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Abstract

This paper is concerned with the fundamental limits of nonlinear dynamical system learning from
input-output traces. Specifically, we show that recurrent neural networks (RNNs) are capable of learning
nonlinear systems that satisfy a Lipschitz property and forget past inputs fast enough in a metric-
entropy optimal manner. As the sets of sequence-to-sequence maps realized by the dynamical systems we
consider are significantly more massive than function classes generally considered in deep neural network
approximation theory, a refined metric-entropy characterization is needed, namely in terms of order, type,
and generalized dimension. We compute these quantities for the classes of exponentially-decaying and

polynomially-decaying Lipschitz fading-memory systems and show that RNNs can achieve them.

This paper is dedicated to Professor Andrew R. Barron on the occasion of his 65" birthday.

I. INTRODUCTION

It is well known that neural networks can approximate almost any function arbitrarily well [1]-[5]]. The
recently developed Kolmogorov-Donoho rate-distortion theory for deep neural network approximation [6],
[7] goes a step further by quantifying how effective such approximations are in terms of the description
complexity of the networks relative to that of the functions they are to approximate. Specifically, [7]
considers classes of functions mapping R? to R and aims at approximating every function in a given
class to within a prescribed error € using a (deep) rectified linear unit (ReLU) network. Moreover, the
length of the bitstring specifying the approximating network is characterized. Now, [7] establishes that
for a wide variety of function classes, the length of this bitstring exhibits the same scaling behavior, in
€, as the metric entropy of the function class under consideration (see Table [I] below). This means that
neural networks are universally Kolmogorov-Donoho optimal for all these function classes.

In the present paper, we extend the philosophy of [7]] to the approximation of nonlinear sequence-

to-sequence mappings through recurrent neural networks (RNNs). Specifically, we consider Lipschitz
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fading-memory (LFM) systems. In essence, this notion describes systems that gradually forget long-past
inputs, with the speed of memory decay quantified in terms of a certain Lipschitz property. Such systems
find diverse applications, inter alia, in finance [8|] and material science [9]—[/11]]. We first develop tools
for quantifying the metric entropy of classes of LFM systems with a given memory decay rate. A general
construction of RNNs approximating LFM systems is shown to yield Kolmogorov-Donoho-optimality
for LFM systems of exponentially or polynomially decaying memory.

Related work. Learning of linear dynamical systems has been studied extensively in the literature [|12[]—
[16]]. Notably, [16] provides explicit RNN constructions for a wide class of linear dynamical systems,
including time-varying systems. Going beyond linear systems, learning of nonlinear finite memory systems
within the finite-state-machine framework has been studied in [[17]. More concretely, [17] explores the
learning of finite-state finite-memory machines using RNNs. This program is extended to approximately
finite-memory systems in [18]] and fading-memory systems in [[19]—[21]]. In particular, [21]] formalizes the
concept of fading-memory systems in control theory, demonstrating that continuous-time fading-memory
operators can be approximated using Volterra series. Subsequently, [22]] established that discrete-time
fading-memory systems can be identified using neural networks. Moreover, [23]] demonstrated that echo
state networks, a specialized architecture within the RNN family, serve as universal approximators for
discrete-time fading-memory systems. None of the studies just reviewed formally addresses the issue of
quantifying the RNN description complexity relative to that of the class of (nonlinear) systems they are
to learn.

Organization of the paper. The remainder of Section |I| summarizes notation. In Section |lI, we introduce
our setup and provide a definition of metric-entropy optimality in a very general context encompassing the
approximation of functions as well as dynamical systems. Section [lII| develops tools for characterizing the
metric entropy of LFM systems. In Section we employ these tools to derive precise scaling results
for the metric entropy of exponentially Lipschitz fading-memory (ELFM) and polynomially Lipschitz
fading-memory (PLFM) systems. Section [V| presents a construction for the approximation of general
LFM systems by RNNs. Finally, in Section we combine the results developed in the previous sections
to prove that RNNs can learn ELFM and PLFM systems in a metric-entropy-optimal manner.

Notation. For N € N, [N] stands for the set {0,1,...,N}, while [N]* denotes the set
{-N...,—1,0,1,...,N}. The cardinality of a finite set U is designated by |U|. Sequences z[t] € R
are indexed by t € Z or t € N and we use R” and R to respectively denote the set of such sequences.
We refer to the set of all finite-length bitstrings by {0, 1}*. The transpose of the matrix A is A”. For
matrices A1, ..., Ay, diag(Ay, As, ..., Ay) refers to the block-diagonal matrix with the A; on the main
diagonal. The N x N identity matrix is Iy and Ox stands for the N-dimensional column vector with all
to base 2, log(™ = logo--- o log is the n-fold iterated logarithm, and log™(-) = (log(+))", for 7 € R.
The composition of functions f1, f is denoted by f2 o f1 (or f1 o f3). For € > 0, let f(¢) and g(€) be

strictly positive for all small enough values of e. We use f(¢) = o(g(€)) to indicate that lim._,o % =0

and we express limsup,_, gég < oo by f(e) = O(g(e)). Moreover, we write f(e) = O(g(e)) when
both f(e) = O(g(e)) and g(e) = O(f(€)). Constants are always understood to be in R unless explicitly

stated otherwise. Finally, we say that a constant is universal if it does not depend on any of the ambient

quantities.
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II. PROBLEM SETUP AND METRIC-ENTROPY OPTIMALITY
A. ReLU network approximation

We start by defining ReLU networks.

Definition II.1 (ReLU network [[7]). Let L € N and Ny, N1,...,Nr, € N. A ReLU (feedforward) neural
network ® is a map ® : RNo — RNt given by

Wl7 L=1
®=4q WyopoWy, L=2 (D
WropoWp_qopo---opoWy, L>3

where, for £ € {1,2,...,L}, Wy : RNe-i — RNe, Wy(x) := Apx + by, © € RN, are affine transfor-
mations with (weight) matrices Ay € RN*Ne—1 and (bias) vectors by € RNt and the ReLU activation
function p : R — R, p := max{z,0} acts component-wise, i.e., p(z1,...,xn) = (p(x1),...,p(zN)).
We denote the set of all ReLU networks with input dimension Ny = d and output dimension Nj, = d' by
Na.a. Moreover, we define the following quantities related to the notion of size of the ReLU network ®:
o depth L(®) := L,
o the connectivity M(®) of the network ® is the total number of non-zero entries in the matrices
Ay, L €{1,2,...,L}, and the vectors by, £ € {1,2,...,L},
o width W(®) := max—,..1, Ny,
o the weight set K(®) denotes the set of non-zero entries in the matrices Ay, £ € {1,2,...,L}, and
the vectors by, £ € {1,2,...,L},

o weight magnitude B := maxy—1 1 max {||A¢|| /bl }-

We next formalize the concept of network weight quantization.

Definition II.2 (Quantization [7]). Ler m € N and € € (0,1/2). The network ® is said to have (m,e)-
quantized weights if IKC(®) c 27os(€ )7, N [—e=™ e=™]. Moreover, for a € R, we define the (m, €)-

quantization map rounding real-valued numbers to integer multiples of g—mflog(e™)] 4
QO c(a) i= [af2mMoa( 1| L gmmoa(c)], ®)

Every quantized ReLU network can be represented by a bitstring specifying the topology of the
network along with its quantized non-zero weights, i.e., the entries of A,, ¢ € {1,2,...,L}, and
be, ¢ € {1,2,...,L}. In Appendix we specify how this bitstring is organized. Taking this bitstring
back to the quantized ReLU network is done through a mapping, which we denote by Djs and refer to

as the canonical neural network decoder.

Remark IL.3. For every ReLU network ® with (m, €)-quantized weights, there is a bitstring b of length
no more than Comlog(e 1) M(®)log(M(®)) such that Dar(b) = ®, with Cy > 0 a universal constant.
This follows by upper-bounding in Appendix [A]

As we consider the approximation of sequence-to-sequence maps (R%? — R?), feedforward networks

as defined above are not applicable since they effect maps between finite-dimensional spaces, concretely
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from R™ to R™* . However, and perhaps surprisingly, simply applying feedforward networks iteratively in
a judicious manner turns out to be sufficient for approximating interesting classes of nonlinear sequence-
to-sequence maps in a Kolmogorov-Donoho-optimal manner. Concretely, this gives rise to the concept

of recurrent neural networks.

Definition I1.4 (Recurrent neural networks [16]). For m € N, let ® € Ny 41,m+1 be a ReLU network of
depth L(®) > 2. The recurrent neural network (RNN) associated with ® is the operator Ry : RN — RN

mapping input sequences (x[t]);>o in R to output sequences (y[t]):>o in R according to

o) = (1)) oo
ht] hlt — 1]

where h[t] € R™ is the hidden state vector sequence with initial state h[—1] = 0,,,. We denote the set of
all RNNs by N'E.

Remark IL.5. When unfolded in time, an RNN simply amounts to repeated application of ®.

From Definition it is apparent that an RNN Rg¢ is fully specified by its associated feedforward

network ®.

Definition IL6. Formally, we define R : ;> | Nint1ms1 = N R as the map that takes a ReLU network
® to its associated RNN Re according to Definition

Together with the canonical neural network decoder Dys, we thus obtain the following procedure for
decoding a bitstring to an RNN.

Definition ILI.7 (Canonical RNN decoder). We define the canonical RNN decoder as Dr := R o Dy,
where R is as in Definition and Dy is the canonical neural network decoder.

The main point of this paper is to show that the canonical RNN decoder is capable of approximating a
wide variety of non-linear sequence-to-sequence maps (R? — R”) in a metric-entropy-optimal manner.
This means that there are no other decoders that use fundamentally fewer bits. In addition, the results in
[7] show that the canonical neural network decoder optimally approximates a wide variety of function
classes mapping R¢ to R. Taken together, we will hence be able to conclude that ReLU networks are

able to optimally approximate function classes as well as sequence-to-sequence maps.

B. Metric-Entropy Optimality

In this section, we rigorously define the notion of metric-entropy optimal approximation. Consider a
metric space (X, p) and a compact subset C C X. Together, C and p determine an approximation task.
Specifically, we wish to approximate elements f € C to within a prescribed error € > 0 in the metric p
by elements fe X which can be encoded by finite-length bitstrings b € {0, 1}¢. To go from bitstrings
to elements of X, we define decoder mappings as follows.

Definition IL8. A decoder D : {0,1}* — X is a mapping from bitstrings of arbitrary length to elements
of X.
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We shall frequently want to quantify how well a given decoder D performs.

Definition I1.9. Given a metric space (X, p), a compact set C C X, and a decoder D : {0,1}* — X,
we say that (C, p) is representable by D, if for every ¢ > 0 and every f € C, there exist { € N and a
bitstring b € {0,1}¢ such that

p(D(b), f) <e.

Furthermore, we set
L(e;D,C, p) := min {z’ eN|Vfec, <, Ibe{0,1} st p(Db),f) < e} .

Remark I1.10. This setting allows us to fix a decoder D (e.g., the canonical neural network decoder)
and then study how well D performs on different (C, p). That is, D does not depend on C, p, f, or e.

The quantity L(e; D, C, p) measures how bit-efficient the decoder D is in representing C with respect
to p. It is now natural to ask what the minimum required number of bits, independently of D, is for

representing C with respect to p. The concept of metric entropy [24], [25]] gives an answer to this question.

Definition IL.11. Ler (X, p) be a metric space and C C X compact. The set {x1,x2,...,xzn} C C
(respectively {z1,z2,...,xn} C X) is an e-covering (respectively e-net) for (C, p) if, for each x € C,
there exists an i € {1,2,..., N} so that p(z,x;) < e. The e-covering number N (¢;C, p) (respectively the
exterior e-covering number N (¢; C, p)) is the cardinality of a smallest e-covering (respectively smallest
e-net) for (C, p).

In general, it is hard to obtain precise expressions for covering numbers. One therefore typically
resorts to characterizations of their asymptotic behavior as ¢ — 0. In [7]], where sets of functions are
considered, this is done through the concept of optimal exponents. Here, however, we are concerned with
sets of systems, which are much more massive and hence require a refined framework for quantifying the
asymptotic behavior of their covering numbers. Thus, inspired by [26, Section II.C], we use the following

notions.

Definition IL.12 (Order, type, and generalized dimension). Consider a metric space (X, p) and a compact
set C C X. Then (C, p) is said to be of order k € N and type \ € N if the quantity

(k+1) nrext( ..
0 := limsup log /{V (&:C, p)
e—0 log” (e~ 1)

“4)
is finite and non-zero. In this case, we call 0 the generalized dimension.

