10

) C R(1,20u, 300, 1). (25)
Next, application of Lemma 2.9 with W; = 20u 2, Lh = 30v, By = 1, Ly = 30v,
By = B > 1, yields (B®(10u)3%) - R(1, 20u, 30v,1) € R(1,20u, 60v, B), which together with
R(1,20u, 600, B) = R(1,20| % ],60[ & |, B) C R(1,W, L, B) establishes that

>
C

(B%Y(10u)®™) - R(1, 20u, 30v,1) € R(1,W, L, B). (26)

Moreover, as a - 3(X,2,_1,0) = 3(Xy2,_1,ab), for all a,b € R, we have

(B (10uw)) - 5 (X m) _x (X <B§°}j§;§;§“”> ) e

Combining (26), (27), and (25), then yields

5 (Xu%l, (Bg):((;%)jv) ) C R(1,W,L, B). (28)
We have
log(M(2e,R(1,W, L, B), L*([0,1]))) (29)
> log (M (25, E(Xu%_l, %) , LY([0, 1]))) (30)
> (uPv—1) 1ogd32):((if$§0v v (;2U — 1)D (31)

BGOU1 2\v 16
(100u)" 0> (3

> (uPv —1) log( . 3C;
> (o —1) 1@@) (33)

where in (30) we used the inclusion relation (28) together with Lemma F.1, (31) is by Lemma 2.7,
(32) follows from (10u)3% > 105422 - (2V)1 - (10u)?* > 106 -u?2- 0™ - (10u)* > 105(u?v)'0 (u?v —
1)(100u?)?, and in (33) we employed u > 3, v > 1, B > 1, and 8C} < 8- 10° < 10°. We next



( (100;9u)v )

lower-bound (u?v — 1) log in terms of W, L, B according to

(u*v — 1) log (M) > %u%log(@) (34)
2 5 202120 WQ“"g((Bzz = ) (36)
:mWZLlog(WLBL). (37)
> mWQLlog (w) (38)

where (34) follows from v?v — 1 > w?v — gu®v > Ju’v as u > 3 and v > 1, in (35) we used

u= %] >% andv= %] > L and (38) is by 210g(WLEBL) = log(W22E") > log(—WH)LBL)

as W > 60 by assumptlon The proof is concluded by setting ¢ =

4-402-1202 "

3 Neural Network Transformation and Function Approx-
imation

We now show how the precise characterization of ReLLU network covering numbers obtained

in the previous section can be put to work to characterize the fundamental limits of neural

network transformation and function approximation. Before describing the specifics of these

two problems, we need a general result which relates the covering numbers of sets G and F
that are close in terms of minimax distance

(g ‘/—..6>*8up 1nf5(f7 )7

geg feF
with respect to some metric 9.

Proposition 3.1. Let (X,d) be a metric space, F,G C X, and € € Ry.. Suppose that

A(G, F,0) <e. (39)

Then,
N(e, F,0) > N(4e,G,0). (40)
Proof. See Appendix B.1. [

3.1 Neural Network Transformation

Generally speaking, neural network transformation is the practice of approximating or ex-
actly realizing a given neural network with certain structural properties by another neural
network satisfying different prescribed structural properties. This problem has a number of
concrete incarnations. For example, in network compression the objective is to reduce the size
of networks. In practice, this is often effected through techniques such as pruning [26, 27] or
knowledge distillation [28]. Another example is network quantization, where real-valued net-
work weights are replaced by weights that are quantized to a predetermined level of precision,
or high-precision weights are substituted by lower-precision weights. This can be done either

9



by rounding each individual weight to the nearest quantization point or by searching for the
best set of quantized weights jointly through specific algorithms [29]. The primary motivation
for network compression and quantization stems from the necessity to store neural networks on
microchips under prescribed memory constraints. Further examples of neural network trans-
formation appear in [30, Theorem 3.1] where a given network is transformed into one that is
narrower and deeper, and in [10, Lemma A.1], [13, Theorem 5], [30, Corollary 3.2] which all
employ transformations into networks of smaller weight magnitude.

More formally, the problem of neural network transformation can be cast as follows. Con-
sidering the classes of networks R; and R, one wants to approximate a given network r; € R
by a network 7o € Ry such that the distance d(rq, r2), for some metric ¢, is minimized. The fun-
damental limit on the worst-case error incurred by the transformation mapping € : Ry — Ro,
under the metric §, is characterized by the minimax approximation error A(Ry, Ra, d) according
to

sup 6(ry,€(ry)) > sup inf §(rq,r2) = A(R1, R, 0).
r1€ER1 rieRy "2ER2

In [31, Theorem 1.1}, for example, a lower bound on A(R;,R2,d) was provided in terms
of the oscillation count of ReLU networks (as defined in [31, Sec. 3]), in the case where
deep networks are replaced by shallow ones. We next show how A(R,R2,d) can be char-
acterized for general R, and Ry through covering numbers. For concreteness, we consider
Ry =R(d,W,L,B),Ry = R(d,W, L, B) with § = L?([0, 1]%) for general p € [1, c0].

Corollary 3.2. Let p € [1,00], d € N, L,L,W,W € N, with W,L > 60, B,B € R., with
B, B > 1. Assume that there exists an e € (0,1/8) such that

A(R(da Wa L> B)a R(d> /Wa Za §)7 H ' HLP([O,I}d)) <e. (41)
Then, s o
1)EBEL — 1)EBL

WL log (%) < CW%I@;(%), (42)

where C' and c are the absolute constants in Theorem 2.1 corresponding to the parameters

W L, B and W, L, B, respectively. In particular, if R(d,W,L,B) C R(d, W, L, B), we have
CW?L > ¢ W2L. (43)

Proof. Application of Proposition 3.1 with § = || - ||pp(o1j4), ¢ = R(d,W,L,B), and F =
R(d, W, L, E), and the prerequisite (39) satisfied thanks to (41), yields

N(e,R(d,W,L,B),L"([0,1]%)) > N(4e,R(d, W, L, B), L*([0, 1]%)),

which together with Theorem 2.1 establishes (42). If R(d, W, L, B) C R(d, W,L, B), then (41)
holds for all e € (0, §) and consequently so does (42). Dividing (42) by log(1) and letting ¢ — 0
results in (43). O

Corollary 3.2 allows us to answer the following question on network size reduction: Is it
possible to approximate a network in N'(d, W, L, B) by one in N(d, W L B) with prescribed
error €, while having the maximum number of nonzero weights of the approximating network,
W2L, be of order smaller than that of the original network? When € =0, i.e., R(d,W, L, B) C
R(d, W, L, B), (43) shows that the answer is negative. For € € (0,1/8), we can conclude from
(42) that this would require that the weight magnitude B compensate for the reduction in an
exponential manner.

We next consider network transformation through weight quantization.

10



Corollary 3.3. Let p € [1,00], d, W,L € N, Be€ Ry, with B> 1 and W,L > 60. Let ACR
be a finite set such that |A| > 2. Then, we have

A(R(d, W, L, B), Ra(d, W, L), || | oro,ye)) = min{1/8, (W + 1) Bra-eclslith, (44)

for some absolute constant c € R..

Proof. Let
K= A<R(d7 W, L, B), RA(dv W, L), || ’ ”LP([O,I]d))' (45)
When x > 1/8, the desired inequality (44) holds trivially. For x < 1/8, it follows from
Proposition 3.1 with & = 5, § = || - || zo(o.170), G = R(d, W, L, B), and F = Ry (d, W, L) that
N(k, Ra(d. W, L), LP([0,1]%)) > N (4, R(d, W, L, B), L*([0,1]")). (46)
We next note that
log(N (k, Ra(d, W, L), L"([0,1]%))) < log(|Ra(d, W, L)|) (47)
<5W2L log(JA]), (48)

where (47) follows from the fact that every set is a covering of itself and (48) is by Lemma 2.4.
Further, it follows from (4) in Theorem 2.1 with ¢ = 4k, that

(49)

log(N(4r, R(d, W, L. B), L'([0.1]"))) > clw%log(w)

4k

with ¢; € Ry an absolute constant. Using (47)-(48) and (49) in (46), yields

W +1):BF

5W2Llog(JA]) > e, W2L1log (%)
K

which implies x > (W—l—l)LBLQ**lOg ) > (W1)LBL2™ (2+2) g1 , thanks to log(|]A]) > 1.

The proof is concluded by setting c : o 542, [

Corollary 3.3 allows us to conclude that the worst-case quantization error A(R(d, W, L, B),
Ra(d, W, L), || - [[zr(j0,1)#)) decreases no faster than exponential in the number of bits log(|A[)
required to store the elements of A. Moreover, as W, L, and B grow, the network weight
resolution has to increase in order to compensate for the growth in the factor (W + 1)*B*.
Specifically, if we require that A(R(d, W, L, B),Ra(d, W, L), || - || zr(jo,112)) < &, we must have
log(|A]) > 1 log(w) This lower bound can be achieved, within a multiplicative constant,
by taking A to be an equidistant set contained in the interval [—B, B]. To see this, we set

A =[-B,B]N27Z with b = [log(wﬂ and note that

A(R(dv Wa L> B)7 R[fB,B]OZ—bZ(da W7 L)a H ’ HLP([O,l]d)) (50)
< L(W +1)EBE127 (51)
< kK (52)

where in (51) we applied Lemma 2.3. The argument is concluded upon realizing that log(|A|) =
log(|[-B, BN 27°Z]) < 3log(M) < 6log(M) where the first inequality follows

from (13)-(18) and the second is by WH)LBL W+n* (:VH)LBL < ((WJ“QLBL)Q.
We finally emphasize that the results on the fundamental limits on neural network transfor-
mation presented in this section are made possible by the tight covering number lower bound

(4) in Theorem 2.1.
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3.2 Deep Neural Network Function Approximation

We next show how the covering number bounds in Theorem 2.1, in combination with Propo-
sition 3.1, can be used to establish a tight characterization of the minimax error in the ReLU
network approximation of the class of 1-Lipschitz functions

HY([0,1]) = {f € C((0.1]) : [f (@) < L, |f(2) = f()] < |z —y|, Yo,y € [0, 1]} (53)
To this end, we start with the following upper bound on the minimax error.

Lemma 3.4. There exist absolute constants C, D € R, such that, for all W, L € N, with
W,L> D, andp € 1,0,

A(Hl([ov 1])7 R(L W, L, 1)7 ” ) HLP([OJ])) < C(W2L2 log(W))il' (54)

Proof. By [18, Theorem 3.1], there exist absolute constants C; D € R, such that, for all
W.L € N, with W,L > D, AH'([0,1]),R(1L, W, L, 1), || - [lz=(o1)) < C(W?L?log(W))~".
Noting that, for all p € [1, 00|, the LP([0,1])-norm is dominated by the L*([0, 1])-norm, i.e.,
1 flleqoay) < I flleeeqoay), Vf € L([0,1]), we have, for all W,L € N, with W,L > D, and
pE [1700]7 A<H1<[07 1])7R(17 W,L, 1>7 H ’ ||Lp([071])) < A(Hl([()? 1])7R(17 W, L, 1)? H ’ HL"O([OJ])> <
C(W2L*log(W))~L. O

A corresponding lower bound, for p = co and L > 2, obtained through arguments involving
VC dimension is given by [18, Proposition 2.11],

ACH([0,1]), R(LW, L 1), |- [l o) 2 eo(WZL* (log(W) +log(L))) ™, (55)

where ¢, is an absolute constant. A comparison of the upper bound (54) and the lower bound
(55) reveals a gap owing to the additive term log(L) in the lower bound. The question is now
whether the lower or the upper bound would need to be refined to close this gap. The tight
covering number bounds in Theorem 2.1 allow to answer this question. Concretely, it turns out
that it is the lower bound that can be strengthened. The resulting improvement pertains to all
p € [1,00]. To see all this, we start with a lower bound on the covering number of H'([0, 1]).

Lemma 3.5. There exists an absolute constant C € R, such that, for all p € [1,00] and
e €(0,1/2),

log(N (e, H'([0,1]), L7([0,1]))) = C=™". (56)

For p = oo, the statement of Lemma 3.5 is [6, Example 5.10]. An asymptotic version of

Lemma 3.5 was provided in [32, Theorem 1.7]. Inspection of the proof of [32, Theorem 1.7]

reveals quite directly that the result holds in nonasymptotic form as stated here and does so

even for a more general class of functions. The proof of Lemma 3.5 is hence omitted.
We are now ready to present the strengthened lower bound.

Corollary 3.6. Let p € [1,00], W, L € N. It holds that
.1 _
ACH (0., RO, L) argoay) = win OV L2 og) ), (67)

where ¢ € Ry is an absolute constant.

Proof. Let
o= ACHN([0, 1), ROL W, Lo 1), |- o). (58)
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When £ > 1/8, the desired inequality (57) holds trivially. For x < 1/8, it follows from

Proposition 3.1 with e =k, § = || - || oo, F = R(1, W, L, 1), and G = H*([0, 1]) that
N(k, R(L, W, L, 1), L"([0,1])) > N (4x, H'([0,1]), L ([0, 1])). (59)
The left-hand-side of (59) can now be upper-bounded by (3) in Theorem 2.1 according to
gV (s, R(L W L. 1), 2(0,1)) < €L tog (T, (60
with C an absolute constant. Application of Lemma 3.5 with ¢ = 4k, yields
log(N(4k, H'([0,1]), LP([0,1]))) = Cor ™, (61)
with Cy an absolute constant. Using (60) and (61) in (59) leads to
CYW?2L*log(W + 1) + CiW?2Llog(k™ ') — Cor™' > 0. (62)
Next, we define f : R+— R as
f(z) = CyW?L?log(W + 1) + CW?Llog(z) — Cax, (63)

which allows us to rewrite (62) as

F(57) > 0, (64)
We proceed to characterize the feasible set {z : f(z) > 0} for x~!. First, note that the set
{z € [100,00) : 2% — 201 - (z +10) > 0} is nonempty, and let v := inf{z € [100, 00) : 2% — % :
(z+10) > 0} € [100, oo) Thanks to the continuity of the mapping r € R + 2% — 201 -(z+10),

we have 2 — 251 . (1 +10) > 0. Moreover, v depends on Cl only. Let

s
20,
b:= 10
=+ 10
Then, we have 2¥ > b, and
f <bW2L2 log(W + 1)) (65)

= OW?2 L% log(W + 1) + CyW2L1og(bW?L*log(W + 1)) — Co b W2L*log(W +1)  (66)
(01 - %) W2L*log(W + 1)

b
+ WL <log(bW2L2 log(W + 1)) — %L log(W + 1)> (67)
1
< CYW2L (log (bW2L2 log(W + 1)) —log <(W +1) 2 L)) (68)
<0, (69)

where (68) follows from Cy — 22 =Cy — 2 - 251 . (v +10) < C; — & - % =0, and in (69) we
used

(W 4 1)t = (W + 1) 3O (g 4 q)108 (70)
> 95 O(W 4 1) (W + 1)P)2 - (W +1) (71)
> 25 O [2 og (W + 1) (72)
=2"W2L?log(W +1) (73)
>bW?L? log(W + 1). (74)
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We next note that f is strictly decreasing on [bBW?L%log(W +1),00) as f'(z) = ClWQL -0y <

z1n(2
2
bWQLQggI?ICVil)ln -y < bln( )—CQ W Csy < 0, forall z € [bWQLQ 10g(W—|—1> )

It hence follows from (65)-(69) that f(x ) <0, for all x > bW?2L?1log(W + 1), and therefore
{2 : f(z) >0} C (—o0, W?L*log(W + 1)]. (75)
Putting (64) and (75) together, we obtain
k< BW2L? log(W + 1), (76)

which, in turn, implies
1
k>0 T (W2L log(W + 1)) > min{g, b (WL log(W + 1))—1}.

