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Abstract

We derive universal approximation results for the class of (countably)
m-rectifiable measures. Specifically, we prove that m-rectifiable measures
can be approximated as push-forwards of the one-dimensional Lebesgue
measure on [0, 1] using ReLU neural networks with arbitrarily small ap-
proximation error in terms of Wasserstein distance. What is more, the
weights in the networks under consideration are quantized and bounded
and the number of ReLU neural networks required to achieve an approxi-
mation error of ¢ is no larger than 2°) with b(e) = O(e "™ log?(¢)). This
result improves Lemma 1X.4 in Perekrestenko et al. as it shows that the
rate at which b(e) tends to infinity as e tends to zero equals the rectifiabil-
ity parameter m, which can be much smaller than the ambient dimension.
We extend this result to countably m-rectifiable measures and show that
this rate still equals the rectifiability parameter m provided that, among
other technical assumptions, the measure decays exponentially on the in-
dividual components of the countably m-rectifiable support set.

1 Introduction

Generative models [25] are used to approximate high-dimensional and very com-
plex data measures by simplified model measures, which allow to generate new
samples in a simpler fashion. These models can be applied to situations where it
is difficult or expensive to gather a large amount of training data and synthetic
data is generated to expand the dataset. In the last decade, the focus was on
deep generative models, where deep neural networks are trained to generate the
model measures [4,10, 16]. Approximation results for deep generative models
were obtained in [19,27,32, 33|, which are briefly described next. First results
along these lines appear in [19], where it was shown that deep nerural networks
can be used to approximate measures arising from the composition of Barron
functions [5]. In [32], it was shown that the uniform measure on [0,1]" can
be approximated arbitrarily well as the push-forward of Lebesgue measure on
[0,1] under a ReLU neural network, where the error is measured in terms of
Wasserstein distance. This result was generalized in [27] to arbitrary measures
on [0,1]™. Concretely, the measure under consideration is approximated by a
uniform mixture, which in turn can then be approximated by the push-forward
of Lebesgue measure on [0, 1] under a ReLU neural network. The number of
parameters in the ReLU neural network that suffice to achieve an error no more



than e is of order O(¢~") [27, Theorem VIIL.1 ]. This result was improved [33],
where it was shown that for arbitrary measures on R", the number of parame-
ters in the ReLLU neural network that suffice to achieve an error no more than
¢ is of order O(e~*), where s can be arbitrarily close to the upper dimension
of the measure [33, Theorem 2.4], provided that the measure satisfies a certain
moment condition. The proof idea is to construct a covering of an approximate
support set of the measure, put mass points in the centers of the covering balls,
and then connect these mass points by a piecewise linear curve, which can then
be realized in terms of a ReLLU neural network.

In the above summary, the results in [27] are of particular interest for two
reasons. First, given a measure on [0, 1], the ReLU neural network that achieves
the desired approximation error is explicit. And second, the ReLU neural net-
works have quanitzed and bounded weights, which in turn leads to a covering
result for arbitrary measures on [0,1]™. Specifically, it is shown in [27, Lemma
IX.4] that, for general measures on [1,0]™, the number of ReLU neural networks
that suffice to achieve an approximation error of ¢ is no larger than 2°¢) with

inf{s € (0, 00) : 6113%) e’be) < oo} =mn. (1)

In many applications, the data measures are supported on low-dimensional ob-
jects in Euclidean space [13,20-22,30]. Although [27, Lemma IX.4] applies to
such situations, the number of bits in (1) suffers from the curse of dimensionality
as it depends on the ambient dimension n rather than the intrinsic dimension
of the low-dimensional objects. In this paper, we consider the broad class of
(countably) m-rectifiable measures that are supported on (countable) unions of
Lipschitz images of compact sets in R™. We show that m-rectifiable measures
can be approximated as push-forwards of the one-dimensional Lebesgue mea-
sure on [0, 1] using ReLU neural networks with arbitrarily small approximation
error in terms of Wasserstein distance. What is more, the weights in the net-
works under consideration are quantized and bounded and the number of ReLU
neural networks that suffice to achieve an approximation of ¢ is no larger than
2%(9) with

inf{s € (0,00) : gig%ssb(s) < oo} =m. (2)

Comparing (1) and (2), we see that the ambient dimension n is replaced by
the intrinsic dimension of the objects, i.e., the rectifiability parameter m, which
can be much smaller than n. We then extend this result to countably m-
rectifiable measures and show that b(e) still satisfies (2) provided that, among
other technical assumptions, the measure decays exponentially on the individual
m-rectifiable components of the countably m-rectifiable set.

The main idea of our proof technique for m-rectifiable measures is depicted
in Figure 1. The m-rectifiable measure v is supported on the m-rectifiable
set f(A) and can be realized as push-forward of a Radom measure p that is
supported on A and the Lipschitz mapping f can be approximated by a ReL.U
neural network ®. We then approximate p by ¥#X\, where A denotes Lebesgue
measure on [0,1] and ¥ is a ReLU neural network, in a space-filling fashion.
The triangle inequality for Waserstein distance then yields

Wiy, (B o S)#N) < Wi (v, DHp) + Wy (D, (B o $)#N)



< Wi(v, @4 p) + Lip(®) Wi (p, SHN). (3)

To upper-bound the individual terms in (3), it is crucial to control the Lipschitz
constant Lip(®) of the ReLU neural network approximating the Lipschitz func-
tion f. We emphasize that we can explicitly construct the ReLU neural network
® approximating f and, if p is known explicitly, which is, e.g., the case when
f is injective (see Lemma 7), we can also explicitly construct the space-filling
ReLU neural network 3.
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Figure 1: Illustration of proof technique for the m-rectifiable measure v sup-
ported on the m-rectifiable set f(A) on R™.