Order, type, and generalized dimension provide measures for the “description complexity” of (C, p)
with the order x the coarsest one. For a given order, the type A constitutes a finer measure, and for fixed
order and type, the generalized dimension ? is the finest measure [26].

Whenever the optimal exponent according to [/, Definition IV.1] is well-defined (i.e., strictly positive
and finite), the underlying set has order and type equal to one and generalized dimension equal to the
inverse of the optimal exponent (Lemma [B.T). Based on this insight, we obtain Table [, which lists the

generalized dimension for the sets considered in [7, Table 1].
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Metric C K|lA|D
{R— R}  L%*0,1]) | L?-Sobolev UWS0,1]) [ 1 [ 1| 1/m
{R— R} L%*0,1]) | Holder uceco, 1)) [ 1|1 1/a
{R — R} L2([0,1]) | Bump Algebra UBL([0,1]) | 1|1 ]1
{R — R} L%([0,1]) | Bounded Variation U (BV([0,1])) [1 |1 |1
(R? - R} L%(Q) LP-Sobolev UMW) 11|42
{RY - R} L3(Q) Besov UBr(Q)) 1[1]4
{R? - R} L%(Q) Modulation UMS,RD) | 11| (5—5+%)
(R — R} L%Q) Cartoon functions  &°([—3,4]%) |1 |1 ﬁ(dal)

TABLE I: Generalized dimension for the sets considered in [7]. Here, U(X) = {f € X : || fllx < 1}
denotes the unit ball in the space X and Q C R? is a Lipschitz domain.

Returning to the previous discussion, we are now able to characterize the minimum number of bits

required by any decoder to e-represent (C, p).

Lemma I1.13. Consider the metric space (X,p), the compact set C C X of order K, type A\, and
generalized dimension 0, and assume that (C, p) is representable by a decoder D. Then, it holds that

log™") L(e; D, C
lim sup o8 /\(6’ ) > 0. &)
e—0 log™ (e71)

Proof. See Appendix O

It is natural to say that a decoder D is optimal if it satisfies (5) with equality.

Definition I1.14. Consider the metric space (X, p) and the compact set C C X of order k and type X
with generalized dimension 0. We say that (C, p) is optimally representable by the decoder D, if (C, p)
is representable by D and

. log"™) L(&; D, C, p)
TP ey " ©

We now recall a remarkable universal optimality property of ReLU networks, namely all the function
classes listed in Table [[] are optimally representable, in the sense of Definition by the canonical
neural network decoder. This is a simple reformulation of the results in [7]]; we provide the details of
this reformulation in Appendix [B] In the present paper, we establish that RNNs (Definition [L4)), with

inner ReLU networks, extend this universality to the approximation of nonlinear dynamical systems.

C. Lipschitz Fading-Memory Systems

We proceed to characterize the class of dynamical systems we are interested in and start by defining
their domain.

Definition IL.15. For fixed D > 0, we denote the set of admissible input signals by S := [—D, D)%, that
is, for every z|-| € S, it holds that |z[t]| < D, Vt € Z.
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The quantity D > 0 is taken to be fixed throughout the paper and the dependence of S on D is not
explicitly indicated.
First, the systems G : S — R” we consider are causal.

Definition I1.16 (Causality). A system G : S — R” is causal, if for each T € Z, for every pair x,2' € S
with z[t] = 2'[t],Vt < T, it holds that (Gz)[T| = (Gz")[T).

Second, we demand time-invariance.

Definition I1.17 (Time-invariance). A system G : S — RZ is time-invariant, if for every T € 7Z, it holds
that
T,Gx =GT;x, Ve € S,

with the shift operator T, : RZ — RZ defined as (T,x)[t] := x[t — 7).

Next, we follow Volterra, who suggested that [19, p. 188] “a first extremely natural postulate is to
suppose that the influence of the [input] a long time before the given moment gradually fades out.” This
property was termed “fading memory” in [21]], and here we introduce a more quantitative version thereof,
namely the concept of “Lipschitz fading memory” describing the speed at which system memory fades.

This definition is inspired by examples in [8], [27]-[29], which will be discussed in more detail later.

Definition I1.18 (Lipschitz fading-memory). We say that (w[t])¢>0 is a weight sequence if it is non-
increasing and satisfies w(t] € (0,1],Vt > 0, and limy_,o w[t] = 0. A system G : S — R? has Lipschitz

fading-memory with respect to the weight sequence w if

(G2)lt] = (Gy)ltl] < supfwlrl(elt = 7] =yt = 7])], VE€Z, Vo,y €S,

The class of Lipschitz fading-memory (LFM) systems considered in the remainder of the paper can

now formally be defined as follows.
Definition I1.19 (Lipschitz fading-memory systems). Given a weight sequence w[-], we define

G(w) := {G : 8 = R% |G is causal, time-invariant, has Lipschitz fading-memory w.r.t. w,

and satisfies (GO)[t] =0, YVt € Z}. (7

As we will want to approximate LFM systems G' € G(w) by RNNs, we need a metric that quantifies
approximation quality. This metric should take into account that the RNNs we consider start running at

time ¢t = 0 and will, moreover, be of worst-case nature.
Definition I1.20. Let ST := {s € S|s[t] = 0,Vt < 0}. For G,G' € {R? — RZ} we define the metric

p+(G,G') = sup sup |(Gx)[t] — (G"z)[t]].
zeSt teN

We hasten to add that the restriction to one-sided input signals in Definition and to taking the
supremum over ¢ € N in the output signals does not impact the hardness of the approximation task as

shown by the next result.
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Lemma IL21. Let (w[t])i>0 be a weight sequence. For G,G' € G(w), we have

p.(G, G') = supsup | (Ga)[f] — (Ca)[H].

z€S teZ
Proof. See Appendix O

We are now ready to formally state the main goal of this paper, which is to prove that (G(w), p) is
optimally representable by the canonical RNN decoder in Definition In fact, we will be seeking a
quantitative version of this statement comparing the description complexity of the class G(w) to that of

the RNNs approximating it.

III. APPROXIMATION RATES FOR LFM SYSTEMS

In this section, we study the (e-)scaling behavior of N%'(e; G(w), p«) for general weight sequences
w. This will be effected by deriving an upper bound on N**(¢; G(w), p«) through the construction of a
covering and a lower bound by identifying an explicit packing. We first define the concept of packings.

Definition IIL.1. Let (X, p) be a metric space and C C X compact. An e-packing for (C,p) is a set
{x1,29,...,2n} C C such that p(z;,x;) > € for all distinct i,j. The e-packing number M (e;C, p) is
the cardinality of a largest e-packing for (C, p).

We shall frequently make use of the following two results relating the packing, covering, and exterior

covering numbers.

Lemma IIL.2 ([24]], Theorem IV). Let (X, p) be a metric space and C C X compact. For all € > 0, we

have
M(26;,C,p) < N™(e;C, p) < N(&;C, p) < M(C, p). (8)

Lemma IIL3 ([24], p. 93). Let (X, px) and (Y, py) be metric spaces and consider the compact subsets
Cx C X and Cy C Y. Assume that there exists an isometric isomorphism f : Cxy — Cy, i.e., f is bijective
and for every pair a,b € Cx, one has py(f(a), f(b)) = px(a,b). Then,

N(E; C)(, ,0)() = N(E; Cy, py) and M(E; C)(, ,0)() = M(G;Cy, ,Oy). (9)

Lemma will allow us to work with a simplified metric space (Go(w), po) instead of the original
one (G(w), ps). Concretely, we exploit the properties of LFM systems to effect this reduction as follows.
First, as LFM systems are causal, their output at time ¢ depends on the history of inputs up to and
including time ¢ only. Second, time-invariance implies that the map taking the history of the input signal
to the current output at time ¢ does not change with ¢ and we can therefore restrict ourselves to ¢t = 0
w.l.o.g.. Thus, the mapping realized by an LFM system is completely characterized by the response to
signals in the set

S i={seS|VL>0:s[{]=0}. (10)

We now define the simplified metric space (Go(w), po) according to

Go(w) :={g: 8~ = R||g(z) — g(@") < |z — &'[lw, V2,2’ € S, 9(0) = 0}, (1D
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where
2 — @[l = sup [w[t] (z[~t] — 2'[~1])] (12)
>0
and
po(g,9) = sup [g(x) = ¢'(2)]- (13)

Next, we define the projection operator P : S — S~ as

(Pa)[t] = z[t] - Lr<oy
and formalize the isometric isomorphism between functionals ¢ € Gy(w) and systems G € G(w) as

follows.

Lemma IIL.4. Let w[-] be a weight sequence. The map

7 : Go(w) = G(w) (14)
g — G = (z — {g(PT_1x)}tez) (15)

is an isometric isomorphism between (Go(w),po) and (G(w),ps). Furthermore, N(€;Go(w),po) =
N(e;G(w), ps) and M(€;Go(w), po) = M(€&; G(w), p«), for all e > 0.

Proof. See Appendix O

In the remainder of this section, we first lower-bound M (€;Go(w), po), then upper-bound
N(e;Go(w), po) and finally use Lemmata [IIL.3| and [II.4] to translate these bounds into bounds on
N*(e; Go(w), po). The lower bound is established as follows.

Lemma IILS5. Let w[-] be a weight sequence. The e-packing number of (Go(w), po) satisfies

T
log M (€;Go(w), po) > (H PDU}MW) -1,

€
£=0

where T := max{T" € N [ w[T'] > 55}.

Proof. The proof is taken from [24] and is detailed, for completeness, in Appendix O

To upper-bound N (€; Go(w), pp), we construct an e-net for (Go(w), po). This construction is again
inspired by [24]] but we need to modify it to ensure that the elements of the e-net can efficiently be realized
by ReL.U networks. To be specific, we employ piece-wise linear mappings to approximate LFM systems
instead of piece-wise constant mappings as considered in [24], which requires significant adjustments to

the proof in [[24], Section 7.2]
We start by introducing the “spike” function ¢ : R — R considered in [30], and defined as

¢(z) = max{l + min{z1,..., 24,0} — max{z1,...,24,0},0}. (16)
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An illustration of spike functions for d = 1 and d = 2 is provided in Figure [I] The idea of this “spike”
function can be traced back to [31]], where the convex set

{z e R?: max{z,..., 24,0} —min{z, ..., 23,0} <1} (17)
is considered and shown to be the union of (d + 1)! simplices in the unit cube surrounding 0 given by
{z € [-1,1]": 2y00) < 2o1) <+ < Zo(a) ) (18)

where o is a permutation of the integers 0,1,...,d and zy := 0. In [31], this result is employed
to approximate continuous functions mapping R% to R by functions that are piece-wise linear on the
simplices in (T8).

We remark that the spike function (T6)) is a composition of affine functions and min/max functions,
which, as shown in Section [V] renders it uniquely suitable for realization through ReLU networks. To
be specific, in Lemmata [C.2] and we provide concrete realizations of spike functions using ReL.U

networks. This construction is novel and distinct from the methodology considered in [30].

@d=1 (b)d=2
Fig. 1: The “spike” functions in dimensions 1 and 2.
We proceed to show how a partition of unity (p.o.u.) can be realized as a weighted linear combination
of shifted spike functions, a property that will be of key importance in the RNN constructions described

in Section [Vl
To this end, we consider the lattice

M = [Mi]* x - x [My]* C R% where My € N, for £ € {1,2,...,d}, (19)
with the associated collection of shifted “spike” functions on R¢

== {6(- — 1) }neam. (20)

The construction of the p.o.u. is as follows.
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Lemma I1L.6. Consider the spike function

#(2z) = max{l + min{z1,..., 24,0} — max{zy,..., 24,0},0}, (21)
the lattice
M = [M]F x - x [My]* c R, where My €N, for ¢ € {1,2,...,d}, (22)
and the set
E = {¢(- — n)}nem. (23)

Then, E forms a p.o.u. on H?Zl[—Mg,Mg], ie.,

(i) 0< ¢(z —n) <1, for € R and n € M;
(ii) (- —n) is compactly supported, specifically supp(¢(- —n)) C n + [—1,1]%;
(iii) it holds that

d
Z o(z—n)=1, forze H[—MK,MZ].
=1

nem
Proof. To prove (i), we note that ¢(z) > 0 by definition and
1+ min{z,..., 24,0} — max{zy,...,24,0} < 1.
To establish (ii), it suffices to prove that
$(z) =0, forze R\ [-1,1]%

To this end, we pick z € R?\ [~1, 1] arbitrarily and fix an arbitrary £ € {1,2,...,d} such that |z| > 1.
Assume that zy > 1. (The case zy < —1 follows similarly.) Then,

1+ min{z,..., 24,0} —max{z1,...,24,0} <14+0— 2 <0,

which by 1) implies ¢(z) = 0.
We proceed to prove (iii). Since supp(¢(- —n)) C n + [—1,1]¢, we have

d
Z d(z—n) = Z ¢(z—mn), forze H[—Mg,Mg].

neM nelli_ {lze] [21} =1
Defining z € R? with 2, = | 2], for £ = 1,2,...,d, and noting that ¢(z —n) = ¢((z — 2) — (n — 2)), it
suffices to show that
Y #z—n)=1, forzel0,1]*and n e {0,1}%.
ne{0,1}4

As min{zq,...,xq4} and max{xy,...,z4} are permutation-invariant, so is ¢ by (2I). We can therefore
assume, w.l.o.g., that 21 > 29 > -+ > z4.