The proof is concluded by setting ¢ = b~1. O

4 Optimal Rates in Nonparametric Regression

In this section, we show how the minimax error upper bound in Lemma 3.4 leads to a sharp
characterization of the prediction error in nonparametric regression through ReLLU networks.
The general results we obtain allow to infer, inter alia, that nonparametric regression with
very deep? fully-connected ReL.U networks achieves optimal sample complexity rate in the
estimation of 1-Lipschitz functions; this improves significantly upon [8, Theorem 1(b)] in the
special case of 1-Lipschitz functions by removing the (log(n))®-factor. The section concludes
with insights on a systematic relation between optimal nonparametric regression and optimal
approximation through (deep) ReLU networks unifying numerous corresponding results in the
literature [13, 14, 21] and identifying general underlying principles.

The goal of nonparametric regression is to estimate the unknown function g : X — R, with
X C RY, d € N, referred to as the regression function, from the n € N (random) samples

(24, ¥i)ie1 = (w5, 9(25) + 0&)i1, (77)

where o € Ry, (z;), are i.i.d. random variables of distribution P supported on X, (&), are
i.i.d. standard (i.e., zero mean and unit variance) Gaussian random variables, and (z;)"_, and
(&), are statistically independent.

4.1 Nonparametric Regression through ReLU Networks

Nonparametric regression through ReLU networks was considered in [8, 13, 14, 21], with ¢
estimated by fitting a network f, from a given class F, of networks through minimization of
the empirical risk = > | ( fu(:) — 1:)2. For example, [13] considers regression functions g that
can be written as the composition of bounded Holder functions and F,, is a family of sparse
ReLU networks with bounded output. The quality of the estimator is generally measured by
the so-called prediction error

1o — gl2am = / Falz) — g(a) P d P(a).

2Here, “very deep” refers to networks whose depth increases at least linearly in network width, which is in
contrast to networks commonly considered in the literature [10, 13, 14, 21] that have depth increasing at most
logarithmically in width.
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The references [8, 13, 14, 21| report upper bounds on the prediction error. Notably, the bounds
in [8] are derived employing arguments based on VC-dimension, while those in [13, 14, 21] are
obtained from covering number upper bounds for ReLLU networks. The following Theorem 4.1
summarizes the results [13, Lemma 4], [14, Lemma 4 and Lemma 5] and reformulates them so
as to highlight the individual effects of the approximation error and the covering number of F,.
Application of the minimax error upper bound in Lemma 3.4 then results in the removal of the
(log(n))®-factor in the special case of Lipschitz functions in [8, Theorem 1(b)]. Moreover, our
reformulation sets the stage for the development of a fundamental relation between optimal
approximation and optimal regression through ReLU networks provided at the end of this
section. We emphasize that most of the techniques and ideas used in the proof of Theorem 4.1
follow [13].

Theorem 4.1. Let X C R? and consider the regression function g : X — R. Letn € N and o €
R,. Let P be a distribution on X, with the associated samples (x;, y;)y = (x4, g(x;) + 0&) 4,
where (z;)"_, are i.i.d. random variables of distribution P, (&), are i.i.d. standard Gaussian
random variables, and (z;)"_, and (&)1, are statistically independent.

Let € € (0,1/2), and consider a class of functions F,, C L>(X) such that

1 — <
nf g Sl < (78)

and an F,-valued random variable fn satisfying

% — (falws) = 9)* < fien;n (% Z(f(xz) - yi)2) +e2  as. (79)

It holds that

Bl — o) £ O+ + 0%+ (1lg, 77 (2 AT LEEN T L) - g

where C' € Ry is an absolute constant and R(g, F,,) := max{||g||re(x), supsez, | fllzemx)}-
Proof. See Appendix C. O

The prediction error upper bound in Theorem 4.1 relies on two assumptions. The first
one is the approximation assumption (78), which states that the regression function g can be
approximated well by functions in F,,. The second is the empirical risk minimization assumption
(79), which requires f, almost surely, to nearly achieve the minimal empirical risk among F,.

We proceed to apply Theorem 4.1 to the estimation of 1-Lipschitz functions g € H([0,1])
from the associated (random) samples (z;, g(x;)+0&;); using nonparametric least squares with
very deep fully-connected ReLLU networks of fixed width and output truncated to the interval
[—1,1]. Formally, the truncation is effected by applying the operator Tx : R — [—E, E],
EeR,,

Te(r) = max{—FE, min{E, z}}, (81)

with £ = 1 to the neural network output. This truncation is commonly adopted in the literature
[8, 13, 14, 21] and it is quite natural given that the regression function g to be estimated satisfies
9]l zoo(0,17y < 1. The formal result can now be stated as follows.

Corollary 4.2. Consider the regression function g € H'([0,1]). Let n € N and o € R,.
Let P be a distribution on [0,1], with the associated samples (x;,y;)—y = (x4, g(x;) + 0&),
where (z;)"_, are i.i.d. random variables of distribution P, (&), are i.i.d. standard Gaussian
random variables, and (z;)"_, and (&)1, are statistically independent.
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Let C and D be the constants specified in Lemma 3.4, and set
L(n) := [2(D + 1)(C + 1)V?2}/%],  F,:=TioR(1,[D + 1], L(n),1). (82)

Let fn be the empirical risk minimizer® in F,, i.e.,

% : (fn(%) - yi)2 = fien;n <% Z(f(xz) - yz‘)Q)a a.s. (83)
Then, )
E(|lfn = gll72(p)) < K(o)n™??, (84)

where K (o) is a constant depending on o only.

Proof. We apply Theorem 4.1 with X = [0, 1] and choose € € (0, 1/2) such that the prerequisites
(78) and (79) are satisfied. To this end, we first apply Lemma 3.4 with W = [D + 1] > D,
L= L(n)=[2(D+1)(C+1)?n'/6] > D, and p = oo to obtain

AH([0,1]), R(L, [D + 11, L(n), 1), || [ z=(o.1p) < C([D + 1]*(L(n))*log([ D + 11)) ™

<C(L(n))?
= C([2(D + 1)(C + 1)/2p}/6])~2 (85)
1
Sznil/g.
It then follows that
fm;nllf 9llL2p) = fer(e uygfm ||T10f 9llz2(p) (86)
< f 0o
S rera Ml)riﬂ o) ||730f 9|l e qo,1)) (87)
rerio Lo H 1o f=Tioglrequ (88)
< f 0o 89
= rera Ujl)filu Hf gHL ([0,1]) (89)
< A(H' ([0, ])77%(1, [D 411, L(n), 1), || - | z=(0,1])) (90)
1
< Zp7l3, 1
<o (o1)

where in (87) we used that P is a distribution on [0, 1], (88) follows from the fact that g €
H'(]0,1]) takes values in [—1,1], (89) is a consequence of 77 being 1-Lipschitz, and in (91) we
employed (85). We have therefore verified (78) with
1
g:=-n" '3

4

Prerequisite (79) holds with the same ¢ = 1n~1/3

position to apply Theorem 4.1 resulting in

owing to assumption (83). We are now in a

Bl = glse) SCLL+ 0+ 0 + (g, 7)) (224 N E T ZAN L) gy

log(N (55n~%/3, F,, L=((0,1]))) +1>7 (93)

1
§C1(2+0+02)(En_2/3+ .

3The existence of the minimizer is argued in Section F.3. For simplicity of exposition, we assume that the
minimizer can be identified exactly, thereby ignoring the impact of suboptimality of the optimization algorithm
employed. This simplification is common in the literature, see e.g. [8, 21]. We note, however, that Theorem 4.1
can accommodate cases where minimization is accomplished only approximately.
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where C} is the absolute constant C' from Theorem 4.1, and in (93) we used R(g, F,,) < 1 which
follows from g € H'([0, 1]) and the fact that F,, consists of functions that take values in [—1,1].

We next upper-bound the term log(N(5n%/3, F,, L>=([0,1]))). As F, = T1 o R(1,[D +
1], L(n), 1) and 77 is 1-Lipschitz, every e-covering {z;}Y, of R(1, [D+17, L(n), 1) with respect
to the L>([0, 1])-norm induces an e-covering {7; o x;}, of F, with respect to the L*°([0, 1])-
norm. It therefore holds that

The right-hand-side of (94) can now be upper-bounded according to

log(N (% n~*3 R(1,[D + 17, L(n), 1), L=([0, 1]))) (95)
L(n)

< oD + 112L(n) log((w 1171—;31) ) (96)

= Cy[D + 11*L(n) <L(n) log([D+ 1]+ 1) + log(16 n2/3)) (97)

< Cy[D +1]%L(n) <L(n) log([D+1]+1)+ C3n1/6) (98)

< Co[D + 112Cyn*S(Cyun Clog([D + 1] + 1) + C3n*/%) (99)

= COynl/3, (100)

where (96) follows by application of (3) in Theorem 2.1 with p = oo, ¢ = &n"?/3, d = 1,

W =[D+1], L = L(n), and B = 1, and Cj is the absolute constant C' from Theorem 2.1,

. / . . .
in (98) we set C3 1= SUD,c(1, o) bg(;?# < 00, which is an absolute constant, in (99) we used

L(n) = [2(D+1)(C+1)}?nY/5] < 2(D+1)(C +1)?n/6 +1 < 4D +1)(C +1)/2n/6 and let
Cy:=4(D +1)(C + 1)"2 and in (100) we set Cs = Co[D + 112C4(Cylog([D + 1] + 1) + C3).
Using (94) and (95)-(100) in (92)-(93), finally yields

f 1 _9/s Cn1/3+1
E(Hf"_gH%?(P)) §01(2—|-(7—|—02) (_n 2/3_|_5—)

16 n
1 Cs + 1)nt/3
<Ci(24 0+ 0% (1—671_2/3 + %)

1
=012+ 0+ 0?) (1_6 + Cs + l)n_2/3.

The proof is finalized by taking K (o) = C1(2+ 0 + 02)(55 + C5 + 1). O

The rate n~%/® in Corollary 4.2 is optimal [33, Theorem 1], see also [34, Theorem 3.2] and [13,
Theorem 3]. In particular, compared to the corresponding best known result in the literature
given by an upper bound of rate (log(n))®n=2/3 [8, Theorem 1(b)], Corollary 4.2 disposes of
the (log(n))S-factor. We note that [8, Theorem 1(b)] applies to a more general class of smooth
functions mapping R? to R. The removal of the (log(n))S-factor carries through to Lipschitz
functions on R? with general d € N, but we do not present the details here. The improvement
we obtain stems from the approximation result Lemma 3.4 and the use of the covering number
instead of VC-dimension as in [8]. More specifically, in the approximation of functions in
H*'(]0,1]) through very deep fully-connected ReLU networks of fixed width and depth L, both
our Lemma 3.4 and [8, Theorem 2(b)| achieve guaranteed error decay of L=2. However, [8,
Theorem 2(b)] requires networks with arbitrarily large weight-magnitude, corresponding to
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unbounded sets, whereas Lemma 3.4 needs networks of weight magnitude bounded by 1 only.
This significant reduction in the size of the model class, to compact sets, makes it possible to
upper-bound the prediction error through covering numbers.

4.2 Optimal Regression and Optimal Approximation

The optimality established in Corollary 4.2 in the previous section is a consequence of a
deeper set of ideas, which we now bring to the fore and develop in a more general context.
This discussion will demonstrate how optimality in function approximation through ReLU
networks along with their covering number behavior plays a fundamental role in attaining
optimal regression. As a byproduct, we will be able to shed light on the specific choices for
L(n) and F,, in Corollary 4.2.

We build on the information-theoretic characterization of optimal sample complexity rates
developed by Yang and Barron [35]. Concretely, it is shown in [35, Section 3.2] that, for a
uniformly bounded function class G, the optimal sample complexity rate in the estimation
of regression functions g € G is determined by the covering number of G. To make these
results more concrete, consider the general nonparametric regression setup introduced at the
beginning of Section 4. The estimation of g € G from random samples can now be described as
the application of a mapping §, : (X x R)” — L*(X) that takes the samples (z;, ;)" to the
estimate f, € G. For example, in Corollary 4.2, §,((z:, y;)",) would be the mapping induced
by the empirical risk minimizer defined according to (83). By [35, Theorem 6], under a weak
technical condition® on the packing number of G, it holds that, for all §, : (X x R)" — L>°(X),

sup B (I ((zi, 9(w:) + 0&)ina) = 9llizp) Z €(G.0, P)ry, (101)
g

where k,, is the solution to the equation

s _ log(M (s, G, *(P))

n )

n

(102)

K

and ¢(G,o, P) € R, is a constant depending on G, o, and P only. The lower bound (101) is
achievable in the sense of the existence of an §, : (X x R)" — L*>(X) such that

sup E([8n (2, g(wi) + 0€i)ima) = 9llzzp)) < C(G, 0, P)ry, (103)
g

where C(G, 0, P) € R, is a constant depending on G, o, and P only. In summary, the optimal
sample complexity rate can be characterized by the sequence (x2)°°,. We now particularize
the Yang-Barron framework to G = H'([0, 1]) with P the uniform distribution on [0, 1]. First,
note that

ere™! < log(N (e, H([0,1]), L([0, 1)))) < log(M (e, H'([0, 1)), L2([0, 1]))) < Cre™, = € (0, =),
(104)

where ¢, c1, C; € R, are absolute constants. Here, the first inequality follows from Lemma 3.5

and in the second inequality we used Lemma F.1. The last inequality in (104) is thanks to

log(M (e, H'([0,1]), L*([0,1]))) log(N(e/2, H'([0,1]), L*([0, 1])))
log(N(e/2, H'([0,1]), L>=([0,1])))

-1
016 )

IA AN IA

“Concretely, [35, Condition 2] requires that there exist an a € (0,1) such that
liminf. 0 log(M (ae, G, L*(P)))/log(M(e,G, L?(P))) > 1.
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where in the first inequality we again used Lemma F.1, the second inequality follows from the
fact that coverings with respect to the L>°(]0,1])-norm are also coverings with respect to the
L*([0, 1])-norm, and in the last inequality we used [6, Eq. 5.12]. Next, take n € N large enough®

for the solution &, of the equation k2 = log(M(“"’Hl(ES’”)’LQ([O’”))) to satisfy Kn < €. We then

have c1k, ' <log(M(k,, H'([0,1]), L*([0,1]))) < Cik, ", which implies C““" < kK2 < Cl”” , and
hence

A2 < K2 < Cen23, (105)

thereby recovering the optimal rate n~2/?

mentioned in Corollary 4.2.
We proceed to derive sufficient conditions for a sequence of estimators to achieve optimal
sample complexity rate. These conditions are general in the sense of the estimators not having

to be neural networks and include, e.g., sparse dictionary approximation [36, 37, 38].