Now, set ej, to be the k-th unit vector in R% and let

k d
A= {O,el,el—1—62,...,26,-,...,261} c {0,1}%.
=1 i=1
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We claim that
¢(z—n) =0, forzel0,1]%and n € {0,1}¢\ A. (24)

This can be verified as follows. First, thanks to
ne{0,1}9\ A & 3i,j€{1,2,...,d},i <j, st.n; =0,nj =1,

we get for z € [0,1]? and n € {0,1}4\ A,

min{zl—nl,ZQ—ng,...,zd—nd,()}§zj—njzzj—1,
max{z; —ny, 22 — N2, ...,24 — ng, 0} > z; — n; = z;,
=1+ {z1 —n1,22 —na2,...,24 — ng,0} —max{z1 —ni,20 —na,...,z2q —ng,0} <0,

and hence ¢(z —n) = 0. It thus suffices to show that

> ¢(z—n)=1, forzel0,1]" (25)

neA

Now, a direct calculation yields, for z € [0,1]%,

P(z) =1 — 21, (26)
qﬁ(z—zk:ei):zk—zkﬂ, fork=1,...,d—1, 27
z'=d1
¢ (z — E ei> = 2zq4. (28)
i=1
Summing (26)-(28)) proves (23). O

Next, we establish a traversal property of the lattice 1.

Definition IIL.7 (Regular path). For every d € N, My, € N, ¢ € {1,...,d}, and corresponding lattice
M = [M]F x - x [My]*E, we call a path ny <> ng <5 - < nyon| regular for M if

(i) the path visits each grid point in M exactly once,
(ii) niy1 and n; for i =1,...,|9M| — 1, differ in exactly one position, specifically by +1 or —1.

Lemma IIL8. For every d € N, My, € N, ¢ € {1,...,d}, and corresponding lattice M = [[Ml]]i X
oo x [Mg]®, there exists a regular path ny < ng < - -+ <> njon| for | M.

Proof. We write 9, for the d-dimensional lattice [M;]* x --- x [M,]* to emphasize the dependence
on the dimension d and prove the statement by induction over d. The base case d = 1 follows by
simply considering the path —M; < —M; +1 ¢ - < 0 < --- < M; — 1 < M; for lattice
9. Assume now that the statement holds for d = k, i.e., there exists a path ny <> -+ <> njop,|
that is regular for lattice 9. For d = k + 1, consider 9Myy1 = [Mi1]F x --- x [My11]*. Then, the
path (n1, —Mj41) < - < (n |, —Mes1) < (o, =M1 + 1) < - < (n1, =My + 1) &
(N1, =Mpy1 +2) <> -+ < (ngop s =M1 +2) <> ... is regular for lattice My 1. O
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We are now ready to describe our construction of the e-net for (Go(w), pp). In fact, we shall specify
not only the elements of the e-net, but also the mapping taking a given functional g € Gp(w) to an e-close
element of the net. Counting the number of ball centers needed to ensure that every g € Go(w) is in the e-
vicinity of some ball center then yields the cardinality of the e-net. The mapping proceeds by constructing
a functional g which is approximately faithful with respect to g on amplitude-discretized and time-
truncated input signals. Discretization reflects that we are interested only in an e-precise characterization
of the action of the functional g and truncation is rendered possible by the fading-memory property. The

formal result is detailed as follows.

Lemma IIL9. For every e > 0 and s > 1, set

€ s
T._max{EGN ‘ wll] > Ds—l—l}’
S €
D
Ny = ’V—‘, Vil e [[Tﬂ,
d¢
and define the mapping

k:S_ — R

ko(z) = ”“’[5_6], Ve e [T7.

14

Furthermore, consider the lattice

N := [No]* x - - x [Ny]F c RT*L,

91

Then, there exists a set Uy C RI™ wirh \Up| = (2 {%] + 1) such that

U = {g :S_ >R ‘ 9(x) =) gnd(k(x) = n), {Gn}nem € UO}

neNn

is an e-net for (Go(w), po). Furthermore, it holds that

U| = <2 F;lw N 1) |91 _ <2 [3—511 N 1) [HZ?,”ZO(?[D%W%}H)]_I.

Proof. The construction proceeds in three steps.

Step 1: We pick amplitude-discretized and time-truncated signals from S~ on the lattice 91 and
approximately interpolate the functional g € Go(w) on these signals, using the elements of the p.o.u.

= ={¢(- — n)}nem as interpolation basis functions, to get a new functional g.

Fix g € Go(w) arbitrarily. For each n € 9, define a signal z,, € S~ according to

Gl = deng, if L€ [T] (29)
0, ifteZ\[T]
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and let g : S_ — R be given by

(@)= g(@n)o(k(x) —n). (30)
neN
We first prove that
16(z) — g(z)| < ::1’ forzeS™. 31)
By Lemma [[IL.6] {¢(- — n)}nem constitutes a p.o.u. on H;?FZO[—Ne, Ny], and hence
¢(k(x) —n) =0, forallze S st |k(z) — nlew > 1. (32)

Furthermore, for x € S_ and n € 91 such that ||k(z) — 1|l < 1, we have

x[—/]
dy

—ng| <1, forle][T],

which gives

wll] |z[—£] — Z,[—0]| < w[l)d, = 1 for ¢ € [T7],
wll] |z[—L] = Zu[L]| = wl€] [x[-{]|
< % p="_ for¢>T,

and therefore

[z = Znlw < s+ 1 (33)
Hence, we can bound the approximation error |g(x) — g(z)|, for x € S~, according to
l9(x) — a(x)| TL > (g(z) — 9(@n))d(k(x) —n) (34)
neN
C1 Y (@) - 9@k —n) (35)
[[k(z)—n|l- <1
(¢=0)
< Yo g@) = g@a) ék(z) —n) (36)
[[k(z)—nll <1
Lipschitz =R
< > e =2, ¢(k(z) —n) (37)
[[k(z)—nl-<1
B se
2 ki) ) 68)
[k (z)—nll<1
@) se B
= 7; o(k(x) —n) (39)
p-o.u. S€
s+ 1 (40)

Step 2: We modify the interpolation weights g(Z,,) in g to weights g,, for each n € 0N, along a fixed

traversal of 91, to get a new functional g that approximates g to within an error of at most e.
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Specifically, we construct, by induction, a functional g such that

€

panrE (41)

9(z) —g(z)] < A=

To this end, we let

§(x) =Y gno(k(z) —n) (42)

neN

and then set out to find, for every n € 1, a value g, so that
’g(‘%\n) - gn| S Aa (43)

which, in turn, yields

<A d(k(x) —n)
neN
p.o.u.

="A.

Therefore,
se

s—|—1:

9(2) — g(x)] <g9(x) — g(x)| + [9(x) — g(x)] < A+ e. (44)

It remains to specify how the values §,, n € 9, can be obtained such that (@3) holds. This will be done
by performing the mapping to g, along a certain traversal of 1. To this end, we note that by Lemma
[11.8] there exists a path ny <> ng < -+ <> njy| that is regular for 9. We proceed with the proof by

considering two cases.

o Case I: The path ny <> ng <> - -+ <> nj;y| starts or ends at 0 € N.
In particular, we assume, w.l.0.g., that n; = 0. Next, we find the values g, satisfying inductively
over the index k = 1,2...,|91|. The base case k = 1 is immediate as we can simply set g,, = 0
and thereby obtain
19n,) = 3| P l9(0) —0] =0 < A.

Now, assume that (@3)) holds for some ny, k € {1,2,...,|9N|}, on the path ny; — --- — njgy. Then,
by Lemma [II1.8} ny; differs in exactly one position from ny, namely by +1 or —1, which, based
on and (29), yields ||Zp,,, — Zn, ||, < 71 Upon noting that

N~

Lipzcrhitz @3
< @i = Bncll, + 4
€S
< i} +A=(s+1)A,
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we can conclude that there exists an

s+1 s+1 s+1
cl-2 ,—2 +2,...,2 ,
" { { 2 W [ 2 W [ 2 H (45)

St Gney = 0n, +mA and |Gpn,., — g(&;\nkﬂ)‘ < A.

This completes the induction.

o Case 2: The path ny <> ng <> -+ <> nj;y| does not start or end at 0 € N.
In particular, we assume n; = 0 € 9, for some 7 € {2,3,..., |9 — 1}. To follow the spirit of Case
1, we start the search of {g, }neq from n; = 0. We then split the path ny <> ng <> - -+ <> ny into
path, :=n; =+ n;—1 = --- = ny and path_, :==n; = 41 — -+ — nj;|- The idea is to prove
by performing induction across path, and path_, separately. This can be done following the

same procedure as in Case 1.

Step 3: Repeat Steps I and 2 for all ¢ € Go(w) and collect all the resulting {gy}nem in a set
Up. Specifically, for Case 1, we need to store one value for §,, and, according to (@3], (2 [%W + 1)
increments or decrements from gy, t0 gn,,, for i = 0,1,..., [ — 1. As the path ny — - -+ = njg is

SR

values. For Case 2, noting that path, and path_, are of length i« — 1 and || — 4, respectively, and

of length |9t] — 1, we get a total of

applying the same argument as above, there is again a total of

o) G )™ )

increments or decrements. The set U containing all the values {gy, }nem required for (#3) to hold for all

g € Go(w) and all n € N is hence of cardinality

o] = (2 [sgw +1>‘ﬁ|1 _ <2 F;ﬂ +1) [Hio(ﬂ“:[“%ﬂ)]fl. )

Finally, setting

U= {g R ‘ g(z) = Z gn@(k(r) —n), {Gn}nen € Z/lo}

neNn

concludes the proof. 0

Based on the e-net constructed in Lemma we can now upper-bound the metric entropy of
(Go(w), po) as follows.

Corollary IIL.10. For every s > 1, the covering number of (Go(w), po) satisfies

log N (€; Go(w), po) < log (2 [HW + 1> 10 (2[”“’[“ i ﬂ + 1) ,

2 € S
/=0

where T := max {E e N|w[] > %s%}
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Proof. For € > 0, Lemma [II1.9| delivers an §-net for (Go(w), po) with

<2 F _|2_ 1} ) 1) [[To (2222 =2 [+ 1)) -1

elements. By Definition it hence follows that

st 1} X 1) ME(of 22802 0))

N e/ 2 Gafw), ) < (2]

From Lemma [II1.2] we then obtain an upper bound on the covering number according to

9

s [[Tiso (222 =2 +1)]
N (& Goli). ) < N¥(e/2 Gofu, ) < (2 52| +1)

which finishes the proof. O

We conclude the developments in this section by deriving a lower bound and an upper bound on the

exterior covering number of (G(w), px).

Theorem III.11. The exterior covering number of (G(w), p.) satisfies

(ﬁ {DZ}M]—D — 1 <log N*(€;G(w), px) < log (3) ﬁ (2 {41)?[6]} + 1) 7 (47)

/=0 /=0

where T' := max {{ € N |w[{] > 5} and T" := max {{ € N | w[] > ;5 }.

Proof. The result follows by noting that

T
(H ’VD’(U[E] “> —1 Lemn;. log M(26; g[)(w), pO)

€
£=0

Lemmallly o0 M1 (2¢; G(w), pi)

Lemmal[[Il2]
< log N*™(e;G(w), ps) < log N(e&:G(w), pi)

Lemn;l log N(f, go(w)7 pO)

Corollary|IIL 10] T"

. o] (2 {4D”€w[€]w N 1> .

£=0

IV. APPROXIMATION RATES FOR ELFM SYSTEMS AND PLFM SYSTEMS

We now discuss two specific classes of LFM systems, namely exponentially Lipschitz fading-memory
(ELFM) and polynomially Lipschitz fading-memory (PLFM) systems. Specifically, we characterize the
description complexity of these two classes by computing their type, order, and generalized dimension.
The corresponding results will then serve as a reference for the RNN approximations in Section [V]
Specifically, we will establish, in Section that RNNs can learn ELFM and PLFM systems in a

metric-entropy-optimal manner.
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A. Approximation rates for ELFM systems

The concept of exponentially Lipschitz fading memory systems is inspired, inter alia, by applications in
finance, such as those discussed in [[8]], where asset pricing decisions are influenced by past observations.
Instead of relying solely on finite-length observations, the model integrates infinite past observations by
endowing them with exponentially decaying memory. Similar settings are also considered in random
walk models [28]], [29]. These examples, when appropriately adapted to the setup in the present paper,
fit into the setting of our LFM systems (Definition with exponentially decaying weight sequences.
We formally define exponentially decaying memory and the corresponding ELFM systems as follows.

Definition IV.1. For a € (0,1] and b > 0, let

w((fg [t] := ae™, forall t > 0.

)

An LFM system with weight sequence {wéeg [t]}+>0 is said to be exponentially Lipschitz fading-memory
(ELFM). We write G (wc(fg) for the class of all ELFM systems with weight sequence wéel), [t].

The remainder of this section is devoted to computing the order, type, and generalized dimension of

(G (wéeg), p«). To this end, we first establish an auxiliary result.

Lemma IV.2. Let a € (0,1], b,c,d > 0 and consider the weight sequence w
Set

L(fg as per Definition |IV.1

. () €
T := max {t eN ‘ w, y[t] > d}'
Then,
T ew [0 1

log 411) ae’ =5 og(c) log?(e™1) + o (log®(e 1)) . (48)

Proof. See Appendix O

We are now ready to state the main result of this section quantifying the massiveness of the class of
ELFM systems.

Lemma IV.3. Let a € (0,1] and b > 0. The class of ELFM systems (G (wsg), p«) is of order 1 and type

2, with generalized dimension

1
0= 2blog(e)’
(©)

Proof. Consider € € (0,¢p) with ¢y = Dw‘é”’[o} = %. By Theorem |III.11} the exterior covering number
of (g(w((fl))),p*) satisfies

7' [ Dw')[e] » © [ [4Dw')[0

11 ——| | — 1 <log N™(6G(w,}), px) < log (3) 1112 — | +1], (49)

=0 =0
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where

T’ := max {6 eN ‘ wgeg[é] > %} and 7" := max {€ eN ‘ w((fg[ﬁ] > i}

We can further lower-bound the left-most term in (49) according to

T | Dw')[(] T Dw')[(]
Tabt ) s T abt )
II|— 1> ([[— 1
=0 =0
T’ (e)
1 Dwa b[@
> %
> 2}1 p— (50)

where (50) follows from

which, in turn, is a consequence of

Duw)0] _ Duwl)[0]

> ahl o

e) (€) [
Dw' ¢ Dw 7/ |T
ol Deall] g ve ]\ o,

€

Similarly, we can further upper-bound the right-most term in according to

i 4Dw(e) 14 " 8Dw(e) 14
log(3) H 2 :b[] +1] | <log(3) H :’Z’H+3
=0 £=0
" 90 Dw')[¢
<log(3) H :’bH ) (5D
(=0

where (51)) follows from

ADwGll]  ADw [T
€ o €

Combining —, taking logarithms one more time, and dividing the results by log?(e~!), yields

' Dwffg[g] % 20Dw(fi[€}
log ( =0 g> 1 10g® N (6, G(w!), pr) 108 ( o 6’) +1og!?(3)
< a <

>1, for Le[T"].

52
oge ) e log%(e 1) 2
Taking the limit € — 0 and applying Lemma to the lower and the upper bound in (52)), we obtain
log® N(e;G(w()), p.) 1
egr(ll logz(efl) o 2b 10g<6) ’

which implies that (G (w((fg), p«) is of order 1 and type 2, with generalized dimension

1

0= 2blog(e)’
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This concludes the proof. 0

The generalized dimension being inverse proportional to b reflects that faster memory decay rates,
i.e., larger b, result in system classes that are less massive. Additionally, we note that the description
complexity of ELFM systems is primarily determined by the order being equal to 1 and the type equal
to 2. Compared to the function classes in Table [I, which are all of order 1 and type 1, this shows that

the class of ELFM systems is significantly more massive than unit balls in function spaces.

B. Approximation rates for PLFM systems

Next, we consider polynomially decaying memory, a concept used, e.g., in the context of PDEs [32],
[33]]. Specifically, the references [32]], [33]] are concerned with Volterra integro-differential equations [27]
of polynomially decaying memory kernels. These examples, when suitably adjusted to the framework
in the present paper, align with our LFM systems (Definition of polynomially decaying weight
sequences. We formalize the concept of polynomially decaying memory and polynomially Lipschitz

fading-memory (PLFM) systems as follows.
Definition IV.4. For q € (0,1] and p > 0, let

Py = 4
wl[t] = At o7 forall t > 0.

An LFM system with weight sequence {wl(f 3 [t]}+>0 is said to be polynomially Lipschitz fading-memory
(PLFM). We write G (w,(f 3) for the class of all PLFM systems with weight sequence wz(f 3 [t].

As in the previous section, we first need an auxiliary result.
Lemma IV.5. Let g € (0,1], p,c,d > 0 and consider w;(f(; as per Definition m Set
€

T := max {t eN ‘ wéyg[t] > g} .

Then,
T (p)
cwp. 4 /] _
1 TTPa ) (e Py, 33

Proof. See Appendix O

We obtain the order, type, and generalized dimension of PLFM systems as follows.

Lemma IV.6. Ler g € (0,1] and p > 0. The class of PLFM systems (G (w,(f (3), p«) is of order 2 and type
1, with generalized dimension )
0=-.
p

Proof. See Appendix O

Compared to the class of ELFM systems, which exhibits order 1, the class of PLFM systems is more
massive as it has order 2. This is intuitively meaningful as polynomial decay is significantly slower than
exponential decay, rendering PLFM systems to depend more strongly on past inputs. Additionally, the
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generalized dimension exhibiting inverse proportionality to p, reflects that faster (polynomial) decay, i.e.,

larger p, leads to smaller description complexity.

V. REALIZING LFM SYSTEMS THROUGH RNNS

We now proceed to realize the elements in the e-net for (Go(w), pg) constructed in Lemma [IIL.9| by
ReLU networks. Based on the connection between (Go(w), po) and (G(w), p«) identified in Section
this will then allow us to construct RNNs approximating general LFM systems.

A. Approximating (Go(w), po) with ReLU networks
The building block in Lemma [IIL.9| for approximating functionals in Gy(w) is the p.o.u. = = {¢(- —

n) }neom, which is why we first focus on constructing ReLU networks realizing =. As the elements of
= are shifted versions of the spike function ¢ and shifts, by virtue of being affine transformations, are
trivially realized by single-layer ReLU networks, it suffices to find a ReLU network realization of ¢. Note

that this argument made use of the fact that compositions of ReLU networks are again ReLU networks

(see Lemma [C.3).

Lemma V.1. For d € N, consider the spike function ¢ : R¢ — R,
#(z) = max{1l + min{z1,..., 24,0} — max{z1,...,24,0},0}. (54)

There exists a ReLU network ® € N1 with L(®) = [log(d + 1)] +4, M(®) < 60d — 28, W(P) < 64,
K(®) ={1,-1}, and B(®) = 1, such that

O(z) = ¢(2),  forall zeR% (55)

Proof. Let ®7** be the ReLU network realization of max{zi, 2,...,24} according to Lemma

Then, using min{zy, 29, ..., 24} = — max{—z1, —29,..., —2q}, We obtain

6(2) = pl1 = (@ (=2)) = p(@7°(2))
=

W30 poWyopo P(®F%, 7))o Wy )(2), (56)
(Ws0poWsyopo PR, &) o <I>1)(2)
=P, =Py

T
where Wi(z) = (Hd —Hd) z, Wa(z) = (—1 —1>z + 1, Wa(2) = 2, and P(®79 d7a%) is
the parallelization of two ®7'**-networks according to Lemma such that P(®J'*, @) (2) =
(@M (z), ®79%(2))T. Now, by Lemma there exists a ReLU network & realizing ®3 o ®; in (56)),
with
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£(®) " 2E3r (@,) 1 £(D)

Lemrml:@l@qﬂog(d +1)] +4,
LemmalC3]
M(@) < 2M(®y) + 2M(Bs)
LemmaCIh M (W) + 2M(Wa) + 2M(W7) + 4M (D7)

LemmalC2]
< 60d — 28,

W) " ax {4d, max{W(®s), W(@1)}}

LemmalC4]
< max {4d, 2W(27*"), W(W3), W(Ws), W(W1)}

Lemma
= b

emma|C.J|
G

=
=
N

U (=K (®2) U (K(D1) U (—K (1)

3
o (.U(K(Wi) U <—K<Wi>>> UK @) U (=K (@)

Lemnzla{L _1}’

B(®) = max |b| = 1.
bek (@)

This concludes the proof. O
We now show how the elements of the e-net constructed in Lemma [II1.9] can be realized by ReL.U
networks. In particular, our constructions will be seen to be encodable by bitstrings of finite length,

accomplished by quantizing the network weights according to Definition This will be needed to
establish metric-entropy optimality in Section

Lemma V.2. For every s > 1, there exists ey > 0, such that for € € (0, €p), with

€ s
T._maX{EGN w[€]>DS+1},

for every g € Go(w), there exists a ® € Nyi11 with (2, €)-quantized weights (Definition satisfying

‘tl) ({x[—ﬁ]}g:0> —g(x)| <e, forall x € S™.
Moreover,
T
L(®) =og(T+2)] +6 and M(®) <244(T+1) ] <2D€w[£]5+81 + 4> : (57)
=0

Proof. Fix g € Go(w). To construct a (2, €)-quantized ReLU network for the approximation of g, we
follow the spirit of the proof of Lemma [III.9| and first consider

T
)= g(@)o ({ ””;a - W} ) , (58)

neNn £=0
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with s ¢
Op = — vl e |T
Z s + 1 w[ﬁ] ) 6 [[ ]] )
D
Ny := ’7-‘, Vil e [[T]],
d¢
N = [No]* x - x [Np]* c RT*, (59)
opng, LT,
Tt =
0, else.
It was shown in (31)) that
S€
§(z) — < ——, forall -,
9(@) —g(@)| < —, forallzeS (60)
We next quantize the parameters 6[1 in (38) according to
byt i= a6, (©1)
and adjust the grid points Z,, of the lattice 91 as
~ D
d¢
~ -7+ ~ T+
=R x [R] (62)
omg ifL<T,
5n[_g] =
0 else.
Furthermore, we quantize ¢(z,) according to
gn = Q2,e(g(§n)) (63)

and consider the function

§(x) = D _ Gud ({””%‘ - ne}T ) = f ({=l-0}/0) (64)

ne‘fl ¢ =0

For ease of notation, we define k : S_ — RT*! as ky(z) := gglx[—f], for ¢ € [T]. Next, we show that

|9(z) — g(x)] < e (65)
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This follows from

9(x) — g(z)| = > (9(@) = Gn)d(k(z) —n) (66)
k(2)—n]l <1
< > (@) = g@a))| + (9(@n) = Gn)l) (k(x) —n) (67)
[|k(z)—nll <1
< > (= Fally + —— ) $lk(z) —n) (68)
@)l <1 ( ot 1>
<e > ¢lk(x)—n) (69)
Ik(2)—nllo<1
< e (70)

Here, (66) and are by the p.o.u. property of ¢ and (68) is a consequence of the Lipschitz property
of g according to (I1) and
19(Zn) — gnl = |9(@n) — Q2,e(9(zn))]

(71
< g-2Moge )] B _€
- - s+1
Furthermore, (69) follows from the fact that for ||k(z) — n||o < 1, we have
-/
214 —ng‘ <1, forall ¢ € [T],
de
and hence
- ~ se
|z — Zpllw < Znel[%}“c]] dewll] < P (72)
where the second inequality in (72) is by
~ @) 1y -1 S €
0y = o <y = —.
¢ (QZE( ¢ )) =%= 0 1 w[(]
Based on (64), we can rewrite (63) according to
‘f ({x[—é]}gzo> - g(m)‘ <€, forall x € S_. (73)

It hence suffices to construct a ReLU network @ that realizes f, which then, thanks to (73], approximates

2

¢ to within an error of at most €. To this end, assume that n!,n ,...,nml is an arbitrary, but fixed,

enumeration of the elements of 9. Set W*(z) = Az and W () := Bx + by, with

A = <§n1 5712 e gmﬁ|> )

E:diag (go_l,gl_l,...,g;l), (74)
. : , \T
bp: = (—n6 -ny ... —n’T) .