Corollary 4.3. Let X C RY and consider the class G of regression functions mapping X to R.
Let g € G, n € N, and 0 € R,. Let P be a distribution on X, with the associated samples
(i, i)y = (zi,9(x;) + 0&)iy, where (x;)I, are i.i.d. random variables of distribution P,
(&), are i.4.d. standard Gaussian random variables, and (x;)!, and (&), are statistically
independent.

Let e, € (0,1/2) and consider a class of functions F,, C L*(X) such that

AG, Fos || - le2py) < en (106)
Let fn be the empirical risk minimizer in JF,, i.e.,
R ) 1 <&
= > (fal:) —yi)* = inf |~ D—v) ), as 107
TSt~ = o (D) —u). e (107)

Then,
2

E(|fu = gli2p) < C(L+ 0+ 0+ (R(G, F))?) (Z_;

n

+ K(G, Fn, ns Kin, P)> ko, (108)

where C' € Ry is an absolute constant, R(G,F,) := max{supyeg | hllzocx), sup ez, | flle)},
Kn is the solution to (102), and

log(N (g2, F,, L*(X))) + 1

KUG P ko P) = 5 (31 6. 22(P)) 1)

Proof. We have
E(|| f —9”%2(13)) (110)
< C(l+o+0”+( (5 +log G FnLOO(X))Hl) (111)
<Cl+o+0>+(R (5 2, log(MV( f";ZLOO( )))“) (112)
— C(l4o+0%+( (5 4 K(G, Foyens fim, P) - log(M(""f’L%P”)) (113)
- (4o o+ (RO F)P) (& + KO oo P) ) (14)

5Tt suffices to take n > f%] + 1, which we show leads to x,, < 5. Suppose, for the sake of contradiction,
0
that for such n, it holds that x, > 2. It would then follow from the monotonicity of the packing number
that log(M (ky, H*([0,1]), L*([0,1]))) < log(M (5, H([0,1]), L*([0,1]))) < 2Ciey", which together with k2 =
log(M (i, H' ([0.1)).L*([0.1]))) 2 o 20150 201!
n n —= n — (8C1/58]+1
contradiction.

NJ

2
implies & < %". Hence, k, < %, which establishes the
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where (111) follows from Theorem 4.1 with ¢ = €, and the prerequisites (78) and (79) satisfied
thanks to (106) and (107), respectively, in (112) we used R(g, F,,) < R(G,F,), and (114) is by
(102). O

Assumption (106) in Corollary 4.3 is similar to the approximation assumption (78) in The-
orem 4.1, only here we need to control the worst-case error over the entire class G of regression
functions while Theorem 4.1 pertains to a fixed g € G. Assumption (107) corresponds to the
empirical risk minimization condition (79) in Theorem 4.1, with the qualification that here we
require exact empirical risk minimization while Theorem 4.1 allows for an additive slack term,
given by 2.

Thanks to the Yang-Barron lower bound (101), we can now conclude from Corollary 4.3,
specifically from (108), that for a sequence f,,, n € N, of empirical risk minimizers to be optimal
(up to constant factors), it suffices to meet the conditions (106) and (107) and have the quantity
2

C(l+o+0*+ (R(G,Fn))?) (g—z + K(G, Fu,En, b, P)) (115)
be upper-bounded by a constant not depending on n.

We next illustrate how the choices made in Corollary 4.2, specifically for L(n) and F, in
(82), meet all these conditions thereby proving that the estimation of 1-Lipschitz functions can
be accomplished through very deep ReLU networks in an information-theoretically optimal
manner. Accordingly, we take G = H'([0,1]), let L(n) and F,, be as in (82), and, for concrete-
ness, take P to be the uniform distribution on [0, 1]. First, we verify that the assumptions in
Corollary 4.2 imply (106) and (107). Condition (107) is identical to (83) in Corollary 4.2. The

approximation assumption (106) is satisfied with

1
En = A—ln*/3 (116)

as (86)-(91) holds for all g € H'([0, 1]).
We proceed to upper-bound the individual terms in (115) and start by noting that

R(O.7) = RO, 7) =] swp il sup Il | <10 (1)
heH'([0,1]) fE€Fn

thanks to the truncation operation 7; in the definition of Fn. Second, we need to verify that

F, is such that 2 is balanced with k2 in the sense of “& bemg upper-bounded by a constant

independent of n. This follows from

31 72/3 1

no< 16" - (118)
2 — 2/3 2/3°
- 1/ 2/3 1661/

n

X

where we used (105) and (116).
To upper-bound K (H' ([0, 1]), Fy, €n, fin, P), we first factorize according to

log(N (g2, F,, L=([0,1]))) + 1

kH “O’”)’F"’S”’“"’P):1og<M<nn,H1<[o ), Z2(0.1]))) (119)
L log(N(E, Fa IX(0,1) + 1
og(N (. R(L, [D + 1T, L(n), 1). 220, 1))
log(N (e R(L, [D + 11, Ln), 1), L2(0, 1))
log(N (4=, 710, 1]), Z2(0.1])))
loa(N (4, H'(0,1)), (0, 1)) -
log(3 (e, B0, 1)), Z2((0,1)))

and then treat the three factors in (120) individually.
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(i) For the numerator of the first factor in (120), we have

1og(N( T, L2([0,1))) + 1 (121)

log(N(e2, Ti o R(1, [D + 171, L(n), 1), L=([0,1]))) + 1 (122)
< 1og(N(gi,R( [D+ 17, L(n), 1), L>=([0,1]))) + 1 (123)
< Cy[D +112L(n >1og((w * 1;* 1>L(n)> +1 (124)
< (Co+ D+ 1122 og (LD, (125)

where (123) follows from the same argument as used to arrive at (94), and in (124)
we employed the covering number upper bound in Theorem 2.1. For the denominator
log(N (g, R(1,[D +1], L(n), 1), L*([0,1]))), we apply the covering number lower bound®
in Theorem 2.1, resulting in

log(N (e, R(1, [D + 11, L(n), 1), L2([0, 1]))) (126)
> ¢,[D + 11°L(n) 1og<(w * 1; * 1)%))‘ (127)

Dividing (125) by (127), it follows that

CQ“log;(((DHW +1>L(”))/1og((W+ﬂ H)L(n)) <O g

Co g2 En Ca

where we used ([D + 1] + 1)1 < ([D 4 1] 4 1):0,

(ii) For the second factor in (120), the numerator can be upper-bounded according to

log(N(e,, R(1,[D + 1], L(n), 1), L*([0,1)]))) (129)

< log(N(en, R(1, [D + 11, L(n), 1), L>([0, 1]))) (130)
]' —2/3 0

§10g<N<1—6n B R(1,[D+1],L(n),1),L ([0,1]))> (131)

< Cyn'/3, (132)

where (130) follows from the fact that coverings with respect to the L>(]0, 1])-norm are
also coverings with respect to the L?([0,1])-norm, (131) is by s=n~%*?% < &,, and (132)
follows from (95)-(100). The denominator in the second factor in (120) can be lower-
bounded by (104) according to

log(N (4en, H*([0,1]), L*([0,1]))) > ¢1(4en) ™t = ern'/3. (133)

Using (132) and (133), we finally obtain

log(N(en, R(L, [D + 11, L(n), 1), L*([0,1]))) _ Csn'® _ Cs
log(N (4e,,, H'([0,1]), L2(]0, 1]))) T oant3 T o

5The application of the lower bound requires W, L > 60, which holds thanks to L(n) = [2(D + 1)(C +
1)/2p1/67, W = [D 4 1], with D the constant specified in Lemma 3.4 satisfying D > 60 owing to the specifics
in the proof of [18, Theorem 3.1].

(134)
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(iii) For the third factor in (120), we have

log(N (den, H'(0, 1]), L2([0,1)))) _ Cilde)™! _ &1

log(M(kn, HY([0,1]), L2([0,1]))) = ikt — o ' (135)

where the first inequality follows from (104) and in the second inequality we used (105).
Note that here we exploited the fact that ¢, is of the same order as ,, namely n~/3.

Putting (i)-(iii) together, we have shown that (115) can, indeed, be upper-bounded by a constant
not depending on n, thereby establishing the information-theoretic optimality of the sequence
of neural network estimators fn in Corollary 4.2. This was accomplished by exploiting three
key properties. The first one is the log(1/e,)-scaling behavior of the metric entropy of the set
of approximants R(1, [D + 1], L(n), 1) used to establish (121)-(128). Specifically, this scaling
behavior is crucial in the last step (128). The second property is the e !-scaling behavior of
the metric entropy of the set of regression functions H'([0,1]) used to arrive at (135). Such a
scaling behavior is common for unit balls in function spaces, see, e.g., [10, Table 1]. The third
property, leading to (134), states that the metric entropy of the set of regression functions
H'(]0,1]) has to be balanced with that of the set of approximants R(1, [D + 1], L(n),1). We
note that this balancing property can be relaxed to

log(N (e, F., L*(X)))
log(N (4¢, G, L2(X)))

< rg(log(N(4e,G, L*(X)))), (136)

where G is the class of regression functions under consideration, F. denotes a set of approximants
satisfying A(G,F.,|| - ||) < ¢, and rg : Ry — Ry is such that limsup,_,. % = 0.
In this case the upper bound (108) in Corollary 4.3 would still guarantee optimal sample
complexity rate, but would exhibit an additional logarithmic factor. An example of such a
behavior, albeit in the context of optimal approximation (through neural networks) rather
than regression, can be found in [10] where it is referred to as Kolmogorov-Donoho optimal

approximation, defined through A(G, F., || - ||z2(x)) < € and (136) holding concurrently. Note

that A(G, -, || | 12(x)) < € implies igég%gi;&gg;;; > 1. Although not explicitly mentioned and
formally established, Kolmogorov-Donoho optimal neural network approximation is what leads
to optimal sample complexity rates up to a logarithmic factor in [13, 14, 21]. We remark that
Kolmogorov-Donoho optimality can also be achieved through sparse dictionary approximation
[36, 37, 38]. Thanks to its generality, Corollary 4.3 allows to conclude that taking the set
of approximants JF, to be obtained by sparse dictionary approximation, sample complexity
rate-optimal regression of G up to a logarithmic factor is guaranteed whenever F, achieves

Kolmogorov-Donoho optimal approximation of G.

5 Sparse Networks with Uniformly Bounded Weights

Sparse neural networks exhibit a connectivity s that is (typically much) smaller than the
total number of weights L(W?2 + W) in the network. In practical applications sparsity is often
enforced with the goal of minimizing the amount of memory needed to store the network.
The approximation-theoretic limits of sparse neural networks have been studied widely in the
literature, starting with [22, 23, 25] and further considered, both in the context of function
approximation and regression, in [10, 13, 14, 21, 24]. In the spirit of Theorem 2.1, we next
characterize the covering numbers of sparse ReLU networks with uniformly bounded weights.
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Theorem 5.1. Let p € [1,00], d,W,L,s € N, B,e € Ry, with s > max{W,L} and B > 1.
Then, for all e € (0,1/2), we have

(137)

log(N (¢, R(d, W, L, B,s), L"(0,1]))) < C'min{s, W?L} log(w),

3

where C' € Ry is an absolute constant. Moreover, there exist absolute constants c, D € R such
that, if, in addition, W, L > 60 and s > Dd*L, then, for all € € (0,1/4), it holds that

W + 1)L B*
log(N(g,R(d,W, L, B, s), LP([0,1]%))) > c¢min{s, W?2L} log(%), (138)
where W := min{[,/% ], W}.
Proof. The proof is provided in Appendix D. [

We first note that the condition s > max{W, L} comes without loss of generality, for the
following reasons. A network with s < L necessarily has one or more layers with weights
equal to 0 and hence realizes a constant function, which could equivalently be obtained by a
single-layer network. Likewise, for s < W there would be nodes that can be removed without
affecting the network’s input-output relation.

We proceed to discuss the effect of the connectivity parameter s on the covering num-
ber bounds (137) and (138). First, recall that networks in N'(d, W, L, B) have no more than
L(W?+ W) < 2IW2L weights. Comparing the factors in front of the logarithms in (137) and
(138) to those in the corresponding bounds (3) and (4) for the fully-connected case, hence sug-
gests an interpretation of min{s, W2L} as the effective connectivity. An important difference
between the bounds for the fully-connected case in Theorem 2.1 and those in Theorem 5.1 is
the appearance of the quantity W = min{[,/% ], W} inside the logarithm in the lower bound
(138). For [\/%] < W, we will hence have a loss of tightness, albeit only of logarithmic order,
between the bounds (137) and (138). The term + can be interpreted as the average connectiv-
ity per layer, a quantity also appearing in the VC-dimension lower bound [9, Equation (2)] for
ReLU networks.

We finally note that the fundamental limits of sparse ReLU networks when used in neural
network transformation, function approximation, and optimal regression, can be inferred by
following the playbooks in Sections 3 and 4, but with the covering number behavior as quantified
by Theorem 5.1.