Moreover, let ¥ be a ReLU network realizing the spike function ¢ according to Lemma [V.I] and define
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the following ReLU networks
(I)Q = Wz,
vy =, fori=1,...,|7, (75)

@?jl =Wy, fori=1,...,|M]|.

Now, we apply Lemma to compose <I>?j2 and @?:’1 in order to realize the shifted versions of the spike

function according to

(®r5087)) ({x[a}?o)qu({””[g‘” n;;}T ) fori= 1,2, |7

14 =0

Then, we apply Lemma to construct a ReLU network as the parallelization of the compositions
Oy o @), fori=1,2,...,|9N,

O, =P ((@g{} o @7711) , (qﬂ;; o cbﬁ) - ( o <1>'1‘f}')) . (76)
Finally, we apply Lemma [C.3] again to get a ReLU network that composes ®, and ®; according to
O =Pyod, = ByoP (( "o <I>’ffl) , (@71{; ° qﬂfi) . ( "o @'I‘ﬁ')) , (77)

thereby realizing the linear combination

> Guo ({ 1l ne}i()) D f ((al-a4Ly)

neN £

To conclude the proof, we verify that ®, indeed, has (2, €)-quantized weights, compute £(®P), and
derive an upper bound on M (®). We defer the corresponding details to Appendix O

B. Approximating the system space (G(w), px) using RNNs

Having constructed ReLU networks that realize elements of Gy(w) according to Lemma we are
now ready to describe the realization of systems in G(w) through RNNs. This will be done by employing
the connection between G(w) and Gy(w), as established in Lemma Specifically, we construct RNNs
that remember past inputs and produce approximations of the desired output

Theorem V.3. For every s > 1, there exists €y > 0, such that for € € (0, ¢€p), with

€ S
T = ¢ N‘ 0> <
max{ € w[]>DS+1},

for every G € G(w), there is an RNN Ry associated with a ReLU network ¥ € NT+17T+1, satisfying

P*(R\Ih G) <e

Moreover, Ry has (2, €)-quantized weights and there exists a universal constant C > 0 such that

(78)

T
M@) <c(T+1°]] (W‘Hl + 4> .
/=0

€ S
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Proof. Fix s > 1 and G € G(w) arbitrarily. We proceed in two steps.
Step 1: We construct a ReLU network ® : RTt! — R such that

sup sup |® ({z[t — £]}/_) — G(2)[t]| <e. (79)
reSt teN

To this end, we first note that by Lemma [[IL.4] one can find a g € Gy(w) so that
g (PT_iz) = G(z)[t], forall z € S andt € Z. (80)

Furthermore, by Lemma there exists €y > 0, such that for every € € (0, ¢), there is a ReLU network
& satisfying

(@ ({z[—z]}fzo) )| <e, forall zes. @1)

Next, fix an input € ST and a time index ¢ € N and define

2 i=PT_{z}. (82)

Note that
Z'[¢) =0, for¢ >0, and hence 2’ € S~
(83)
2[4 = [t — 1), for £ > 0.
Inserting 2’ from (82)) into (81)) and using (83)) and (80), it follows that
@ ({alt — A}iz) - G@)H]| < e.

As x € S~ and t € N were arbitrary, this proves (79).

Step 2: We construct an RNN Ry realizing the map x — @ ({z[t — (]}]_,) -
Fix € ST arbitrarily. Recall the RNN Definition The basic idea is to identify an RNN Ry which,
for every time step t € N,

o delivers the output

ylt] = @ ({alt — (}izo) (84)
« and memorizes the 7" past inputs z[t], z[t — 1],...,x[t — T+ 1] in the hidden state vector h[t], i.e.,
he[t] = x[t — £ + 1], for ¢e€{1,2,...,T}. (85)

To memorize the 7' past inputs, we construct a one-layer neural network
Op(z) = (HT OT) 2, for » € RTHL, (86)

by noting that
or (folt = AYo) = (1 0r) (lt) alt = 1), alt = T)T

= (z[t],z[t = 1],...,z[t = T+ 1])T e RT.

87

Now, we apply Lemma to augment &7 to depth L£(®) without changing its input-output relation.
This results in the ReLU network ®7.. Then, we apply Lemma to parallelize ® and ®7, leading to
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the desired ReLU network
U = P(P, 7). (88)

By Definition [[T.4] the corresponding RNN Ry effects the input-output mapping according to

(m)zq,(( ] )) forall ¢ > 0.
hlt] hlt —1]

With these choices, (84) and (85) can now be proved by induction over ¢ > 0. The base case is
immediate, as x[t] = 0, for t < 0 owing to z € ST and, by Definition [[L.4, h[—1] = 07. To establish the
induction step, we assume that (84) and (83) hold for ¢ — 1 with ¢ € N, ie.,

ylt —1] =@ ({2t =1 - }),
helt —1] =aft — ¢,  for Le{1,2,...,T).

Now, for time step ¢, we note that

() -een ()
Bt — 1] Bt — 1]
:< ({z m)
@7 ( {mt— 1}izo)
_ @ ({aft — 4})
(z[t], z[t —1],..., 2t — T +1])T

_ <<I> ({alt - m&))
] |

As x was arbitrary, this completes the induction and thereby Step 2.

To conclude, we combine the results in Steps 1 and 2 according to

p«(Rw,G) = sup sup|y[t] — G(z)[t]] (89)
reSt teN

= sup sup |® ({z[t — (]}/_y) — G(2)[t]| (90)
reSt teN

<k, On

where (90) follows from (84) and (@) is by (79). Furthermore, we have
Ko(w) EtemEl (e @) U (@)
S (@) U (K@) U (—K(@7)) U {1, -1}
@ (k@) u{1,-13

Lem%ﬁ 9—2[log(e™ )17 A [—6727 672] .
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Thus, ¥ has (2, €)-quantized weights. Moreover, we can obtain an upper bound on M (¥) according to

M(w) EmE @) 4 Mm@y
6, Leénma

M(®) + M(Pp) + TW(Pr) + 2T (L(P) — L(P7))

€ S

(86, Lemma[V2] T 2Dwll 1
< C(T+1)2H< wif] s + +4>,

=0

with the universal constant C' > 0 chosen sufficiently large. O

VI. METRIC-ENTROPY-OPTIMAL REALIZATIONS OF ELFM AND PLFM SYSTEMS

So far we have characterized the description complexity of ELFM and PLFM systems based on order,
type, and generalized dimension (Section and we constructed RNNs approximating general LFM
systems (Section [V]). We are now ready to state the main results of the paper, namely that the RNNs we
constructed are optimal for ELFM and PLFM system approximation in terms of description complexity.

To this end, we first compute the number of bits needed by the canonical RNN decoder in Definition
to obtain the RNN constructed in Theorem specifically its topology and quantized weights. The
following result holds for general LFM systems and will later be particularized to ELFM and PLFM
systems.

Corollary VL1. The class of LEM systems (G(w), p«) is representable by the canonical RNN decoder
Dr with
L(e;Dr,G(w), pi) < C1M log(M)log(e ™),

where

€
T.— {z N ] ¢ 7}’
max{f € N | w[{] > 5D
and C1 > 0 is a universal constant.

Proof. Applying Theorem [V.3] and setting s = 1, it follows that there exists an ey > 0, such that for
every € € (0,e9) and every G € G(w), we can find an RNN Ry associated with a ReLU network
U € Npy1,741, satisfying

pe(Ry, G) < e. (92)

Moreover, Ry has (2, ¢)-quantized weights and the number of non-zero weights in ¥ can be upper-
bounded according to .
M@) <o+ 1) ]] <W + 4> . (93)
£=0
By the definition of the canonical neural network decoder, Remark and Definition there exists
a bitstring b € {0,1}" with
L < 2CoM(T) log(M () log(e™), (94)
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such that
Dr(b) = Ry. 95)

Combining (92), ©4), (95), and Definition upon noting that G was chosen arbitrarily, it follows that
(G(w), ps«) is representable by the canonical RNN decoder Dg, with the minimum number of required

bits satisfying

L(&; DR, G(w), pi) < 2CoM () log(M(T))log(e ") (96)

] (1220l )] log(c ™)

/=0
10g<C’T+1 ( 12Dwlt >)> ©7)
¥4

(=
ﬁ (12Dw )] log(e)

< 20,C(T 4 1)?

EH

0

< 2C,CC(T +1)?

/=0
L (12Dw[(]
2
log ((T+1 e]‘[ 6) (98)
= C1Mlog(M)log(e™ 1), (99)

where (96) is a consequence of (94) and Definition follows from (93) and the fact that
2Dw[l]/e > 1, for ¢ € [T7], holds upon choosing the universal constant C’ sufficiently large,

namely s.t.

T T
o (e 7 (11 (229))) < e (10007 (17 (222 )
=0 =0

and (@9) follows by setting C := 2C,CC". O

A. RNNs can optimally learn ELFM systems

We now particularize the result in Corollary to ELFM systems, which allows us to determine the
growth rate of the minimum number of bits L(e; Dg,G(w (e )) p«) needed to represent (G(w (e )) Px)
by the canonical RNN decoder Dr with respect to the prescrlbed error €. A comparison w1th the
C(:g), p«) established in Lemma [[V.3| then allows us to conclude that RNNs
can optimally learn ELFM systems in a metric-entropy optimal manner.

description complexity of (G(w

Theorem VI.2. Let a € (0,1] and b > 0. The class of ELFM systems (Definition |IV.1) (G(w (e)) Px) s
optimally representable by the canonical RNN decoder D (Definition [[L.7).

Proof. By Corollary [VI.1| the minimum number of bits L(e; DR,g(wg),p*) needed to represent
(G (wéel))), p«) by the canonical RNN decoder Dy satisfies

L(e; Dr, G(w)), p.) < CLM log(M) log(c ™), (100)
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where
r 12Dw:g t

T+12H ,

T := max{ﬁ eN ‘ wcfb[f] > %}

By Lemma [[V.3} (G (w((fZ), p«) is of order 1 and type 2, with generalized dimension

_ 1
~ 2blog(e)’

Thus, by Lemma and Definition [II.14] it suffices to prove that

log (C’lMlog(M) log(e™1)) B 1

= . 101
eE)% log2(e_1) 2b log(e) ( )

To this end, we first note that

T (12Dw "’)[z]
log(M) = 2log(T + 1) + log H (102)

= O0(log® (1)) + ! © log®(e™!) + o (log*(e ™)) (103)

2blog(e

1 _ _
:Wg(e)logz(e Y +o(log®(e™h)), (104)

where (T03) follows from Lemma and T + 1 = O(log(e~!)) thanks to (T54). Now, we rewrite the
numerator in (I0I)) according to

log (C1M log(M)log(e ™)) = log(M) + log® (M) + o (log*(e™")) (105)
= 2b101g(e) log?(e™!) + o (log*(e ™))
+ log <2blolg(e) log?(e™1) 4+ 0 (1og2(e—1))> (106)
— %l(;lg(e)log2(el) + 0 (log®(e ™)) (107)
Dividing by log?(¢~!) and taking ¢ — 0, concludes the proof. O

B. RNNs can optimally learn PLFM systems

We next particularize the result in Corollary [VLI| to PLFM systems and will see that the minimum
number of bits L(e; Dr, G (wl() 3) p«) required to represent (G (wz(, q)) p«) by the canonical RNN decoder
Dr grows significantly faster (with respect to the prescribed error €) than for ELFM systems. This can
be attributed to the fact that the memory of PLFM systems decays much more slowly and the increased
complexity reflects this longer memory. Nonetheless, as shown next, RNNs can learn PLFM systems in

a metric-entropy-optimal manner.
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Theorem VIL.3. Let q € (0,1] and p > 0. The class of PLFM systems (g(w},?g), p«) (Definition is
optimally representable by the canonical RNN decoder Dy (Definition [II.7).

Proof. By Corollary , the minimum number of bits L(e; DR,g(wp,q)),p*) needed to represent
(G (wl(f(;% p«) by the canonical RNN decoder Dy satisfies

L(e; Dr, G(w®)), p.) < C1M log(M)log(e ™), (108)

where

T := max{€ eN ‘ w]g’g[ﬁ] > —}
By Lemma , (G (w,(,7q)), p«) is of order 2 and type 1, with generalized dimension

0=-—.
p

Thus, by Lemma [[I.13| and Definition it suffices to prove that
log? (C1Mlog(M)log(e™h)) 1

_— 1
0 log(e~1) P (109)
To this end, we first note that
T (p)
log(M) = 2log(T + 1) + log (H <W>> (110)
€
=0
= O(log(e7 1)) + ©(e7Y/P) (111)
= (/) (112)

where (I11)) follows from Lemma and (160). Now, we rewrite the numerator in (I09) according to

log® (C1M log(M)log(e 1)) = log (log(M) +log® (M) + 0 (log(e_l))) (113)
= log (@(e_l/p) + log (@(e_l/p)) +o (log(e_l))> (114)
= log (@(e—l/p)) : (115)

where (115) follows from
O(e"YP) + log <@(671/p)> + o0 (log(e™!)) = (/7).
Finally, dividing (TT3)) by log(¢~!) and taking € — 0, concludes the proof. O

VII. CONCLUSION

Returning to Table [[, we note that it can be complemented by our results for ELFM and PLFM systems
as summarized in Table|ll| below. As both classes of systems in Table [ll|are optimally representable by the
canonical RNN decoder (Definition [[I.7), we can conclude that, remarkably, the metric-entropy-optimal
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universality of ReLU networks extends from function classes to nonlinear systems, in the latter case
simply by embedding the network in a recurrence. Moreover, the description complexity of the LFM
systems to be learned can be matched simply by adjusting the complexity of the inner ReL.U network of
the RNN.

Metric C kK| X]|D0

{R® -+ R"}  p. (Def.[L20) | ELFM systems (Section [IV-A G | 1|2 | i
{R” - R?}  p. (Def.[[120) | PLFM systems (Section [V-B) G(w®)) | 2 | 1 | L

TABLE II: Scaling behavior of the covering numbers (Definition | for classes of nonlinear systems.

Finally, we remark that many of the results in this paper apply to LFM systems with general weight
sequences w|-], specifically the bounds in Section on the exterior covering number of (G(w), p.) as
well as the RNN constructions in Section [V]
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APPENDIX A
REPRESENTING A NEURAL NETWORK BY A BITSTRING.

Definition A.1. Let ® be a ReLU network with (m, €)-quantized weights. Denote the number of non-zero
weights by M = M(®). We organize the bitstring representation of ® in 6 segments as follows.

[Segment 1] The bitstring starts with M 1’s followed by a single 0.

[Segment 2] L(®) is specified in binary representation. As L(®) < M, it suffices to allocate [log M|
bits.

[Segment 3] Ny,...,Ni, < M are specified in binary representation using a total of (M + 1)[log M]
bits.

[Segment 4] The topology of the network, i.e., the locations of the non-zero entries in the Ay and by,
¢ e {1,...,L}, is encoded as follows. We denote the bitstring corresponding to the binary
representation of an integer i € {1,..., M} by b(i) € {0,1}[°eM1 For ¢ € {1,...,L},
ie{l,...,Ny}, j€{l,...,No_1}, a non-zero entry (Ay);j is indicated by [b(£), b(3), b(j)]
and a non-zero entry (by); by [b(€),b(i),b(i)]. Thus, encoding the topology of the network
requires a total of 3[log M| M bits.

[Segment 5] The quantity m ﬂog(e_lﬂ is represented by a bitstring of that many 1’s followed by a single
0.

[Segment 6] The value of each non-zero weight and bias is represented by a bitstring of length B, =
2m ﬂog e_lw + 1.

The overall length of the bitstring is now given by

M + 1+ [log M7+ (M + 1)[log M] + 3[log(M)]M +m[log(e )] + 1+ MB, . 116
[log M + ( )[log M [Og(v )IM +m[log(e™)] ; (116)
Segment 1 Segment 2 Segment 3 Segment 4 Segment 5 Segment 6

The ReLU network ® can be recovered by sequentially reading out M,L, the Ny, the topology, the
quantity m[log(e_l)—‘, and the quantized weights from the overall bitstring. It is not difficult to verify
that the bitstring is crafted such that this yields unique decodability.

APPENDIX B
COMPARISON WITH [[7]]

As mentioned in Section |lI-B} compared to [7], we use refined notions of massiveness of sets, as the
system classes we consider are significantly more massive than the function classes dealt with in [7]. We
next detail how the results from [7] fit into our framework.

In [7]] the scaling behavior of covering numbers is quantified in terms of the optimal exponent v* [7,

Definition IV.1]. The following result relates v* to the generalized dimension employed here (Definition

L. 12).

Lemma B.1. Let d € N, Q C R? and let C C L*(Q) be compact and such that the optimal exponent
~*(C) according to [7, Definition IV.1] is finite and non-zero. Then, C is, with respect to the metric
o(fs9) = If — gllz2(q), of order k =1, type T = 1, and generalized dimension

Y
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Proof. For order x = 1 and type A = 1, the generalized dimension is given by

log® N*X(&; C, p)

0 = limsu 117
e—0 P log (671) ( )

We note that by [34, Remark 5.10], it holds that
~* = sup {’y > 0:log N*'(¢;C, p) € 0(6_1/7> ,E— 0} ) (118)

We first establish that 9 < % To this end, fix A > 0 arbitrarily and observe that log N**'(¢;C, p) €
O(e_l/(V*_A)). Hence, there exist ¢y, C' > 0 such that

log N*(e;C, p) < Ce V07 =4), Ve € (0,¢€p),

and thus

0 = limsup

(2) arext( .
log ™ N fi’c’p) §limsup< 1, 1oe(©) )— ! (119)
e—0 log (6 ) e—0

v —A T log(e)) Ty - A
As A > 0 was arbitrary, we have established that 0 < vi
Next, we show that 0 > wi Again, fix A > 0 arbitrarily. By (I17), there exists an ¢y > 0 such that

for all € € (0, ¢),
log!?) N*X(&;C, p)

< .
og(c 1) StA (120)

This implies
log N*(e;C, p) < e T2 Ve € (0,¢), (121)

and thus log N*'(¢;C, p) € (’)(e_l/(°+A)7l). Hence, v* > (0 + A)~1. As A was arbitrary, this finalizes
the proof. O

Table [I] in the present paper now follows from [[7, Table I] by application of Lemma [B.1] Furthermore,
[7]1 shows through the transference principle [7, Section VII] that these function classes are optimally
representable by neural networks |7, Definition VI.5]. The following Lemma hence allows us to conclude
that every row in Table[l|is optimally representable (according to Definition by the canonical neural

network decoder.

Lemma B.2. Let d € N, Q C R% and let C C L?(Y) be compact. If the function class C C L?*()
is optimally representable by neural networks according to [7, Definition VI.5], then (C, p) is optimally

representable by the canonical neural network decoder with respect to the metric p(f,q) = | f—g|| L2(Q)-

Proof. First, we note that by Lemma [B.I| C is of order x = 1, type 7 = 1, and has generalized dimension
0= %(C) By [7, Definition V1.5], we have v*(C) = fyj{’fﬂ (C). Next, fix A > 0 arbitrarily. Now, following
the proof of [[7, Theorem V1.4, p. 2602] with vz’fﬁ — A in place of ~, we can conclude the existence of a
polynomial 7*, a constant C, and a map ¥ : (0, %) x C — Ny with the following properties. For every
f € C and every ¢ € (0,3), the network & ; = (e, f) has ([7*(log(e™"))], ¢)-quantized weights and
satisfies

If = Beslliz <e and M(Pz) < CeV/ORT=2) = pr,.
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Thus, 567 ¢ can, according to Remark , be reconstructed uniquely by the canonical neural network
decoder Dys from a bitstring of length no more than

Co[r* (log(e_l))] log(e 1) M, log(M,).

Therefore, C is representable by the canonical neural network decoder Dpr with L(e;Dpr,C,p) <
CoM¢log(M,)log? (e~1), where qp is a constant depending on 7* only, and hence

log L(&; Dy, C, p) < log(e™!) + o(log(e ™). (122)

,YX;’C# _A

As A > (0 was arbitrary, we thus get

log Lo (6:0) _ 1

lim su < , (123)
A e
which, together with Lemmal|ll.13|and the fact that ? = % = W},eﬁ- implies that C is optimally representable
N
by the canonical neural network decoder according to Definition O
APPENDIX C
PROOFS

A. Proof of Lemma
To simplify notation, we set L(e) := L(e; D, C, p). We first establish that

L(e) > log N*'(e;C,p) — 1, Ve > 0. (124)
By way of contradiction, assume that
oL+ « N*U(e:C. p),  for some € > 0.

It then follows from Definition that for this e, for every f € C, there is an integer £ < L(e) and a
bitstring by € {0, 1}*, such that p(D(by), f) < e. This directly implies that the set

L(e)
U:={Db)be | J{0,1}
£=0
is an e-net for C. Furthermore,
X ¢ 2K 1 an
€ ext/ .
\U|<ZZ ST <2 < N™(e;C, p).

Hence, U is an e-net of cardinality strictly smaller than N*(¢;C, p), which stands in contradiction to
Definition and so (124) must hold. This, in turn, implies that

lo (H)L 1 (k) log N&t(e: ) —1
lim sup gi() > lim sup 0g " (log — (6C,p) = 1)
e—0 10g ( ) e—0 10g (671)
1 (k+1) Xt (¢ .
= limsup %8 — (le,C,p ) =0,
e—0 log (6_ )
as desired. ]
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B. Proof of Lemma

Fix G, G’ € G(w). First, note that

p«(G,G") = sup sup|(Gz)[t] — (G'z)[t]|
reST teN

< supsup [(Gz)[t] — (G'z)[t]]. (125)
zeS teZ

Next, arbitrarily fix a A > 0. By definition of the supremum, it follows that there exist o € S and
e € Z, such that

supsup| (G — ()]~ 8/2 < [(Gao)le] - (Gl a2

Since lim;_,oc w[t] = 0, there exists 7' > 0 so that w[t] < A/(4D), for all ¢t > T'. Next, define
zift] =zt — (T —e)] €S and ylt] = z1[t] - Loy € ST
We then get

sup [w([r)(z1[T — 7] — y[T" — 7])| = sup |w(r]a1[T — 7]| < sup |w[r]D| < A/4, (127)
7>0 >T >T

where we used that |z1[]| < D by Definition [II. 15} We furthermore obtain

(Ga1)[T] = (G"21)[T]] < [(Gz1)[T] = (GY)[T]] + |(G"z)[T] = (G'y)I[T]]

+ [(Gy)[T] — (G'y)[T]] (128)
<A/A+ A4+ [(Gy)[T] = (G'y)[T] (129)
= A/2+[(Gy)[T] - (G'y)[T], (130)

where in (I28) we used the triangle inequality and in (T29) we invoked the Lipschitz fading-memory
property of G and G’ in combination with (I27). Next, note that by time-invariance of G and G, it holds
that

(Gz)[T] = (GT(r_eyx0)[T] = (T(7_¢)Go)[T] = (Gzo)lel,

(131)

(G'21)[T] = (G"T (7o) [T] = (T (7-)G'20)[T] = (G'xo)[e].

Combining all these results yields
supsup |(Gz) 1] - @)l - a2 |(Go)le] — (Gzo)le]| B2 | (Gan)[T] — (G'a1) [T
D ap+|Gm - @i
"L Af2+ sup sup (Gl — (Gl
xSt teN

DLV N 19 4 p (G, G). (132)
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As A > (0 was arbitrary, we thus have established that

supsup |(Gz)[t] — (G'2)[t]| < pu(G, G),

TES tEZ

which, together with (123]), completes the proof. O

C. Proof of Lemma

Recall the projection operator P : S — S~ defined according to
(P)[t] = z[t] - Li1<oy-
First, we need to show that Z : Go(w) — G(w) given by
9 —L(g), with ((Z(9))(z))[t] = g(PTsz),

is a well-defined map from Gy(w) to G(w), i.e., we need to verify that for every g € Go(w), indeed
Z(g) € G(w). This will be done by showing that Z(g) satisfies the conditions of Definition We
first verify that Z(g) is causal. Note, that for every T € Z, for every x,2’ € S with z[t] = 2/[t], YVt < T,
it holds that PT_rz = PT_rz’, and hence

((Z(9))(@)[T] = g(PT_rx) = g(PT_ra’) = ((Z(9))(z")[T].
Thus, Z(g) is, indeed, causal according to Definition Next, we verify time-invariance as follows:
(Tr(Z(9)(@)[t] = (Z(9))(2))[t — 7]
g(PT;—sx)
g(PT_,T,x)
(Z(9)(Trz))[t].
The Lipschitz fading-memory property of Z(g) according to Definition m is established by

(@) @)]t) ~ (@)@ = lg(PT_z) — g(PT_ia')|
< sup fulr](PT—a)[7] — (PT_a/) 7)) (133)

= sup [w[r](z[t — 7] —2'[t = 7])|, Vt€ZVr,a' €S,
>0

where in (I33) we used (II). Finally, we observe that, by (L1,

(Z(9)(0)[t] = g(PT10) = g(0) = 0, Vt € Z.