6 Fully-connected Networks with Base-2 Quantized
Weights

In this section, we characterize the covering number of ReLU networks with base-2 quantized
weights, i.e., we consider the set Rog(d, W, L) with Q¢ := (—2*",2°"")N27°Z, where a,b € N.
The motivation for analyzing this setting stems from the fact that neural networks stored on
electronic devices necessarily have their weights encoded into finite-length bitstrings. For ease
of presentation, we simplify notation according to

N (d, W, L) = Nog (d, W, L)
—{® € N(d) : W(®) < W, L(®) < L, coef(®) € Qt},
Ry(d,W,L) :={R(®): ® € N}(d,W, L)}
To the best of our knowledge, there are no results in the literature on covering numbers of

ReLU networks with base-2 quantized weights. Here, we report covering number lower and
upper bounds that are tight.
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Theorem 6.1. Let p € [1,00|, d,W, L,a,b € N. For all e € (0,1/2), it holds that
1 L2aL
(Ve Ry, W, L), (0.1 < WL mind a4 0. log (W) 1ao)

with C' € Ry an absolute constant. Moreover, there exist absolute constants ¢, D, E € Ry such

that, for W, L > D with L(a +b) > E log(W), and all € € (0, 155),

log(N (e, Re(d, W, L), LP([0, 1]%))) > ¢W?>L - min{ (a+0), log(w) } (140)

Proof. We start by proving the upper bound. Arbitrarily fix € € (0,1/2). As R{(d, W, L) is an
e-covering of itself, we have N (g, R¢(d, W, L), L?([0,1]%)) < |R¢(d, W, L)| and hence

log(N (e, R (d, W, L), L*([0,1]%))) < log(|R}(d, W, L)]) (141)
< log(|Ny'(d, W, L)) (142)
< 5W?Llog(|Q¢)) (143)
<10W2L(a +b), (144)

where (143) follows from Lemma 2.4 with A = Qf, and (144) is by |Q¢| = |(—2T!,2¢71) N
2707 < 20%2. 20 < 2%a+b) . Moreover, as RE(d, W, L) C R(d, W, L,2%+1), it holds that

A(Rg(d7 VV) L)u R(dv VV) Lu 2a+1>’ || ’ ||L1’([0,1]d)> = 0. (145)

Application of Proposition 3.1 with G = R{(d, W, L), F = R(d, W, L,2°""), § = || - || a(o.19), €
replaced by €/4, and the prerequisite (39) satisfied thanks to (145), now yields

N(e,Re(d, W, L), LP([0,1]%)) < N(g/4, R(d, W, L,2*™), L*([0, 1]%)). (146)

The logarithm of the right-hand-side of (146) can be upper-bounded according to

1 L2(a+1)L
log(N(=/4, R(d, W, L, 2), LP([0, 1}%))) < 01W2Llog((w — ) (147)
LoalL
<3C,W?Llog (%) (148)

where in (147) we applied Theorem 2.1, (148) follows from (WH)EL/Z(HDL < (W+;)€ZQSEL <

(M)?’, and C; € R, is an absolute constant. Combining (146) and (147)-(148), es-

tablis&iqes
(W + 1)L2aL)
. .

log(N (e, R(d, W, L), L*([0,1]))) < 3C,W?2Llog ( (149)

Putting (141)-(144) and (149) together finally yields

log(N (e, Ry (d, W, L), L*([0,1])))

LoalL
< min{lOWZL(a +b),3C,W?Llog (%) }

< (10 + 301)W2Lmin{(a +b),log (M) }

Upon setting C' = 10 + 3C, this concludes the proof of the upper bound. The proof of the
lower bound is lengthy and hence relegated to Appendix E. [
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First, we note that the upper bound (139) and the lower bound (140) are tight up to an
absolute multiplicative constant. This allows us to conclude that the covering number of ReLU
networks with base-2 quantized weights exhibits two regimes as a function of €. Specifically,
for e > (W;#, the log-term in the bounds (139) and (140) is active, which renders them
structurally identical to the bounds for networks with unquantized weights, as stated in The-
orem 2.1. In this regime quantized neural networks, in terms of their covering numbers, hence
behave like unquantized networks. On the other hand, for ¢ < %7 the covering number
can be sandwiched by quantities that are independent of € and solely determined by the param-
eters W, L, a, b according to ¢cW?2L(a + b) < log(N (e, R¢(d, W, L), L*([0,1]¢))) < CW?2L(a + b).
In this regime, the covering ball radius ¢ is small enough to reveal the quantized nature of the
network weights. In summary, we have a phase-transition behavior, in terms of e, between
a regime where N(d, W, L) behaves like networks with weights in R and a regime where the
quantized nature of the weights limits the approximation capacity of Nj#(d, W, L).

We finally note that the fundamental limits of ReLU networks with base-2 quantized weights
when used in neural network transformation, function approximation, and optimal regression,
can be inferred by following the playbooks in Sections 3 and 4, but with the covering number
behavior as quantified by Theorem 6.1.

7 Fully-connected Networks with Truncated Output

Fully-connected ReLLU networks with unconstrained weight magnitude are prevalent in the
literature [7, 8, 11, 39]. As the covering number of the function class R(d, W, L) realized by
such networks is infinite, their performance limits are typically characterized through the VC-
dimension. It turns out, however, that when dealing with bounded functions such as the set
H*(]0,1]), it suffices to consider ReLU networks with truncated outputs. This allows to develop
a more refined picture, namely by arguing as follows. First, note that R(1, W, L,1) C R(1,W, L)
together with Lemma 3.4, yields

A(Hl([ov 1])>R<17 w, L)> H ’ HLT’([OJ])) < A(Hl([07 1])’7?'(17 W, L, 1)7 H ) HLP([OJ])) (150)
< C(W2L*1log(W)) ™1, (151)

for p € [1,00], W, L € N, with W, L > D, where C, D € R, are the absolute constants specified
in Lemma 3.4. To the best of our knowledge a corresponding lower bound is available only for
p = 00, namely [18, Proposition 2.11], [7, Theorem 2.3,

A(H([0,1]), R(L, W, L), [| - [l (0.11) = e (W?L*(log(W) +log(L))) ",

with ¢ € R an absolute constant. The goal of this section is to derive a lower bound for p = 2.
This will require, inter alia, an upper bound on the covering number of ReLLU networks with
unconstrained weight magnitude and truncated output. To the best of our knowledge, there are
no results available in the literature on covering numbers of ReL U networks with unconstrained
weight magnitude and truncated output.

We proceed as follows. First, note that

A(H!([0,1]), R(L, W, L), || - |2 o.11)) (152)
= fes}l(r[a”)gﬁi(g{fw) 1f = glle2qo,1) (153)
> fef?}l(%mgeni(%v,L) ITiof—Tiogllzqu (154)
= ey sertin) 17 =T o gllzzqoy (155)
= A(H'([0,1]), Tt o R(1, W, L), || - [l 20,11 (156)
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where (154) follows from the fact that 7; is 1-Lipschitz, and in (155) we used that f is uniformly
bounded by 1 on [0, 1]. Therefore, to lower-bound A(H'([0,1]), R(1, W, L), || - | 2(o,1))), it suf-
fices to lower-bound A(H'([0,1]), 71 o R(1, W, L), | - ||12(o,1)), Which will be effected through
the technique developed to prove the minimax approximation error lower bound (44) in Corol-
lary 3.3 combined with a new covering number upper bound for 7; o R(1, W, L). We note that
all our arguments can be extended, with minor effort, to the approximation of function classes
that are uniformly bounded by arbitrary constants £ € R, , but we will stick to H'([0,1]) for
brevity of exposition.

We first present the upper bound on the covering number of 77 o R(d, W, L) and then show
how it can be used to lower-bound A(H'([0,1]), 71 o R(1, W, L), || - | r2(o.11))-

Theorem 7.1. Let d,W,L € N, with W,L > 2, and let P be a distribution on R:. For all
e €(0,1/2), it holds that

log(N (e, T1 0 R(d, W, L), L*(P))) < CW?L*log(WL)log(e™"),
with C' € Ry an absolute constant.

The proof of Theorem 7.1 is based on a relation in [40] between the covering number with
respect to the L?(P)-norm, for arbitrary distributions P, and the fat-shattering dimension of
uniformly-bounded function classes combined with bounds on the fat-shattering dimension of
ReLU networks [9]. We first prepare the technical ingredients of the proof and start by recalling
the definition of fat-shattering dimension.

Definition 7.2. [/0] Let X be a set, F a class of functions from X to R, and v € Ry. The
fat-shattering dimension of F, written as fat(F,y), is the largest m € N for which there exists
(T1y ey Ty Y1y - -+, Ym) € X™XR™ such that for every (b, ..., by,) € {0,1}™, there is an f € F
so that, for all i € {1,...,m},

> Y+, ifb; =1,
f(x:) { ; z ! Z; b — 0. (157)
Next, we upper-bound the fat-shattering dimension of 7; o R(d, W, L).
Lemma 7.3. Ford,W,L € N, with W, L > 2, it holds that
fat(Ti o R(d, W, L),~) < CyW?L*(log(WL)), forally€ Ry, (158)

with Cy, € Ry an absolute constant.

Proof. The result is essentially an implication of [9, Eq. (2)], with minor additional observations.
We provide the details in Appendix B.4. [

The Mendelson-Vershynin upper bound [40] on the covering number in terms of fat-shattering
dimension is as follows.

Theorem 7.4. [40, Theorem 1] Let F be a class of functions defined on a set X with
sUP,ex rer | f(2)| < 1. Then, for every distribution P on X, and all € € (0,1),

)

9 K- fat(F,ce)
)

N(&,F,[P(P)) S (_

where K, c € Ry are absolute constants.

We are now ready to prove Theorem 7.1.
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Proof of Theorem 7.1. Application of Theorem 7.4 with F = 77 o R(d, W, L), yields
2) K fat(T1oR(d,W,L),ce)

N(e,Ti o R(d, W, L), I2(P)) < <_

- (159)

Taking logarithms in (159) and applying Lemma 7.3 with v = ce, results in
log(N (s, Ti o R(d, W, L), L*(P))) < K - C,W?L*(log(W L)) log(2e ™).

The proof is concluded upon noting that log(2¢™1) < log(e72) = 2log(¢™ 1), for € € (0,1/2),
and letting C' := 2K - C},. 0

We are now ready to put Theorem 7.1 to work in deriving the sought lower bound on
AH([0,1]), R(1, W, L), || - |l z2(o,17))-
Corollary 7.5. For W, L € N, with W, L > 2, it holds that

ACH (0.1, RUL WL D) - 2gony) = mind £, COV2L20ogWEDA |, (100

with C' € Ry an absolute constant.

Proof. Set

K= A(Hl([ov 1])77?’(1’ W, L)7 ” ) ||L2([0,1D)' (161)
For k > £, (160) holds trivially. For x < &, we first note that putting (161) together with
(152)-(156), yields

A(H'([0,1]), Ti 0 R(L, W, L), || - [ 2o.17)) < 5 (162)

It then follows from Proposition 3.1 with e = x, G = H'([0,1]), F = T o R(1,W, L), § =
| - [[z2(j0,17)» and the prerequisite (39) satisfied thanks to (162), that

N(k,Ti o R(1, W, L), L*([0,1])) > N(4r, H'([0,1]), L*([0,1])). (163)

Next, we upper-bound the left-hand-side and lower-bound the right-hand-side of (163). For the
former, we note that Theorem 7.1 with d = 1 and P the uniform distribution on [0, 1], yields

log(N(k, T1 o R(1, W, L), L*([0,1]))) < CiW?L*log(W L) log(x 1), (164)

with C' € R, an absolute constant. The lower bound on N (4x, H'([0, 1]), L*([0, 1])) is obtained
from Lemma 3.5 with ¢ = 4k as

log(N (4, H([0, 1)), ([0, 1)))) > Col(4r) ", (165)
with Cy € R, an absolute constant. Combining (164) and (165) with (163), yields
CiyW?2L*log(WL)log(k™t) > Co(4r) ™,

which implies
-1

< 2121 L 1
log(/fl) = C3W Og(W )7 ( 66)

with C5 := max{%, 4} € R, an absolute constant. We further upper-bound the right-hand-
side of (166) according to

8log(C3)CsW2L2(log(W L))?
log (W L)* P20}
8log(C3)C3W2L2(log(W L))?
~ log(8log(C3)C3W2L2(log(W'L))?)’

CsW?L*log(WL) = (167)

(168)
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where in (168) we used

(WL)Slog(Cg) > (WL)4log(C'3) . (WL)4
> (o) WL (log(W L))
> 8log(C3)C3W?L*(log(WL))>.

Next, define f : R, +— R according to f(x) = Toa@- Lhen, (166)-(168) can be written as

F(57) < F(8log(Cy)Cs WL (log(WL))?). (169)

We note that k71 > (1)~ > e and 8log(C3)C3W2L%(log(WL))? > e, and the function f is

8
strictly increasing on (e, 00) as f'(z) = ln(2)% > 0, for x € (e,00). It hence follows from

(169) that k=1 < 8log(C3)C3W2L?(log(W L))?, which is
k= A(H([0,1]), R(L W, L), || - [|2(o.)) > (810g(C3)Cs) ™ (W*L*(log(W L))*) ™.
The proof is concluded upon taking C' = (8log(C5)C3) . O

As a byproduct of the results obtained in this section, we can conclude that in the approxi-
mation (in L?([0, 1])-norm) of functions in H'([0, 1]) going from networks with bounded weights
to networks with unbounded weights does not substantially improve approximation accuracy.
Specifically, we have the following chain of inequalities

“{é 0<W2L2<log<WL>>2>1} < AHY([0, 1), R(LW, L), | - | 2o (170)
< A<H1<[07 1])? R(L W, L, 1)7 ” ’ HLQ([O,U)) (171)
< Co(W2L2log(W)) ™1, (172)

where (170) is the lower bound (160), (171) follows from R(1, W, L,1) C R(1,W, L), and (172)
is Lemma 3.4 with p = 2. Here, C,Cy € R, are absolute constants. This shows that the

improvement obtainable from allowing unbounded weights is at most of order %.

A Notation and Basic Definitions

We denote the cardinality of the set X by |X|. N = {1,2,...} designates the natural
numbers, R stands for the real numbers, R, for the positive real numbers, and ) for the
empty set. The maximum, minimum, supremum, and infimum of the set A C R are denoted
by max A, min A, sup A, and inf A, respectively. The indicator function 1p for proposition
P is equal to 1 if P is true and 0 else. For a metric space (X,d) and sets F,G C X, we

.....

.....

dimensional vector with all entries equal to 1 and 0, respectively. I, refers to the m xm identity
matrix. 1,,«, and 0,,x, denote the m x n matrix with all entries equal to 1 and 0, respectively.
We designate the block-diagonal matrix with diagonal element-matrices Ay, ..., A,, possibly of
different dimensions, by diag(A;, ..., A,). The truncation operator 7g : R — [-E, E|, E € R,
is Tg(x) = max{—F, min{E,z}}. log(:) and In(-) denote the logarithm to base 2 and base e,
respectively. The ReLU activation function is defined as p(z) = max{z,0}, for x € R, and,
when applied to vectors, acts elementwise. The sign function sgn : R — {0,1} is given by
sgn(z) = 1, for x > 0, and sgn(z) = 0, for z < 0. We use S(A,b) to refer to the affine mapping
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S(A,b)(x) = Az + b,z € R™, with A € Rm> "2 h € R™. For the set X C R¢, with d € N,
and the function f : X — R, we define the L?(X)-norm of f, with p € [1,00), according to
£y = (f,ex | f (@) Pdp(x)) /P, where pu is the Lebesgue measure on RY. The L**(X)-norm
of f is given by || f|| e (x) = Sup,ex | f()], and, for a distribution P on X, we define the L*(P)-
norm of f as || fl|z2(py = ([, |/ (#)[PdP(x))"/2. A constant is said to be absolute if it does not
depend on any variables or parameters.