In summary, we have thus shown that Z(g) € G(w) and hence Z is, indeed, well-defined.
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Furthermore, we have

p«(Z(9),Z(¢")) = supsup |(Z(9))(@))[t] = ((Z(g"))(@))[H]] (134)
= supsup [g(PT_;z) — g'(PT ;)]
€S tEZL
= sup l9(Py) — ¢'(Py)| (135)

= sup |g(z) — ¢'(2)]
z€S—

= pO(gag/)a v.g € gO(w)7v9/ € gO(w)’

where in (I134) we invoked Lemma and in (I33) we used that S is complete under time shifts. This
establishes that 7 is isometric and consequently injective.

Next, we prove that Z is surjective. To this end, we fix G € G(w) arbitrarily, consider
g(s) == (Gs)[0], Vse S, (136)

and show that g € Go(w) as well as Z(g) = G. First, we establish that g € Go(w). The Lipschitz property
of g can be verified according to

l9(x) — g(2")] = |[(Gx)[0] - (Ga")[0]]

< sup [w[r](z[~7] - 2'[-7]) (137)
= |lz — 2|y, Vz,2'eS7, (138)

where in (I37) we used the fact that G € G(w) has Lipschitz fading memory (Definition [II.18)) and (T38)
is by (12). Furthermore, we have g(0) = (G0)[0] = 0 and hence g € Gop(w).

It remains to show that Z(g) = G. To this end, we fix x € S and ¢ € Z arbitrarily and prove that

(Z(g)(@)[t] = (G)[t].

First, note that (PT_.z)[t'] = (T_)[¢'], for all ¥ < 0. By causality of G, we conclude that
(GPT_;z)[0] = (GT_;x)[0], which yields

= (GPT_ix)[0] (139)
= (GT—)[0] = (T Gx)[0] (140)
= (Ga)lt],

where in (139) we used (136), and in (I40) we invoked the causality and the time-invariance of G.
As z € § and t € Z were arbitrary, this proves that Z(g) = G. Furthermore, since G € G(w) was
arbitrary, we have established that 7 is surjective. Thus, 7 is, indeed, an isometric isomorphism between

(G(w), p«) and (Go(w), po). Application of Lemma then yields N (e;Go(w), po) = N(&G(w), ps)
and M (€;Go(w), po) = M (€ G(w), ps). O
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D. Proof of Lemma

The proof relies on the following auxiliary result.

Lemma C.1. Let w[-| be a weight sequence. The packing number of S~ w.rt. ||| satisfies

wies I 2 TT[ 2228

=0

with T := maz{T" € N | w[T"] > 5%}

Proof. For t € [T], we set Ny := "%w[t]-‘ € [%,%+1> and & 221 > o Now, we
define the set
U= {zi, i |3t € [Nt — 1], for t € [T]}, where (141)
—D+4é, T <t<0
Tig,...iqp = ; (142)
0, else
and show that U constitutes an e-packing for (S, ||-||w). First, we establish that &/ C S~ by verifying

that z;, _;.[t] € [-D, D], for all t € Z, and w;, _;.[t] = 0, for all ¢ > 0, holds for all z;, ;. € U.
Indeed, for t € {—T,...,0}, we have

-D S Lig,....ip [t] =-D + itét S —-D + (Nt - 1)5t =-D + 2D = D,

and for t ¢ {-T,...,0},
Tig,....ir [t] = 0.

Next, we show that for distinct z;, .. i, Zj,,....j» € U, 1.€., there is at least one £ € [T] such that iy # jy,

it holds that ||z, . i, — Zj,.... jr|lw > €. Indeed, for any such ¢, we have
Hxio,~~~,iT = Ljo,eedr Hw = igg ”U)[t] ($i07'~'7iT [_t] = Ljo,enrdr [_t])‘

> ’ww] (xio,---,iT[_g] — Ljo,....jr [_a”
= |w[€] (—D +140p + D — jg5g)|

= (i¢ — Je)Sewll] > €, (143)
where (143) follows from 0, > o+ This establishes that I/, indeed, constitutes an e-packing for
(87, ||"|lw), and we therefore have

_ 2Dw|/]
M8 ) > ] = szt H{ | =

=0

Proof of Lemma Let M := HzT:o PD?[@—‘ and take {x1,...,z)s} to be an e-packing for (S, ||-||w)
according to Lemma Hence, with ¢ := ming,;||z; — 2}l > €, there exists an € € (e, ). Next,
define balls of radius €//2 centered at the packing points {x1,...,2} according to Sy := {z[] € S|

|z — z¢|lw < €/2}, for £ € {1,...,M}. We now show that these balls are non-overlapping. Indeed,
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assuming that, for j # ¢, there exists an x € S~ with ||z — x|, < € /2 and ||z — 2| < €//2, leads to
the contradiction

¢ <0< lwg—wjllw = loe — 2+ 2 = zjllw < llor — 2llw + |2 = 2)lle < €/2+€/2.

As the balls Sy, ¢ € {1,..., M}, are non-overlapping, the signal x[-] = 0 is contained in at most one
ball Sy which we take to be S); w.l.o.g.. Now, we define the set U, with elements indexed by bitstring
subscripts, according to

U = {gahm,aMfl(-) | ag € {0,1}, for £ € {1,..., M — 1}}, where

(200 — 1)(¢'/2 = ||l — x¢||w), forx e Sp, Le{1,... .M —1}
gal,m,OéM—l(w) =

0, else,
and show that I/ constitutes an e-packing for (Go(w), po). First, we establish that U C Gy(w) by verifying
that every ga,,..a, () € U satisfies the conditions in (TI). Indeed, gq, .. a,, ,(0) = 0 because the zero
signal is either in no ball or in Sps. Next, we show that |ga, . awy . (T) = Gar,...an . (@)] < [z —
2 ||w, YV, 2" € S~. This will be done by distinguishing cases. First, assume that x and 2’ are contained
in the same ball Sy, for some ¢ € {1,..., M — 1}. Then, we have

(Getr,etns 2 () = Gaur,ns o ()] = (200 = 1] - [[|2" = 2l — |2 — el

(144)
< @' =2 = (2 = 2w = |2 = 2w,

where we used the reverse triangle inequality. Next, assume that x € S; and 2’ € S;, with £,j €

{1,...,M — 1} and ¢ # j. We define 2(u) := x + pu(2’ — ), p € [0,1]. Since 2(0) = = € &

and z(1) = 2/ ¢ S, (because the balls are non-overlapping), there must be a p; € (0,1) such that

lz(11) — zel|lw = €/2. As z(u1) ¢ Sj and z(1) = 2’ € S;, there must similarly be a po € (u1,1)

such that ||z(u2) — xj]lw = €'/2. For notational simplicity, we set z; = z(u1), 22 = z(u2), and

9 = Ga,...,an_,- Next, we bound

lg(z) — g(2")] < lg(x) — g(21)| + g(21) — g(22)] + |g(22) — g(2)]|

< lg(x) = g(z1)| + 0 +[g(22) — g(2')] (145)
<|lz = 21llw + |22 — 2| w (146)
= [l (z = ") lw + (1 = p2) (2 — 2)|w (147)
=1+ — )|z = 2llw < [l — 2"|w, (148)

where in (143) we used that g(z1) = g(z2) = 0, in we applied upon noting that x, z; and
29,2’ are contained in the same ball each, in (I47) we inserted the definition of z; and 29, and in (1438))
we used g9 > pi. Finally, assume that z € Sy, for some ¢ € {1,...,M — 1}, and 2’/ ¢ S;, for all
je{l,...,M—1}. We let z(u) := x+ (2’ —z), u € [0,1]. Since z(0) =x € Sy and 2z(1) =2’ ¢ Sy,
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there must be a u1 € (0,1) such that ||z(u1) — x¢||w = €//2. Again, we set z; = z(u1) and bound

l9(x) — g(2)] < lg(x) — g(21)[ +|g(z1) — g(2")|
<lg(z) —g(z1)| +0 (149)
<z = 21flw = (@ — 2') [lw (150)
= pllz = 2'[lw < [z = 2'||w, (151)

where in (I49) we used that g(z1) = g(2’) = 0, in (I50) we applied (I44) upon noting that x, z; are
contained in the same ball, and in (I51)) we used p; < 1. We have thus established that |ga, .. a,, () —
Gor,...on (@) < |lo — 2 ||w, Yo, 2’ € 8™, and hence U C Go(w).

Next, we show that for distinct ga, . ..ay_1»98,,..8u_. € U, i.e., thereis atleastone ¢ € {1,..., M —1}
such that ay # By, it holds that po(ga,,...an_1>9Bs,....8:_.) > €. Indeed, for any such ¢, we have

po(gal,-n,OéM—Ngﬁhm,ﬁMfl) = sup ’gal,m,CYM—l(E) - gﬁly-n;ﬁk[—l(E)’ (152)
TES™
> ’9017---70M71(m5) - gﬁlw-'vﬁl\l—l(xg)‘ (153)

=[2(ap — Br)€' /2] = € > ¢,

where in (152)) we used (I3) and in (I533) we inserted the particular choice ¥ = x, to lower-bound the
sup. This establishes that I/, indeed, constitutes an e-packing for (Go(w), po) and we therefore have

fifze]) - .

log M (e; Go(w), po) = log [U| =M — 1 = (
/=0

E. Proof of Lemma
Note that wéel)) [t] > €/d gives t < %, and thereby

t <

T:max{tEN

< w ~ 1. (154)

Now, we note that

w log(ac). (155)
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log ()

Next, assuming that € is sufficiently small to guarantee that blog(e) 1 > 0, we can upper-bound (155

according to

T (e) ¢
log (H Cwaﬁ“) (156)

=0
os(2) (1os(28)
o ad blog(e) blog(e) o ad
< <1bi)é(66)) + 1) log(e~1) — blog(e) - ( 5 - > + <lblgog(;(ee)) + 1) log(ac)
B 1 _ log(ad) 1 log(ac) _
~ 2blog(e) log*(™) + (blog(e) - 2blog(e) (2log(ad) — blog(e)) + blog(e)) log(e ™)
_ log(ad) (log(ad) — blog(e)) oc(ac log(ad)
2blog(e) +log(ac) <b10g(e) + 1)
= 2blolg(e) log®(e ™) + o (log*(e 1)) . (157)

In the same spirit, we can lower-bound (155) as

T (e) ¢
log (H el ]> (158)

£=0
log() ("log ()

og (& Tlogte) | Plog(e) T 1 og (2
- (lbi;(;))> og(e™) = boge)— ( > > " <1blg();(€e))) ostec)
B 1 _ log(ad) 1 log(ac) _
~ 2blog(e) log(e™") + (blog(e)  2blog(e) (2log(ad) + blog(e)) + blog(e)> log(e ™)
_ log(ad) (log(ad) + blog(e)) oe(ac log(ad)

2blog(e) T+ log(ac) (blog(e))

- %ljg(e) log?(e™!) + o (log(e ™)) . (159)

Finally, combining (157) and (I59) yields

log (ﬁ Cw((;l))[f]) _ 1 log?(e™) + o (log2(e™1))
€ 2blog(e) ’

=0

as desired. UJ

F. Proof of Lemma

We start by noting that
1/p
- - €1 _ | (% _
T =max {teN|wff) > %} Re 2. (160)
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Next,

T cw®) 4] -
log <H p:) = (T+1)loge+ (T +1)log(e™!) + ) log (“’% [51)

£=0 =0
= (T + 1)log(cq) + (T + 1)log(e™ ') — plog((T + 1)!)
= (T + 1)log(cq) + (T + 1) log(e ™) — p ((T + 1) log(T + 1) — (T + 1) log(e))