B Further Proofs

B.1 Proof of Proposition 3.1

We start with a lemma that gives a lower bound on the cardinality of F, in terms of the
packing number of G, under the condition (39).

Lemma B.1. Let (X,6) be a metric space, F,G C X, ande € Ry. Assume that A(G,F,d) <e.
Then, we have

|F| > M(2¢,G,0).

Proof. Arbitrarily fix ¢ € Ry. Suppose, for the sake of contradiction, that |F| < M(2e,G,0),
which would imply the existence of a (2¢)-packing P of G such that |F| < |P|. In particular,
F would be a finite set. Since P is a subset of G, we have A(P,F,d) < A(G,F,0) < ¢,
and therefore every element of P would be contained in an e-neighborhood, with respect to
the metric d, of an f € F. As |F| < |P| and there are |F| such neighborhoods and |P|
elements to be contained in neighborhoods, the pigeonhole principle implies the existence of
Ty, Ty € P such that x1, 29 € {x: 0(fo, ) < e} for some fy € F. It would then follow from the
triangle inequality that 0(z1, za) < 0(x1, fo) + 0(fo, x2) < 2¢, which implies that P can not be
a (2¢)-packing. This establishes the desired contradiction. O

We are now ready to prove Proposition 3.1.

If N(e, F,d) = oo, then (40) holds trivially. For N(e, F,d) < oo, suppose that C is a
minimal e-covering of F. Defining p : F — C according to p(f) = argmin... 0(f, ¢), we hence
get

o(f,p(f)) <e. (173)

Elements of G can now be approximated by elements of C, with corresponding minimax ap-
proximation error

A(G,C,d) = supinf §(g, c) (174)
geg ceC
= sup inf inf 3(g, c) (175)
< sup inf inf(6(g, f) + () (176)
= sup inf (3(g, f) + 0/, (/) (177)
< sup inf (5(g, f) +¢) (178)
= A(G,F.0) +e. (179)
< 2e. (180)

where (176) is by the triangle inequality, (177) follows by definition of p, in (178) we used (173),
and (180) is thanks to the assumption A(G, F,d) < e. Application of Lemma B.1 with F = C,
e replaced by 2e, and the prerequisite satisfied thanks to (174)-(180), yields

N(e, F,0) =|C| > M(4¢,G,0),
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which together with M (4e,G,d) > N(4e,G,d), owing to Lemma F.1, concludes the proof.

B.2 Proof of Lemma 2.5

Fix a maximal (2¢)-packing { f;}2 = R0WEB), LHOAD) o R(1,W, L, B) with respect to the
L*(]0,1])-norm. We shall lift this packmg into a (2¢)- packlng of R(d, W, L, B) with respect
to the LP([0,1])-norm. Specifically, for i € {1,...,M(2¢, R(1,W, L, B), L'([0,1]))}, as f; €

R(1,W, L, B), there exists a network conﬁguratlon O, = (AL b)), € N(1,W, L, B) with L; <
L such that R(®;) = f;. Let (AL, b)) = (4100 1) ),b}), with d' the number of rows of Aj,
and (A} b)) = (AL bY), for 1 < £ < L;, and set g; := R((A},b))L,). We note that, for all
(21,...,2q4) € RY N N ' '

Ay, .. xa)" + b = Alay + b,
which implies, for all (zy,...,24) € RY,
As (fl@,i)@)f;l € N(d,W,L,B), we have g; € R(d,W, L, B). Next, we shall establish that

{gi}?i(lgg’R(l’W’L’B)’Ll([0’1])) is a (2¢)-packing of R(d, W, L, B) with respect to the LP([0,1]¢)-
norm. To this end, let ¢ € [1,00] be such that % + % = 1. We then have, for i,j €

{1,...,M(2¢,R(1,W, L, B), L'([0,1]))} with i # j, that
||9i = gillze o9y = 19i — g5l zeo,119) 1 1| Lago,139) (182)
> 11gi = gjllLro,9) (183)
= / lgi(x1, ..., xa) — gj(T1, ..., xa)|dxy ... dzy (184)
(21,0sg )E[o l]d
(z1,---,24)€[0,1]¢
= [ e - Bl (186)
I1€[071}
=fi = fill 1o (187)
> 92, (188)

where in (182) we denoted by 1 the constant function taking value 1 on [0, 1]¢, (183) follows from

the Holder inequality, in (185) we used (181), and (188) is a consequence of {fz} (26 R(LW.L,B),LA(0.1])
being a (2¢)-packing with respect to the L'([0,1])-norm. We have therefore established that
{gi}?i(lgg’R(l’W’L’m’U([0’1])) is a (2¢)-packing of R(d, W, L, B) with respect to the L?(]0, 1]¢)-norm,
and hence

M(2e,R(d, W, L, B), L*([0,1]%)) > M (2¢,R(1,W, L, B), L*([0, 1])). (189)

B.3 Proof of Lemma 2.7

For ¢ > &, we have log([;%:]) = 0 so that (23) holds trivially. For ¢ < £, we prove
the statement by explicitly constructing an e-packing of suitable cardinality. To this end, for

y = (y;)¥,, we define functions f, € X(Xy, 00) as follows

0, for z € (—o0,0],
_ - _ o
ful@) = § £ (57) + Na = =)= f(5), forae (=) =10,
YN, for x € (1, 00).
(190)
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and note that f,(0) =0 and fy(%) =y, for  =1,..., N. Now, consider the set of functions

FNum = {fy cy=(yi)ie, € ({%E}M )N} C2(Xn, E),

£=0

with M an integer to be specified later, namely such that Fy s is an e-packing of X(Xy, E)
with appropriate cardinality. We proceed to derive a lower bound on the distance between
distinct elements in Fu . For y = (y,)N, € {LEHL)Y and § = (§:)Y, € {LEHL)YN such
that y # ¢, we let j € {1,..., N} be the smallest index for which y; # ¢;, and then get

1fy = fall Lo,y (191)
1

= |fy(@) — f3(x)|dz (192)

> [ 1@ - ol (103

+N x—%) (%-%—h(‘%) +fg(‘%)>‘dx (194)

)|dz (195)

%
> / dz (196)
%
E
- — . 1
2MN (197)
where in (194) we used (190), (195) follows from f,(&F) = f;(41), and in (196) we used
ly; — g;] > % Set M = (48%} As e < % by assumption, we have ﬁ > 1 and hence
M = [£] < 55, where we used [z] < 2z, for > 1. We therefore get 57~ > ¢, which,

owing to (191)-(197), establishes that Fn, L1 1s an e-packing of Y(Xy, E) with respect to the
L*([0, 1])-norm. The proof is concluded by noting that

<{%E}£ W)N = U%DN (198)

M(e, (X, E), L'([0,1])

‘ ]\[[45N—|

B.4 Proof of Lemma 7.3

We first need a concept closely related to fat-shattering dimension.

Definition B.2. [9, Definition 2] Let X be a set and F a class of functions from X to R.
The pseudodimension of F, written as Pdim(JF), is the largest integer m for which there exists
(T1, oy Ty Yy - -+ YUm) € X XR™ such that for every (by, ..., by) € {0,1}™, there is an f € F
so that, for alli € {1,...,m},

> Yi, if by =1,
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As condition (199) defining pseudodimension is weaker than condition (157) defining fat-
shattering dimension, we have, for all function classes F, that [16, Theorem 11.13 (i)]

fat(F,7v) < Pdim(F), fory e R,. (200)

We are now ready to show how Lemma 7.3 can be proved by applying results from [9]. First, note
that [9] applies to families of network realizations whose associated configurations have a fixed
architecture, whereas N (d, W, L), the object of interest here, consists of network configurations
with different architectures. To resolve this discrepancy, we employ an idea used in the proof
of [18, Lemma A.2]. Specifically, we consider the set N*(d,2W,L) = {(A, b))k, : A €
R2Wxd p ¢ R2W A, € RW b, € Ry A, € RV, € RW for ¢ € {2,...,L — 1}}
consisting of all network configurations with the (fixed) architecture

(No)iey = (d, 2W, ..., 1), (201)
N—_——

(L—1) times

The associated family of network realizations is R*(d,2W, L) = {R(®) : & € N*(d,2W,L)}. Tt
now follows from the proof of [18, Lemma A.2] that R(d, W, L) C R*(d,2W, L). Next, we note
that the network configurations in N*(d,2W, L) have n(d,2W, L) := 2dW + 4W + 1+ (L —
2)((2W)? + 2W) weights. As R*(d,2W, L) consists of realizations of network configurations
with fixed architecture, namely (201), we can apply the results in [9]. Specifically, we obtain

Pdim(R*(d,2W, L)) < Cn(d,2W, L)Llog(n(d,2W, L)) (202)
< C(13W?L)Llog(13W?2L) (203)
<65 CW?L*(log(WL)), (204)

where C' € R, is an absolute constant, in (202) we used [9, Eq. (2)] combined with the
discussion at the end of the paragraph immediately after [9, Definition 2], (203) follows from
n(d,2W,L) < 2W?2 +4W + 1+ (L — 2)((2W)? + 2W) < 13W?2L by the standing assumption
W > d, and (204) is thanks to log(13W?2L) < log((WL)®) = 5(log(WL)) as L > 2. Since
R(d,W, L) C R*(d,2W, L), as noted above, we get

Pdim(R(d, W, L)) < Pdim(R*(d,2W, L)) < 65 CW?>L*(log(WL)). (205)

To upper-bound the fat-shattering dimension of 7y o R(d, W, L), we first note that Ti(x) =
—1+p(x+1)—p(x—1), for x € R, and hence T; € R(1,2,2), which upon application of [18,
Lemma H.3], yields

Ti o R(d, W, L) C R(d, max{W,2}, L + 2) = R(d, W, L + 2). (206)

It then follows, for all v € R, that

fat (71 o R(d, W, L),~) <Pdim(7; o R(d, W, L)) (207)
< Pdim(R(d, W, L + 2)) (208)
<65 CW2(L + 2)*(log(W (L + 2))) (209)
<520 CW2L*(log(WL)), (210)

where (207) is (200) with F = Ty o R(d, W, L), (208) follows from (206), in (209) we used
(205) with L replaced by L+ 2, and (210) follows from (L + 2)* < (2L)% and log(W (L +2)) <
log(W L?) < 21log(W L), recalling that L > 2. The proof is concluded upon taking Cj = 520 C.
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C Proof of Theorem 4.1

The proof will be effected by establishing a slightly stronger result; this is done to bet-
ter illustrate the roles of the assumptions in Theorem 4.1. Specifically, we shall replace the
assumption (78) by

flﬂ}f_‘ ||g fHL2(p < A Ae R+, (2].1)

and the assumption (79) by

n n

g = (o) = w)" < ol (% ;(ﬂxi) - yi)g) +r as, RER,  (212)

With this new set of assumptions, we have the following theorem.

Theorem C.1. Let X C RY and consider the regression function g : X — R. Letn € Nand o €
Ry. Let P be a distribution on X, with the associated samples (x;,y;)i~y = (xi, g(x;) + 0&)Py,
where (x;)!_, are i.i.d. random variables of distribution P, (§)i, are i.i.d. standard Gaussian
random variables, and (z;)"_, and (&), are statistically independent.

Let A,k € Ry, and consider a class of functions F,, C L*(X) such that

i - <
Anf llg = fllaey < 4, (213)

and an F,-valued random variable fn satisfying
1 n
it D —y)? < inf ( — D — )3 . a.s. 214
S Ut = < ot (53U =)+ s (214)

For all § € (0,1/2), it holds that

B(1fo — ol
< I6(4° + 1)+ 64 + 55+ 800(s -+ o + (R(g, £, BN OT LZEN £

where R(g, Fy) := max{llgli=o). supser, | fll=co}-

Taking A = ¢, k = €%, and § = &2, with € € (0,1/2), in Theorem C.1 implies Theorem 4.1
with C' = 800. To prepare for the proof of Theorem C.1, we state two auxiliary technical
lemmata. The first one provides an upper bound on the expected empirical risk.

Lemma C.2. Let X, P, g, n, o, (z;,y:), A, K&, Fn, and fn be defined as in Theorem C.1 and
assume that (213) and (214) hold. For all 6 € (0,1/2), we have

B+ 3 Ute) - o))

=1

2) log(N (0, F,, L*(X))) + 1.

2(A% + k) + 808 + 100(c + o

Proof. See Appendix C.1. [

The second lemma relates the expected empirical risk to the expected prediction error.
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Lemma C.3. LetX, P, g, n, o, (z;,y:)i~1, A, Kk, Fn, and o be defined as in Theorem C.1 and
assume that (213) and (214) hold. For all § € (0,1/2), we have

E(an —9”%2(13))
< 8E<% Z(fn(xz) - 9(%))2) + 64 ((R(g,Fn))210g(

=1

n

NOFn D70 )

where R(g, Fp) := max{||g||Lex), sup ez, || fllzoo(x)}-
Proof. See Appendix C.2. [

Putting Lemmata C.2 and C.3 together, we can now finalize the proof of Theorem C.1 as
follows:

E(|l fn - 9llzz(py) (215)
< 8813 () — o)) + o1 (g, ) pRE TN 2y

- n
=1

)log(N(5, Fn, L*(X))) +1

< 16(A? + k) + 6400 + 800(0 + o2
n

log(N (9, Fr, L(X)))

n

+ 64(R(g, Fn))? + 646 (217)

log(N L>*(X 1
< 16(A% + k) + 64(0 4 6)5 + 800(c + o + (R(g, Fn))?) B, f“’n ) +1 (218)
C.1 Proof of Lemma C.2
Arbitrarily fix f € F,. By assumption (214), we have
1<, 5 A )
o Z(fn(xz) —yi)” < - (f(z:) —w)” + K, as. (219)
i=1 i=1
Substituting y; = g(z;) + 0&;, i = 1,...,n, into (219), yields
1 n
— Z g(x;) —0&)* < - (f(xi) — g(z:) — 0&)* + K, as. (220)

i=1

which results in

n

|
—~
?w
&
|
=
8
N
S~—
Do
INA

23 () = gt + el = ) . as (220

i=1 =1

Taking expectations in (221) yields

B(3 20t = ot ?) 222
< 53 20 = st + %E(Z Gl - Sa)) +e (2
1 gl + E( > (te) ) +x (224)
= 1f = gl + fE(;sxfn(m - g(a:m) b (225)
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where in (224) we used that, fori = 1,...,n, z; is a random variable of distribution P and hence

E((f(xi)—g(2:))*) = If = gHLz(p and (225) follows from adding 22 E(3 21, &(f (1) —g(2:))) =
0 to (224). As the choice of f € F,, was arbitrary, (222)-(225) holds for all f € F,,, and therefore

P 2ot ~o(x)?) < uf 1 ol + 27 E( 36 — o)) 4 220

With infser, ||g — f|l2(p) < A, owing to assumption (213), and setting

A = (fulw:) = glaa)iy, (227)
&= (&), (228)

it follows from (226) that
(”i“?) < A4 5t 2T B(lE, A)). (229)

We next note that the quantity E((£, A)) can be upper-bounded by the expected supremum of
a Gaussian process according to

E((&,A)) = E((& (falw:) = g(x:))iny)) < E(Sup (&, (f (i) — gl))i 1>) (230)

feFn

The right-hand-side of (230) can be further upper-bounded either in terms of the covering
number of F,,, through one-step discretization, or by using the more advanced Dudley entropy

integral bound, see e.g. [6, Section 5.3]. The one-step discretization approach turns out to suffice

NG Fn LZ®) 1 g 0-covering of F,,, with

N (8, Fn, L= (X))

for the purposes of this proof. Specifically, let { f]}

respect to the L>°(X)-norm, and define the associated set of random vectors {A;},2

according to
Aj = (fi(x:) — g(@:))isy

Further, define the random vector A? as the element in {A; } 5 FrLZE) that is closest to A,
in the sense of

AP = argmin |A — A2, (231)
bl )

and note that, a.s.,

A7 = A= i A= Al (232)
----- N (8, Fn, L= (X))
n 1/2

- An i) — Ji\Lg 2 233
P (;(f (z:) fﬂ(m») (233)

= ' Vo = fillee 234

- =L, N%%,LOO(X))” 1fn = Fill ooy (234)

= (235)

where in (235) we used the fact that { fj} NI L= E) §g a §-covering of F,, with respect to the
L>°(X)-norm. We now get

B((€, ) = B((&, A — A%) + B((¢, A7) (236)
— B({6, A — &) + B(|A7 (6, | A7]; A7) (237)
< B((6, A — A7)+ E(| a0/ B((E, Ar];* a9)2), (238)
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where (238) is thanks to the Cauchy-Schwarz inequality. We shall next upper-bound the terms
E((&,A — AP)), BE(||AP||2), and E({£, |AP||;AP)?), individually. First, note that

E((&,A = A7) SVE({&€))VE(A - Ar, A — Ar)) (239)
< nd, (240)

where (240) follows from E({(£,&)) = EQ.1, &) = n and E(A — AP, A — AP)) = E(]|A —
AP||2) < nd? by (232)-(235). We proceed to upper-bound E(]|AP||3) as follows

E(|AP]3) < E(([|A]l2 + |AP — A][2)?) (241)
< E((|All2 +n'/?6)%) (242)
< E(2||A]12 + 2(n*/?6)?) (243)
< (244)

E(IA]3) + 44/ E(IA]3)(n"/26) + 2(n'/20)?

:2( E(|A|2 )+n1/25) (245)

where in (242) we again used (232)-(235) and (243) follows from (a + b)* < 2a® + 2b%, with
a = ||All2 and b = n'/2§. It remains to upper-bound the term E({¢, ||AP||5'AP)2). To this end,
we first note that

Blells e <B( | mas o elal o)), (216)

T N((svf"leoo(X))

The right-hand-side of (246) can now be further upper-bounded through the moment generating
function method. Specifically, let ¢ € (0,1/2) be a parameter to be determined later. We have

B(,, e €18150)°) (247)

- (e (E(,, s €1815)) (248)

< %ln(E(exp(tjl _____ max (A1) ")) (249)

= om(B( |, max el 85))) (250)

squ(e( X eaelalran)) (251)
=1, N (8, Fny Lo°(X))

—m( X Henelala), 252

where in (249) we applied the Jensen inequality. For j = 1,..., N(4, F,, L>*(X)), conditioned

on (z)ny, [|1A]514, = H(g]((;)) g(z)))); =I[; Is a deterministic vector of || - [[o-norm equal to 1 and

hence (&, [|4|l;'A;)? is a x? random variable with 1 degree of freedom. We therefore get

E(exp(t(&, 121157 A5)")|(z:)is)

By the law of total expectation, it finally follows that

E(exp(t(&, A1 45)%) = (1 2t)7V2,

(1—2t)"Y2 as. (253)
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for j=1,...,N(6, Fn, L>*(X)), which together with (247)-(252) yields

1
N=IA N2 < = 0o o\ —1/2
E(j_l _____ Joax 6 (18] A) ) < S I(N (S, Foy L¥(X))(1 - 26)7) (254)
NS, Fuy (X)) In(1—21)

— . 255
13 2t (255)

Putting (246) and (254)-(255) with t = 1 L {ogether, we obtain
_ In N(0, F,,, L™ In(4/5
B((e, 1A% A7) < B < ) In(4/5)

< 101og(N (8, Fn, L®(X))) + 2. (256)

1/10 - 1/5
Next, we have

E(IIiII%) (257)
< A4t 22 B((E, ) (258)
< AR+ 2;0 <E<<£, A—A")+ \/E(HA”H%)\/E(@, HAP|!21A”>2)) (259)
< A+ k4 %U<n5 + \/§< E(|A]2) +n1/25) vV 10log(N (8, F,, L>=(X))) + 2) (260)
< A2+ﬁ+2§<n5+5( E(|Al3 )+nl/25> V9og(N (6, F, LOO(X)))+1) (261)
_ A2+K+205+100\/E(HHA||%>\/log(N(d fanm(X)))Jrl

N 1006\/10g(1\7(5, ]-"anOO(X)))nLl’ (262)

where (258) is (229), in (259) we used (236)-(238), and (260) follows from (239)-(240), (241)-
(245), and (256). Regarding the last two terms in (262), we note that first

Lo [PUBIE), losNG 72, L) 1

n (263)
- EdAR) log(N (6, F, L>(X))) +1
- 2n n

+ 5002 ,

where we used ab < “2—;[)2, with a = 4/ %AHS) and b = 100\/log(N(5’ F”;LLOO(X)))H, and second

1005\/1%(1\7(5, T, LX) +1 <2052 4 2 ,108(N (0, Fu, L¥(X))) +1
n n

) (264)

which again is by ab < a2;b2, here with a = 20/2§ and b = 501/2\/10g(N(6 fnan(X DEL - Substi-

tuting (263) and (264) into (257)-(262), rearranging terms, and using 6% < ¢, yields

E(@) (265)
24 1 9+ 06 + doo? + 10002 2BV F"’TLLOO( ) +1 (266)
95y 10BN, Foy L2(X))) + 1
n
< %A%+ k) + 806+ 100(0 + 02) 080 o LZX)) + 1 (267)

n
[

" ) = E(% Z?:1<fn(xz) - g(xz))Q)
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C.2 Proof of Lemma C.3

We start with one-step discretization [6, Section 5.3] for F,. Let { fj} ) be a
d-covering of F,, with respect to the L>(X)-norm. Then, for each f € F,, there exists an index
J(f) e A{1,...,N(0, F,, L>°(X))} such that

(6, Fn, L

If = ficpllrex) < 0. (268)
Next, we have, a.s.,
s = 9l = [ (Falo) - g(0)PdP(@) (269)
</ (2<fn<m> ~ L@+ 2(f5 @) = 9@)?)dP@)  (210)
=2 fn — Ficin L2(P + 2015 9||%2(P) (271)
§262 +2||fj(fn) _gHL2(P)7 (272)

where in (270) we used (a + b)? < 2a? + 2b%, and (272) follows from (268). Taking expectations
n (269)-(272), yields

B = ) < 26+ 261y, - ). 73
Moreover, we have
ZEONATENENY 7
> 533 (50 —o0)" = Uyl = (s (275)
> 35(1 g = o)) = 8 (276)

where (275) follows from a® > 1(a+0)?—b?, with a = f,(2;) — g(z;) and b = Ficioy (@) = fu(i),
fori=1,...,n,and in (276) we used (268). We next note that

Blfs = olie) ~ 35 Z(fnm) o)) (277)

< 26° + 2E<||fj(fn) - 9”%2(13)) —4r (% Z(fj(fn)<$z’) - g(%))2> +85° (278)
2 2 - 2 2

= 28 (15 = 9l — 2 S ) = 9(a)?) 4100 (279)

<on( s (el - S - o)) ) 108 es0)

..... N (8, Fn, L>°(X)) i=1

where (278) follows from (273) and (274)-(276). To simplify notation, in the following, we let

Zi; = S i=1.,m, j=1,...,N(, F,, L®(X)). (281)
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Next, note that, for fixed j, {Z;,;}!, are i.i.d nonnegative random variables with mean

(fi(z) — g(x))? 1
/uLJ ( J,l) 4(R(g,fn))2 ( ) 4(R(g,fn))2 Hf.] gHL (P) ( )
Moreover, for j =1,...,N(5, F,, L>=(X)),i=1,...,n, we have
Z;; €00,1], as. (283)

as a consequence of ||f; — g|lrex) < || fillzex) + |9lleex) < 2R(g, Fn). We can now rewrite
(277)-(280) as

E(an - 9||%2(P)) — 8L (l Z(fn(xz) - 9(%))2) (284)

n <
i=1

n

< S(R(g,fn))2E< sup (Mj 2 ; Zj,i>) +106 (285)

§=1,00,N (8, Fr, L= (X)) L

,,,,,

Lemma C.4. Let U,V € N. For j = 1,...,U, let {Z;;}}_; be i.i.d nonnegative random
variables of means p; and taking values in [0, 1] a.s. Then,

\%

2 8log(U)
E P— — L < —=. 286
<j_supU(ug V; ],))_ v (286)

Proof. See Section C.3. 0

Application of Lemma C.4 with U = N(0, F,, L=(X)), V = n, and the prerequisite satisfied
thanks to (283), yields

E(H s (uj B % 2:; Zm)) - 8log(N (6, Fp, LOO(X)))’ (287)

..... (8, Fp, Lo (X)) n

which together with (284)-(285) finishes the proof of Lemma C.3 according to

n <
=1

,8log(N (6, F,, L*(X)))

E(1f — alage) 8E(l A g<xi>>2)

+ 1062
n
Jog(N (6, Fy, L(X)) 52)_

n

< 8(R(g,Fn))

< 64(<R<g,fn>>

We finally note that the standard upper bound on sub-Gaussian maxima, as e.g. in [6,

Exercise 2.12], would yield E(sup;_; (1 — %Zyﬂ Zi;) < C %, for some absolute
constant C. Identifying log(U)/V with the right-most term in the prediction error upper
bound (80) in Theorem 4.1, given by (log(N(e?, F,,, L>(X))) + 1)/n, as was essentially done
above to finish the proof of Lemma C.3, we can see that as the prediction error upper bound
goes to zero, we will be in the regime log(U)/V < 1. In this case Lemma C.4 provides an upper
bound that is stronger order-wise than the standard bound on sub-Gaussian maxima. This
improvement is fundamental in our context as we will want the prediction error to approach

zero at a certain rate.
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C.3 Proof of Lemma C.4

Let
5 V
Q:= sup (Hj 7 Zjﬂ) (288)
=1, U —
v
1 1 1
=4 ~:S1u..PU(V ' §(Mj — Zji) — Z,Uj)- (289)
=5 =1
For j € {1,...,U}, let
1 :
jy,i: Q(MJ_Z],1)7 2217"'7‘/7 (290)
and note that, for fixed j, {T};;}}_, are i.i.d. random variables with
1
ETyq) = E{ 5\ 1 = Zia | ) =0, (291)
1
Tl < 2l 12D <1 s (292)
and variance
1 2
o} = E(<§(M - Zm‘)) ) (293)
1 2 L,
= ZE((Z.]’L> - Zﬂj (204)
1
< ZE(ZM) (295)
1
<. (206)

it follows from (293)-(296) that
Q <4S, as. (297)

We next upper-bound E(.S) by upper-bounding its moment generating function exp(FE(tS)),t €
(0,V), and first note that

E(S) = %hl(exp(E(tS))) < — In(E(exp(t5))), (298)

S
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where we used the Jensen inequality. Next, we have
v
2) ) ) (299)

E(exp(tS)) =FE (exp <t sup
=1,

()

‘_/ Z:%. : > (301)
)

(302)
! )) (303)

! 1;)) . (304)

(305)

)k) (306)
(307)
(308)

(309)

(310)

S
o2\
< exp(Q(lj_ )\)), (311)

=, for A € [0,1), and
in (304), we obtain, for

where (307) follows from |T};| < 1 a.s, in (310) we used > -, AF
(311) is by 1 + = < exp(z), z € R. Using (305)-(311), with A = &,

te (0,V),
E(exp(t5)) <
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which, by setting t = %, yields
U 2
% Vo
E — < ——L ) <U. 12
(exp(zs )_;exp( 1 )_U (312)
Finally, using (312) in (298), with ¢ = ¥, we obtain
2In(U) _ 2log(U)
E(S) < < 313
()<=~ <=2 (313)

The proof is concluded upon noting that

.....

where () < 4S5 a.s. is by (297).

D Proof of Theorem 5.1

We prove the upper bound (137) and the lower bound (138) in Appendices D.1 and D.2,
respectively. Before delving into the proofs, we note that it suffices to consider the case s <
L(W?+ W) as otherwise the network would qualify as fully connected, i.e., all weights may be
nonzero, and Theorem 2.1 applies. Further, for simplicity of exposition and consistency with
Theorem 2.1, we decided to work with the quantity LWW? throughout as opposed to L(W?2+W),
simply by using LW? < L(W? + W) < 2LW?2.

D.1 Proof of the Upper Bound (137)

The overall proof architecture is identical to that of the upper bound (3) in Theorem 2.1.
Specifically, we construct an explicit e-covering of R(d,W,L,B,s) with elements in
R[,B7B]m2—bz(d,mL,OO,3)7, where b € N is a parameter suitably depending on ¢ and de-
termined later.

The proof requires two preparatory technical elements, the first of which, namely Lemma D.1,
is very similar to Lemma 2.3.

Lemma D.1. Let p € [1,00], d,W,L,s,b € N, and B € Ry with B > 1. Then, the set
Ri_g,gr2-+z(d, W, L, 00, s) is an (L(W + 1)EBL=127%) _covering of R(d, W, L, B, s) with respect
to the LP([0,1]%)-norm.

Proof. Let q, : [—B, B] — [—=B, B] N 27°Z be defined as

27°12%|, for x € [0, B],
a(z) = —brob
27°[2°z], forx € |[-B,0),

and note that |z — gy(z)| < 27°, for all z € [~ B, B]. Arbitrarily fix f € R(d,W, L, B,s). By
definition, there exists ® = ((Ay,b0))l, € N(d,W, L, B, s), with L < L, such that R(®) = f.

We now quantize the weights of ® according to®

Qu(®) = ((ao(Ar), @o(b0))) L, € Ni=s,pjn2-vz(d, W, L, 00, 5),

“We note that Ri-B,Bjn2-+z(d, W, L,00,8) = Ri_p pjn2-vz(d, W, L, B,s). We chose, however, to use the
notation R(_p gjne-+z(d, W, L, 00, s) for consistency with later parts of the proof involving Ry (d, W, L, 00, s)
with general A C R.