+ O(log(T + 1)) (161)
1/
= (T +1)log(cqe?) + (T + 1) (log(e‘l) —plog ({(?) p—‘ - 1>>
+O(log(e ™)), (162)

where (161) follows from the logarithm form of Stirling’s approximation, namely
log(n!) = nlog(n) — nlog(e) + O(log(n)). (163)

Now, assuming that e is sufficiently small to guarantee that 1 < %(dq/ €)V/?, applying
log ((dg/e)'/P — 1) > log ((4(dg/e)*/)) > 0, we can upper-bound (I62) as

1/p
(T +1)log(cqe?) + (T + 1) <log(e_1) —plog <<d€q> - 1>> + O(log(e™ 1))

1/p
< (T +1)log(cqe?) + (T + 1) <log(e_1) —plog <; <d€q> )) + O(log(e™ 1))

= (T +1)(log(ce? /d) + p) + O(log(¢™))

1/p
= ({(?) w — 1) (log(ce? /d) + p) + O(log(e™ 1))

dg 1/p
< ()" tontee ) + ) + Otoste™) (164)
Furthermore, we can lower-bound according to
dg 1/p
(T + 1) log(cqe?) + (T +1) | log(e™!) — plog (e) + O(log(e™ 1))

= (T + 1) log(ce?/d) + O(log(e 1))
1/17
{( w ) log(ce? /d) + O(log(e™1))

/p
> ( 1 ) log(ce? /d) + O(log(e 1))

€

dq

€

1/
> plog (ce?/d) + O(log(e™1)). (165)
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Combining (162), (164), and yields the desired result

G. Proof of Lemma

: . Dw® [0
Consider ¢ € (0,€e) with ¢y = prQH

(G(w)), p) satisfies

. ®) T (p)
(H {Dwiq[ﬂ) — 1 <log N™'(&;G(wi)), p) <log (3) || (2 {ww + 1) ,  (166)

€
/=0 (=0

= %. By Theorem [[II.11] the exterior covering number of

where

T (») I (p)
(H [pr,q[gq> 1> ( pr,q[@) 1
/=0 € /=0 €
1
2

I (p)
D
> wp.q[/] ’ (167)
=0 €
where follows from
1 (p)
1 Dwpy4[/]
— >
2 H € =1,
=0
which, in turn, is a consequence of
Duyfyl0] _ Duwylglo] _
€ - €0 ’
Dw(p) (] Dw( )[T’]
Z’q > p;q >1, for e [T]\ {0}.
Similarly, we can further upper-bound the right-most term in (I66) as
™ () ™ ()
ADw (] 8Dwpq]
1 p,q b,q
0g(3) (H (2 {6 w + 1)) < log(3) <H ( e
(=0 /=0
™ (p)
20Dwy, 4 [¢]
< log(3 — pa 168
<o (T[22 a6)

where (168) follows from

)

(p) (®) ot
4pr7q [6] Z 4prQ[T ] > 1’ for g c [[T//]] )
€ €
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Combining (166)—(168)), taking logarithms two more times, dividing the results by log(e~!), and applying
Lemma we obtain

log (@(e_l/p)) - log(?’) NCXt(E;g(wpy(;),p*) g log (@(6_1/p))

169
loge D) log(e) = " log(e D) (109
Taking the limit ¢ — 0, we finally get
g 1089 N (e G gty p2) 1
111 = -
e—0 log(e~1) p’
which implies that (G (w;]f (3), p«) is of order 2 and type 1, with generalized dimension
1
0=-.
p
O

H. Auxiliary results on ReLU networks

Lemma C.2. For d € N, consider the following functions,

G’l"i”(z) :=min{z, 29,..., 24}, for z € ]Rd,
7Y(z) == max{z1,292,..., 24}, for z € R%.

Then, there exist ReLU networks ®7" € Nyy and 7% € Ngi, with L(®7") = L(P7"%) =
flog(d -+ 1)] + 1, M(BI") = M(@) < 14— 9, W(BL") = W(Be) < 3d, K(@)") = K(@4) =
{1, -1}, B(®"™") = B(®"*) = 1, such that

PN () = frin(z), for all z e RY,

N (2) = f1(2), forall z¢€RY
Proof. We only need to show the result for the max function as min{z,z29,...,24} =
—max{—z1,—22,...,—2q}. First, we realize max{x, z2} according to
max{xy,xo} = x1 + p(z2 — 1) (170)
by the ReLU network
E):/Wgopo/wl, (171)
with
1 0
Wi(z)=1-1 0] z=: Az,
1 1 (172)

Wg(a}) = (1 -1 1) x =: Asz.

Now, for arbitrary d € N, choose ¢ € N such that 2 < d < 21, Then, we double the first k = 2¢+1—d
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elements and retain the remaining d — k elements as follows
max{xy,...,Tq} = max{x1, L1, ..., Tk, Tk, Thil, Thi2y-- -, Ld ) (173)

The primary reason for doubling elements is that by extending the set {z1,...,z4} to a set whose
cardinality is a power of 2, we can utilize (170) together with a divide-and-conquer approach to determine
the maximum value of the set {z1,...,24}. This then leads to a ReLU network realization of depth
scaling logarithmically in d. Now, set Wy (z) := Aoz, Wj(x) := Bjz, for j € {¢{,£/ —1,...,1}, and
Wo(z) := Agz, with
Bo = A1 d1ag (AQ, Ag) s
B; = diag(B,, ..., B,)z,
R
2¢—3
1 -1 1 0 0 O
=|-1 1 -1 0 0 0],
-1 1 -1 1 -1 1 174)
Ao = diag(Ay, ..., Ar)diag(la, ..., 1o, 14 k)
2¢ k
= diag(Alﬂg, ce ,Alﬂz, Al, . ,Al),
& 2k

Aily = (1,-1,0)T.
Combining (170)-(174), we will now be able to establish

Q5 :=Wyp1opoWyopo...poWjopoWy= . (175)

The proof of (175) is summarized as follows:

(i) We double the first k& = 21 —d elements and retain the remaining d— k elements of {z1,29,...,24}
according to
T
(5(51 Xy ... T Tk Tk+1 Tk+2 - Ct?d)
. T
= diag(1la,..., 12,15 1) <331 Ty ... Hfd) :
k
For simplicity, we denote the resulting set {z1,21,...,%k, Tk, Tht1, Tht2y--.,Tq} as

{y17 Y2, .-, y2£+1}'

(i) Application of (I71) to the 2° pairs in  {y1,y2,...,ype+1}, results in
{max{y1,y2}, max{ys,ya}, ..., max{yoe+1_1,yoe+1 }} and hence reduces the number of elements
from 21 to 2¢. This reduction is applied iteratively until we get max{wi,s,...,24}. The
compositions A; o diag (Ag, Az), formed in the iterative application of (I7I)), constitute the main
diagonal elements of the matrices By, k € {¢(,¢ — 1,...,1}. We will illustrate this part of the

procedure using the simplest possible example, namely for ¢ = 1 and hence max{y1, y2,y3, v}
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Specifically, we have

max{y1, Y2, y3,ya} = max{max{y1,ya}, max{ys, ya}}
= max {diag (As, A2) p (diag (A1, A1) ((y1,y2), (y3.y4))") }
= Asp (A diag (As, A2) p (diag (A1, A1) (y1,92), (y3,y4))7))
= (WaopoWiopoWy)(y).
Finally, we can determine the size of the resulting network as follows

c@m) @y 41— nog(d+1)] + 1,

+1
Mm@y B3 pmowy) MA2+ZM )+ M(Ao)

7=0 J=1

4
T3 ok 142" — k) +12Y 207 < 14d — 9,
j=1

wiep>) & ww;) T2 390 < 34,

= max
§=0,1...,64+1

(I)mdx U ’C @ (Lve] {1 _1}

B(®T™) = ma
(®3™) bek ()

b =1.
]

Lemma C.3 (Composition of ReLU networks [7]). For i = 1,...,n, let d; € N and ®; € Ndi,di e

Then, there exists a network ¥ € Ng, g, , with

U(z) = (Ppo®, 10---0®)(x), forall zeR™, (176)

satisfying

n

T) <2 M(Dy)
i=1

W(\I')gmax{ max {24}, max (W(® )}},

i=1,....n—1

(177)

B(¥) = max B(®;).

Proof. Follows along the same lines as the proof of [[7, Lemma 2.3]. O

Lemma C.4 (Parallelization of ReLU networks of the same depth [7]). For i =1,...,n, let d;,d, € N
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and ®; € Ng,a with L(®;) = L. Then, there exists a ReLU network P(®y,®s,...,®,) €
Ny oy, ap with

P(q)laq)%"':q)n)(x) = (@1($)7(I)2($)?'"7(1)n(x))T7 fOl" all x GRZ?:ldiv (178)
satisfying
L(P(®q,Ps,...,P,)) =L,
M(P(D1,8s,...,Bp)) = > M(Dy),
i=1
W(P(D1,Ds,...,8)) < > W(Dy), (179)
i=1
K(P(®1,2s,...,8,)) = | JK(®s),
=1
B(P(®1, P, ..., ®n)) = max B(®;).
Proof. Follows along similar lines as the proof of [7, Lemma 2.5]. O

Lemma C.5 (Augmenting network depth [7]). Let di,d2, K € N, and ® € Ny, 4, with L(®) < K.
Then, there exists a network W € Ny, 4, with

L) =K

M(P) < ( ) + doW(®) + 2da (K — L(D)),

W(T) = max{2ds, W(®)}, (180)
K(¥) < (K(@) U (=K(2)) U{L, ~1},

B(¥) = max{1, B(®)},

satisfying V(z) = ®(x), for all x € R%.

Proof. Follows along the same lines as the proof of [[7, Lemma 2.4]. O

1. Remainder of the proof of Lemma

We verify that ® = @5 o ®; defined in has (2, €)-quantized weights.
o The weights in &5 = W= defined in (74):

9 @ 0,.(g(&,)) PeimitenlL2 {g(gn) /2_2r10g<5—1>q . 9=2Mog(e )] ¢ 9—2Mlog(e )17,

(139 (139)

(11) 1
D+22MeeN T DL 2<pyl < e

[Gn] < 19(@n)| + 2728 DTS

which yields
K(®s) ¢ 2728l Dz 0 [—e2,677]. (181)
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o The weights in ®; defined in (76):

K@) = |J (K@f)uk@r)) =k@u| |J K |- (182)

ne‘ﬁ ne‘ﬁ

Recalling that W realizes the spike function and applying Lemma [V.I| we obtain

K(¥) = {1,-1} c 272Mee Dz [—e72 2] (183)
Based on (74), we get
T
Uxwn=U | UG nd ] (184)
nen =0 \nem

Moreover, for all { =0,...,T and n € ‘)NT, we have

571 @ g, (5,1 Peimton2 F ;f ! “’em / 2—2(1og<e-1>ﬂ -9 2Mog(e ™)1 ¢ g=2Mlog(e )z,

‘551} <5t wlf 4 9—2Mlog(e™ )] Deﬁnmgonm stl 1 2 @ 2
S € S
Hence,
oyt e 272Nl Iz N [—e72 77 (185)
and

ng € Z C 27 2Moele 17,

which yields

ng € 272Dz N [—e72, 677 (186)
Based on (184)), (I83), and (186)), we have
| K(W,) € 272leele D1z n [—e72, 2] (187)
né‘ﬁ
Combining (182)), (183)), (184), and (187) yields
K(®y) ¢ 272M0e DIz 0 [—e72,e72]. (188)

Using (T8T)) and (188), Lemma shows that ® = @5 o @4, indeed, has (2, €)-quantized weights.
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Finally, we compute £(®) and derive an upper bound on M (®) according to

(@) P8 £ (9y) 4+ £(@))
00 LemmdC: p gy 4 o
LemlEl 1og (d 4+ 1)] + 6,

LemmalC3l

<

M(®) 2(M(®2) + M(21))
9
L [ M(@2) + Y (2M(W) + 2M(W0))
=1
B mmlD o S (14 120(T + 1) — 56 + 2(T + 1))

< 244(T +1)|M

© .
< 24T+ 1) ]] (2D5;1 + 3)
/=0
T
@b@’@ 24T+ 1) ][] <2D <8+1[€] + 62> + 3)
P S €
) L (2Dw[(] s + 1
< 244(T + 1)}1 (6 , +4) .

The proof is concluded by setting

1 1 1 s+1 -1
= mi 1, - D D+1 . 1
€p = min SR D—l—l’( 5 +D + ) (189)
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