8Note that N=B,Bjn2-vz(d, W, L,00,5) = N|_g pjn2-+z(d, W, L, B, 5). We chose, however, to use the notation
Ri_B,Bjn2-+z(d, W, L, 00, s) for consistency with later parts of the proof.
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where ¢, acts elementwise. Here, we used the fact that, owing to ¢,(0) = 0, the connectivity of
Qu(P) is no greater than that of ®. Next, note that

1@~ Qu(®)] = max max{]14, — (A0 es b — 00l } <27

.....

which together with Lemma 2.2 yields

IR(®) — R(Qu(®)) Il oo,y < LW + 1" BE7H|® — Qu(@)]| < LW + 1)"BF 127" (314)

As
[R(®) — R(Qu(®))]| Lo (0,174) < :[lélf]d [R(®)(z) — R(Qp(P)) ()| = [[R(P) — R(Q(P))| o< (p0,117)
it follows from (314) that

IR(®) — R(Qu(®)) ooy < L(W + 1)FBF 1270, (315)

As f € R(d,W, L, B, s) was chosen arbitrarily and R(Qy(®)) € Ri_p gjro-tz(d, W, L, 00,5) C
R(d,W,L,B,s), we can conclude that R(_p pjro-vz(d, W, L, 00, s) is an (L(W + 1)XB+1270)-
covering of R(d, W, L, B, s) with respect to the LP([0, 1]¢)-norm. O

In the second preparatory step, we upper-bound the cardinality of the covering just identi-
fied, specifically we shall consider sets R (d, W, L, 00, s) with general A and then particularize
the result to A = [—B, B] N 27°Z below.

Lemma D.2. Let d,W,L,s € N, and A C R, with s > max{W, L} and |A| > 2. Then,

log(|Ra(d, W, L, 0, s)|) < log(|Na(d, W, L, o0, s)|)

< 5s(log(L(W + 1)) + log(|A])). (316)

Proof. By definition,
Na(d, W, L, 0, s)
= {(Ae.be)fy € N(d) : W((Ag, bo)iey) < W, L < L, M((Ag,be)fzy) < s, coef((Ag, be)fzy) € A},

There are at most Z%Zl WL < LWP different architectures (No, ..., N3)?, L < L, for network
configurations in Ny(d, W, L,00,s). For a given architecture (N, ... , N7), the total number

of weights, including zero and nonzero ones, satisfies Zle(Ng Nop1+ Ny) < L(W? + W) and
there are at most

go <L(W2Z—i— W)) < ;(L(WZ + W))z < (L(W2 4 W))S-H

different ways to choose the positions of the nonzero weights in the network configuration.
Finally, given an architecture and the positions of the nonzero weights, there are at most |A|*
different ways to choose these nonzero weights. It therefore follows that

Na(d, W, L, 00, s)| < LW" - (L(W? + W)™ - |A]", (317)

9Note that Ny = d is fixed.
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and hence

log(|N4(d, W, L, 00, 5)|) (318
< log(L) + Llog(W) + (s + 1) log(L(W? + W)) + slog(|A]) (319
slog(L(W + 1)) + (s + 1) log(L(W? 4+ W)) + slog(|A|) (32
slog(L(W 4+ 1)) + 4slog(L(W + 1)) + slog(|A]) (
(

5s(log(L(W + 1)) + log(JA]). 322

@)
~— ~— — ~—S ~—

IAIACINA

where (320) follows from log(L) + Llog(W) < slog(L) + slog(W) < slog(L(W + 1)) and in
(321) we used (s + 1) < 2s and L(W? + W) < (L(W + 1))2 The result then follows from
(318)-(322) together with |Ra(d, W, L, 00, )| < |[Na(d, W, L, 00, s)|. O

We are now ready to prove the upper bound (137). Fix ¢ € (0,1/2), let

b [log(L(W il ”LBLIN , (323)

€

and note that L(W+1)LBL=1270 < ¢, It follows from Lemma D.1 that Ri_,Bjn2-vz(d, W, L, 00, 5)
is an e-covering of R(d, W, L, B, s) with respect to the LP([0, 1]¢)-norm. By the minimality of
the covering number, we have

N(87 R(d7 W7 Lu B7 5)7 Lp([07 1]d>> < |R[—B,B]ﬂ2*bZ(d7 VV7 La 00, S)| (324)

It then follows that

log(N (g, R(d,W, L, B, s), LP(]0, 1]%))) (325)
< log(|R(-p,pjn2-vz(d, W, L, 0, 5)|) (326)
< 5s(log(L(W + 1)) +log(|[- B, B] N 27"Z])) (327)
< 5s <log(L(W 1+ 1)) + 3log (L(W tl)LBL» (328)
< g LY | g (W4 1157) (320
= 40310g(M) (330)
= 40min{s,2W?>L} log (M) (331)
< 80min{s, W?L}log (M) (332)

where (327) is by Lemma D.2, (328) follows from (13)-(18), and in (329) we used L(W + 1) <
W+ 1MW +1) < w and L(W+€1)LBL < (WHE)QMBZL. This concludes the proof upon
taking C' = 80.

D.2 Proof of the Lower Bound (138)
Set D := 602 - 6, define the auxiliary variable

W = NGELJ (333)

44



and note that W < W as a consequence of i </ QVgLQL < W. Further, we have W =

L, /%J > { DgzLJ = {@ / %J = 60d > max{60,d}. It now follows from W < W that

R(d,W, L,B,s) C R(d,W,L,B,s). (334)

As 2W'L = 2|/& PL <2- & - L < s, we can conclude that
R(d, W,L,B,s) = R(d,W,L,B). (335)
Combining (334) and (335), we obtain the inclusion
R(d,W,L,B) C R(d,W,L,B,s),
which, thanks to (441) in Lemma F.1, yields
N(e,R(d,W, L, B, s), LP([0,1]%)) > N(2¢, R(d, W, L, B), L*(]0, 1]%)). (336)

Application of (4) in Theorem 2.1 with W replaced by W, e replaced by 2¢, and the prerequisites
satisfied owing to W > max{60,d}, L > 60, and 2¢ € (0,1/2), yields a lower bound on the
right-hand-side of (336) according to

W+ 1)LBL>

log(N(2¢, R(d, W, L, B), L*([0, 1]%))) > 01W2Llog(( 5 (337)

with ¢; € Ry an absolute constant. We can now further lower-bound the right-hand-side of
(337) according to

— W+ 1)L B~
01W2Llog<¥) (338)
) BL
C1 B
> -
> 24510g< ) (339)
LBL
—sl 4
> 488 og( ) (340)
W +1):B-
- 28 min{s, 2W2L}1og( OV + - ) (341)
LpL
> @mm{s W?2L} log<< B ) (342)
£

where (339) follows from W L = |V Pl > (/2 )PL > 558, as @] > Sz, for z > 1, and

Vierd 245
(340) is by log(M) = %log(w) 1 log(M), since € € (0,1). To replace

4e2

W in (342) by W= min{[,/% 1, W}, we note that

e =a - (||| +1) (313)
2ot [\[ (314)
> 10\/% (345)
. N% } i (346)

>W +1, (347)



where in (344) we used W > 60. Using (343)-(347), we get

log(w) _ %1og((W+232LBzL> > %bg(M). (348)

Putting (336), (338)-(342), and (348) together, we obtain

M) (349)

log(N (e, R(d, W, L, B, s), L*([0,1]%))) > % min{s, W2L} log((

which concludes the proof upon setting ¢ = gt.

E Proof of the Lower Bound (140) in Theorem 6.1

The proof of the lower bound (140) relies on several technical ingredients, which we present
first. We start with a result that allows to reduce the general case a € N to a = 1.

Lemma E.1. Let d,W,L,a,b € N, with W > 2. We have
Ri(d, W, L) =20V RY,(d, W, L) (350)
—{2 O ff € Ry (d W L)Y, (351)

and, for alle e Ry, p € [1,00],
N Ry, W2, 20109) = N (g5 R @W DL (09 (352

Proof. We start by establishing (350). Arbitrarily fix g € R¢(d, W, L). From Lemma F.2, with
its prerequisite satisfied thanks to {—1,0,1} C Qf, we can infer the existence of a network
configuration ¢ = (A, be)k_ |, with W(®) < W and coef(®) € Qf, such that R(®) = g. Define

d = (g1 Agy 3ot 1bg)€ ., and note that W(®) < W, L(®) = L, and coef(d) C 5 Qf = Q. y,
and therefore R(®) € RL,_1(d,W,L). We then have

g9 =R(®) (353)
=S(Ap,bp)opo---0poS(Ayb) (354)

1 1 1 1
:(2(a_1))LS<2a—1AL7FbL) oOpo--- 0,00S(WAD Da— 1b1) (355)
—2 L. R(3) (356)
S {2(a R f f € Ra-i—b 1(d7 Wv L>}7 (357)

where in (355) we used the positive homogeneity of the ReLU function, namely, p(kx) = kp(x)
for all z € R and k£ € R,. As the choice of g € R{(d, W, L) was arbitrary, we have established
that

Riy(d, W, L) C 20"V RE L, (d, W, L). (358)

Upon noting that the reverse inclusion can be proved similarly, (350) follows.

We proceed to prove (352). Fix e € Ry and p € [1, 00]. It follows from (350) that, for every
e-covering C of R{(d, W, L) with respect to the LF([0, 1]*)-norm, 5ty - C is an 5z=mr-covering
of R.., 1(d,W, L), which allows us to conclude that

N(e,Ry(d, W, L), L*([0,1]%)) > N(Q(a A

Rb (w0, 0(0.0)). (359
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Moreover, based on (350), we can also conclude that, for every o=5z-covering C of R} tp1(d, W, L)

with respect to the LP([0, 1]%)-norm, 2(@=Y% . C is an e-covering of R{(d, W, L), which leads to
N (Q(CL 1)L’ 7?’a—f—b 1(d7 VV) L)7 Lp([oa 1]d)) = N(€7 RZ(dv Wv L)7 Lp<[0> 1]d)) (360)
Combining (359) and (360), yields (352). O

We note that the constraint W > 2 in Lemma E.1 is not restrictive for the purposes of
the proof of the lower bound in Theorem 6.1 as below we will take the absolute constant D in
Theorem 6.1 to be greater than 2.

Next, we derive lower bounds on the covering number, separately, for large and moderate
values of b. We start with the case of large b.

Lemma E.2. Let p € [1,00] and d,W,L,b € N, with W, L > 60. Assume that b > log(L) +
Llog(W + 1) + 3. Then, there exist absolute constants ci,ca,c3 € Ry such that the following
statements hold:

o Foralle e (0, L(W+ 1)L27],

log(N (g, Ri(d, W, L), L(]0,1]%))) > ¢, W?2Lb. (361)
o IfL(W +1)270 < L then, for all e € (L(W +1)F27%, L),
log(N (e, Ri(d, W, L), L*([0,1]%))) > coW?Llog (M) : (362)
« Foralle €(0,55),
log(N (e, Ri(d, W, L), L*([0,1]%))) > csW?2L - min{b, log <M) } (363)

Proof. We start with the proof of (361). It follows from Lemma 2.3 with B = 1 that
AR(d, W, L, 1), Ry ez, W, L), |- o) < LW+ 1)F27" (364)

As ([-1,1]N27°Z) C ((—4,4)N27"Z) = Q;, we have Ry yjro-+z(d, W, L) € R} (d, W, L) which
together with (364) yields
A<R(da VV; L7 1)a Ré (da W L): || ' ”LP([O,l}d))
< A(R(dv VV; L7 1)7 ’R’[—LI]OZ*bZ<d7 Wv L)7 || ’ HLP([O,I]d)) (365)
< L(W +1)k270,
Application of Proposition 3.1 with 0 = || - [zeqo1je), G = R(d, W, L,1), F = Ry(d, W, L),
= L(W + 1)F27° and the prerequisite (39) satisfied thanks to (365), yields
N(L(W +1)"27", R, (d, W, L), L"([0, 1]))
> NAL(W + 1)"27" R(d, W, L, 1), L*([0,1])).
The right-hand-side of (366) can be lower-bounded by application of (4) in Theorem 2.1 with

B = 1, upon noting that the prerequisites are satisfied thanks to W, L > 60 by assumption,
and 4L(W + 1)E270 < 4L(W + 1)k~ (oe(D)+L1og(WH1)+3) < 1 /9 Specifically, we obtain

(W + 1)E
AL(W + 1)L2-b

1
_ 2
=c,W Llog(LQ—b+2) ,

(366)

log(N(4L(W + 1)X27° R(d, W, L, 1), L?([0,1]%))) > c4W2Llog< )
(367)
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with ¢4 € R, an absolute constant. We note that

log (ﬁ) = Z + (326 —2— log(L)) (368)
> 2 + (%(log(L) + Llog(W +1)+3) — 2 — log(L)) (369)
> % + (2(210g(L) +3)—2— log(L)> (370)
> Z (371)

where (369) follows from the assumption b > log(L) + Llog(W + 1) + 3, and in (370) we used
Llog(W + 1) > L > log(L), for L > 60. Putting (366), (367), and (368)-(371) together yields

log(N(L(W + 1)*27 RY(d, W, L), ([0, 1]9))) > %Wsz.
As the covering number is a non-decreasing function of the covering ball radius €, we have
log(N (g, R (d, W, L), LP([0,1]%))) > Z—4W2Lb, for all € € (0, L(W +1)%27°]. (372)

Upon setting ¢; = ¢, this finalizes the proof of (361).

We proceed to the proof of (362). Arbitrarily fix e € (L(W +1)¥27°, 2) and let

b= {log (L(Wz—:w)J . (373)
We first note that
b< POg(zLL(I(/;V:SZ; _b)J = [log(2""1)| < b, (374)

which leads to the inclusion 7?%((1, W, L) C Ri(d,W,L). Thanks to Lemma F.1, we hence get
log(N (e, Ry (d, W, L), LP([0,1]%))) > log(N (2¢, Ri(d, W, L), L*([0, 1]%))). (375)

To lower-bound the right-hand-side of (375), we apply (372) with b replaced by b, ¢ replaced
by 2¢, the prerequisite b > log(L) + Llog(W + 1) + 3 satisfied owing to

~ 1
b > log(L) + Llog(W + 1) + log (2_5) -1 (376)
1
> log(L) + Llog(W + 1) + log (2—1) -1 (377)
32
= log(L) + Llog(W +1) + 3, (378)

and the prerequisite 2¢ € (0, L(W + 1)L2_Z] satisfied thanks to

L ~
9e = L(W + 1)k loe*55) < (w4 1)k2?, (379)

to obtain . B
log(N (2¢, R(d. W, L), L¥([0, 1]))) = ' W?Lb. (380)
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We further note that

b= {mg(L(W?—jl)L)J (381)
> log (L(WQ—E“)L) 1 (382)
N % log(L(WQj 1)L), (383)
> % log(w), (384)

where in (383) we used log(W) > log(%ﬁ) > 2as W,L > 60 and € < 55, both by
32

assumption, and (384) follows from L > 60. Using the lower bound (381)-(384) in (380), results
in log(N (2¢, RE(d, W, L), LP([0, 1]%))) > SW2Llog(""-=), which together with (375) yields

log(N (e, RL(d, W, L), L7 ([0, 1]%))) > %WQL log (M) . (385)

As e was chosen arbitrarily in (L(W + 1)%27°, &), (385) concludes the proof of (362) upon
setting cp = ¢

It remains to establish (363). To this end, we first consider the case L(W +1)%270 > & Tt
follows from (361) that

log(N (e, Ri(d, W, L), L*([0,1])) > c,W?2Lb, for e € (0,1/32] C (0, L(W + 1)%27*].

For L(W + 1)L27" < & we obtain from (361) and (362) that

ciW2Lb, for e € (0, L(W + 1)¥27"],
log(N (e, Ry/(d, W, L), L"([0,1]%))) = 1)E
’ @Wﬁﬁog(@), fore € <L(W +1)k270, 3%)

Combining these results, we obtain, for ¢ € (0, %),

g

L
> min{ecy, o }W?L - min{b, log (M> },
5

which, upon setting c¢3 = min{c;, ¢o }, concludes the proof. Il

log(N (e, Ry(d, W, L), L*([0,1]%))) > min{ﬂWQva ¢, W*Llog (M> }

We continue with the case of moderate b. A key ingredient here is the depth-precision
tradeoff developed in [18], formalized as follows.

Lemma E.3. Let d,W, L,k € N. For all a,b € N, it holds that
RE(d, W, L) C R¢(d, 16W, (k +2)L). (386)

Proof. The case d = 1 is [18, Proposition 4.1]. The proof for general d is structurally identical
to that of [18, Proposition 4.1] and is provided, for completeness, in Appendix E.1. [

The lower bound on the covering number of R}(d, W, L), for moderate values of b, is as
follows.
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Lemma E.4. Let p € [1,00], d, W, L,b € N, with W, L > 960. Assume that 72000 MTW) <b<
4L log(W). Then, we have

log(N (e, Ri(d, W, L), LP([0,1]%)) > ¢cW?Lb,  foralle € <0, Wlo> (387)

with ¢ € Ry an absolute constant.

Proof. Letk € {2,..., [ &]—2} be an integer to be determined later. Application of Lemma E.3
with a = 1, W replaced by |W/16], and L replaced by |L/(k + 2)], yields

Ri(d, [W/16], | L/(k +2)]) € Ry(d, 16{W/16], (k +2)[L/(k +2)]). (388)
As k > 2, we have the inclusion relation
Riw(d, [W/16], |L/(k +2)]) € Rigy(d, [W/16], [L/(k +2))). (389)
Noting that 16| W/16] < W and (k + 2)| L/(k +2)] < L, it follows that
Ry (d, 16| W/16], (k+2)|L/(k +2)]|) € Ry(d, W, L). (390)
Combining (389) and (390) with (388), we obtain
Rip(d, [W/16], | L/(k+2)]|) € Ry(d, W, L). (391)
Application of (441) in Lemma F.1 to the inclusion relation (391) then yields, for all € € Ry,
N (e, Ry(d, W, L), L¥([0,1]%)) = N(2e, Ry (d, [W/16], | L/ (k +2)]), L7([0, 1]%)). (392)

We next lower-bound the covering number of Ry, (d, |W/16], | L/(k+2)]) to get a lower bound
on the covering number of R}(d, W, L). To this end, we identify a value of k € {2, e L%J - 2}
that allows us to apply Lemma E.2 to R, (d, [W/16], | L/(k +2)]|). This is done as follows.
Define f : Ry — R as f(z) = xb — 5L 1log(W), and note that f is strictly increasing on its
domain and satisfies

f(1) =b—5Llog(W) < 0, (393)

L L
/(1)) (%)
_ 1_50b — 5 log(W) (395)
— Elo(Lb — 72000 log(W)) (396)
> 0. (397)

Here, in (393) we used the assumption b < 4Llog(W), (394) follows from |%] —2> & -3 >

& — 5L > 7% as L > 960, and in (397) we invoked the assumption b > 72000 log(TW). We now
choose k € {2, . L%J — 2} to be the unique integer such that f(k — 1) < 0 and f(k) > 0,

namely,

(k = 1)b = 5 log(W) <0 (398)
kb — 5% log(1) > 0. (399)
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For this &, we now lower-bound the covering number of R}, (d, |W/16], |L/(k+2)]) by applying
Lemma E.2 with b replaced by kb, W replaced by |W/16], and L replaced by |L/(k + 2)].
We first verify the prerequisites of Lemma E.2 by noting that |W/16] > |960/16]| = 60, | L/
(k+2)] > |L/(lg) —2+2)] > 60, and

kb > 5% log(W) (400)
%log(W) + % log(W) + 3 Z] =2 log(W) (401)
> log(|L/(k+2)])+ [ L/(k+2)]log(|W/16] + 1) + 3, (402)

where (401) follows from k € {2,..., [ &] —2}, and in (402) we used £ log(W)
los(LL/ (k +2)1), £log(W) > LL/(k'F 2) loa([IW/16) + 1), and 7=

application of (363) in Lemma E.2 with ¢ = %, yields

> [L)(k+2)] >
5 log(W) > 1. Then,

log(N(1/50, Ry, (d, [W/16], | L/ (k +2)]), ([0, 1]))) (403)
LL/(k+2)]
> ey(IW/16))2[L/(k +2))) - min{kb, log ( (v 16JJ510) ) } (104)
with ¢3 € Ry an absolute constant. To lower-bound the right-hand-side of (404), we note that
(W/16] > % : % = 3—W; (405)
LGk +2)] > |L/(48)] > o (406)
and
(|W/16] + 1)LE/(k+2)]

10g< 1750 ) > |L/(k+2)|log(|W/16] + 1) (407)
> | L/ (k +2)] log(W/16) (408)
> 1i6k — log(W) (409)

1
> (k=1 (410)
> riokb, (411)
where in (409) we used [L/(k+2)] > 4 - L/(k+2) > 7% and log(W/16) > £ log(W), (410)

follows from (398), and (411) is thanks to & > 2. Then, using (405), (406), and (407)-(411) in
(403)-(404), yields

log(N (1/50, Ry, (d, [W/16], |L/(k +2)]), L"((0,1]))) (412)
WN\?( LY . 1
= g1V b (414)

As the covering number is non-decreasing in e, we have shown that, for all € € (0, 1—(1)0),

G3
— 322-8-160
We conclude the proof by putting (392) and (415) together and setting ¢ =

log(N(2e, R}, (d, [W/16], | L/(k+2)]), L*([0,1]%))) > W2Lb. (415)

]

€3
322.8:160"
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We are now ready to proceed to the proof of the lower bound (140). Let D := 960 and
FE :=2-10° and arbitrarily fix an ¢ € (0 By assumption, we hence have W > D > 960,
L > D > 960, and

 T00)-
L(a+0b) > E log(W) = 2-10° log(W). (416)
It follows from (352) in Lemma E.1 that
VR WL, 201 = N g Rl @ WD (0, 119). )
We proceed by distinguishing two cases, the first one being
(a+b—1) >log(L)+ Llog(W +1) + 3. (418)

Then, it follows from (363) in Lemma E.2 with € replaced by 555z, b replaced by a +b — 1,
and the prerequisite (a +b— 1) > log(L) + Llog(W + 1) + 3 satisfied thanks to (418), that, for
=7 € (0, %)
2(a—1L 1100/

1og(N(2(a 57 Rato- 1(d,W,L),L”([O,1]d))) (419)

1 L2(a—1)L
> 01W2L-min{(a—|—b—1),10g<(W+ ?3 )}, (420)

with ¢; € R, an absolute constant. The second case is

(a+b—1) <log(L)+ Llog(W +1) + 3. (421)

Using a+b—1 > $(a+b) in (416) and log(L)+Llog(W +1)+3 < L+ Llog(W?)+L < 4Llog(W)
n (421), yields

1 1
72000 Og(LW) < 100000@

<(a+b—1) <4Llog(W). (422)
Now, application of Lemma E.4 with ¢ replaced by 555z, breplaced by a+b—1, the prerequisite

7200010g ) < a+b—1<4Llog(W) satisfied thanks to (422), yields, for st € (0, 755)5

o (8 (s Rbeoa (0 W, 2. 20,19 ) (423)
> eW2L(a+b—1) (424)
> WL min{(a +h—1),log < (W + 1>€L2(a_m) } (425)

with ¢ € R, an absolute constant. Combining (419)-(420) and (423)-(425), yields, for all
a,beN,

log (N(2( = Ry (d, W, L), L¥([0, 1]d)>)

426)
1 L2(a—1)L (
> min{er, e} WL - min{<a+ - 1),log<(W o )}
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Using

(a+b—1) zé(a—i—b), (427)

log<(W + 1)5L2(a1)L) _ % log ((W + 1):22<a1)L> i2%)
> % log((W + 1)822L2(a—1)L) (429)

> %bg((W +€1)L2aL) | (430)

together with (417) in (426), yields

log(N(g, Ri(d, W, L), L*([0, 1]d>>) > W W2L - min{(a +b),log (M) }

min{cy,co}

The proof is concluded upon setting ¢ = 5

E.1 Proof of Lemma E.3

We first state the following technical lemma.

Lemma E.5. [18, Proposition F.1] Let d,W,L € N, and let A C R be a finite set satisfying
{=1,0,1} C A. Then, for every k € N and all u,v € AN Ry, it holds that

Rk (d, W, L) C Ru(d, 16W, (k + 3)L)

with
k

Ti(A u,v, k) = {Z(uiai +0'6) ¢ |eul, |Bi] € Ayi = 0,...,]{:}. (431)

=0

We are now ready to prove Lemma E.3. For k = 1, (386) is trivially satisfied. For k > 2,
we note that

71(@27 2_b7 2a’ k - 1) (432)
k—1

— {Z(Q_biozi +298,) ey, |Bi] € Qi =0,... k— 1} (433)
1=0
k—1

= {Z(zbiai +298) tay, B € Qi =0,..., k— 1} (434)
=0

ka
D {:I: > 2eice {0,1}} (435)
i=—kb
= Q. (436)

where in (435) we used Q¢ = {£>"7 ,6,2": 6; € {0,1}}. Thanks to (432)-(436), we have
Ry (d, W, L) C Ry qg.2-b20 1) (dy W, L). (437)
Application of Lemma E.5 with u = 27% v =27 A = Q¢, and k replaced by k — 1, yields
Rrigea-b2ek-1)(d, W, L) CRy(d, 16W, (k +2)L). (438)
The proof is finalized by combining (437) and (438) to obtain (386).
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F Auxiliary results

F.1 Relation Between Covering Number and Packing Number

The following lemma on covering and packing numbers is frequently used throughout this
paper.
Lemma F.1. Let (X,0) be a metric space and € € Ry. It holds that

M(2¢,X,0) < N(e,X,0) < M(e, X, 0). (439)

Let Y C X. We have,
M(e, X,0) >M(e, ), 9), (440)
N(e,X,0) > N(2¢,),9), (441)

Proof. Relation (439) is [6, Lemma 5.5]. To prove (440), we simply note that every e-packing
of Y is also an e-packing of X', and hence

M(e, X,0) > M(eg,),9). (442)
Then, (441) follows from N (e, X, 8) > M (2, X,0) > M(2¢,Y,0) > N(2¢, X,0), where the first
and the last inequalities are by (439) and the second by (442). O

F.2 Augmenting Networks

This section is concerned with a technical lemma, which shows how a ReLU network of a
given depth can be augmented to a deeper network while retaining its input-output relation.

Lemma F.2. Let d,W,L € N, with W > 2, and let A C R, with {—1,0,1} C A. For every
f € Ra(d,W, L), there exists a network configuration ® € Ny(d, W, L) such that L(®) = L and
R(P) = f.

A special case of Lemma F.2, namely A = R, is documented in [18, Lemma H.2]. The
proof of Lemma F.2 is almost identical to that of [18, Lemma H.2|, but will be provided for
completeness.

Proof of Lemma F.2. By definition, there exists a network configuration ® = ((Zg,gg))le €
Na(d, W, L), with L. < L, such that R(®) = f. If L = L, setting ® = ®, we have L(®) = L
and R(®) = f. For L > L, we let ® := ((Ay, b)), with

(Ag, b) = (Agby), for 1 <0< LW (443)
. ZZ . EZ . . T .
A; = i) by = ) Ay := I3, by := 04, for £ such that L < ¢ < L, and A} =
L L

(1 —1), by := 0. Invoking the assumption {—1,0,1} C A, this yields ® € Ny(d, W, L), with
L(®) = L. We now note that

S(Ap,by)opo---o0poS(A;,bz) =S(AL,br)opoS(A;z,b5) (444)

= S(A;z,b7), (445)

where in (444) we used poS(As, by) = poS(I2,02) = p, f0r~z <{ < L,and pop = p, and (445) is
by (S(Az,br)o p o S(Af,bp)) (z) = p(Agw +bp) — p(—Agz —bp) = Apz + by = S(Ag, b)(w),
for x € Ry, with d’ denoting the number of columns of A;. Combining (444)-(445) and (443),
we see that R(®) = R(®) = f. O

10Here and in what follows, we use the convention that if there does not exist an £, in this case, satisfying the
constraint, the assignment is skipped; in the present case, this would apply if L = 1.

54



F.3 Existence of the Empirical Risk Minimizer in (83)

Arbitrarily fix a sample (z;,v;)", € ([0,1] x R)". The existence of the empirical risk
minimizer, for this fixed sample, is equivalent to the existence of a network configuration
® € N(1,[D + 1], L(n),1) whose associated truncated realization 77(R(®)) minimizes the
empirical risk. Noting that the set N'(1,[D + 1], L(n),1) can be written as a finite disjoint
union of network configurations, each element in the union corresponding to a given network
architecture, we only have to show the existence of a minimizer over each given element in this
union. Arbitrarily fix an element in the union with associated architecture (Ny,...,N;) and
let My,...n, be the corresponding set of network configurations. Next, note that N/ Novo Ny =
[—1,1]Zf=1(NiNF1+Ni) is a compact set and, by Lemma 2.2, the mapping ® € Ny, . n, —
L3 (Ti(R(®)(x;)) — v;)* is continuous. As continuous functions on compact sets attain
minima, there exists a ® € Ny, .y, that minimizes the empirical risk within the set Ny, n,,
as was to be shown. The argument is concluded by noting that the choice of the sample
(i, y:)iy € ([0,1] x R)™ was arbitrary and hence there exists an empirical risk minimizer for
each sample (x;,y;), € ([0,1] x R)™.
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