The paper is organized as follows. In Section 2, we introduce ReLU neu-
ral networks and state their main properties. Section 3 is devoted to the ap-
proximation of Lipschitz functions by ReLU neural networks. In Section 4,
we introduce (countably) rectifiable measures, state their main properties, and
derive our main approximation results. Finally, Appendix A contains approx-
imation properties by uniform mixtures and quantitative statements on the
space-filling approximation of uniform mixtures, which improve and simplify
the results in [27]. In the appendices, we present the following material required
in the current paper: Properties of Lipschitz functions in Appendix A, tools
from general measure theory in Appendix B, properties of Wasserstein distance
in Appendix C, auxiliary results in Appendix D, and properties of the sawtooth
function in Appendix E.

1.1 Notation

We denote by e; the i-th unit vector in R™ and write I,;, for the m x m identity
matrix. log refers to the logarithm of base 2 and [-]: R — Z denotes rounding
to the nearest integer. Sets are designated by calligraphic letters, e.g., A, with
|A| denoting cardinality and A closure. The diameter of the set A C R? is
diam(A) = sup, e ll7 — ylloo. For every p € [1, o0, we write Lip® (f) for the
Lipschitz constant with respect to the p-norm of the Lipschitz mapping f (see
Definition 10). We write £ and J#™ for the m-dimensional Lebesgue and
Hausdorff measure, respectively. W1°°(A) is the Sobolev space of order one
equipped with the infinity norm on the open set A C R [1, Definitions 3.1 and
3.2]. Wy(-, -) denotes the Wasserstein distance of order one (see Definition 21).
We use standard notation of general measure theory (see Appendix B). In par-
ticular, a measure p will always refer to an outer measure, i.e., defined on all
subsets, and we write .# (u) for the sigma-algebra of p-measurable sets.



2 Neural Networks

In this section, we give a brief overview of neural networks with ReLLU activation
function. We follow the expositions in [7,12] and start with the definition of a
ReLU activation function and a ReLU neural network.

Definition 1. For every m € N and z € R™, the ReLU activation function
p: R™ — R™ is defined according to

p(x) = (max{0, z; }, max{0, 25}, ..., max{0, z,,})". (4)

Definition 2. Fix L € N. A ReLU neural network of depth L is a mapping
®: RNo — RNL given by

1% if L=1
p={ : (5)
WrpopoWp_10p...poWy if L > 2,

where, for i = 1,..., L, W;: RNi-1 — R is an affine transformation defined
according to W;(z) = A;z +b; with A; € RVi*Ni-1 and b; € RY:. The numbers
Ny,...,Np are called architecture of the network.

We denote by N,, ,, the set of all ReLU neural networks of input dimension
m and output dimension n of arbitrary depth and arbitrary architecture and
introduce the following quantities.

Definition 3. For every ® € N,, ,,, we designate the following quantities:
(i) Depth: L(®) = L;

(ii) Connectivity:

L

M(@) = (IlAillo + [1billo); (6)

i=1
(iii) Width: W(®) = max{Ny,...,Np};
(iv) Set of weights: K(®) = K1(P) U K2(P)U--- UKL (P) with

K@) = U {000 Uk aU (A2 U Ui} (D)

fori=1,...,L;
(v) Weight magnitude: B(®) = max{|w| : w € K}.
We need the following two properties of ReLU neural networks.

Lemma 1. Set W (x) = (I, —I,,) T for all z € R™ and Wa(x) = (L, —In)x
for all z € R?>™ and consider the ReLU neural network i,, € Nmym defined
according to i,, = Wa o po Wy. Then, we have i,,(z) = x for all x € R™.

Proof. A direct calculation yields the result. O



Lemma 2. For i = 1,...,¢, let ®; € Ny, n, with £(®;) = L. Further, set
m=mq+mg+---+myand n =ny; +ns+---+ny. Then, we can construct a
P(‘bl, Py, ..., (I)[) S Nm;n with

P(®,®s,...,0)(z) = (®1,Ps,...,0,) " (z) forall z € R™ (8)

satisfying the following properties:

L(P(®y,®,...,0,) =L (9)
M(P(Dy, Py, ..., D)) = M(Dy)) + M(Py) + - + M(By) (10)
W(P(®1,®Pa,...,0)) = W(P1) + W(P3) + -+ + W(Py) (11)

K(P(®1,®g,...,0) = K(®1) UK(P2) U---UK(®,) U {0} (12)

B(P(®y,®s,...,0,)) = max{B(®,),B(Ps),...,B(P)}. (13)

Proof. By assumption, we have

w? if L =1
®i = ) (0 o (14)
W;7opoW; 0op...poW7 if L>2,
where Wj(i)(ac) = A;-i)x + b;i) fori = 1,...,£ and j = 1,...,L. Now, set
1 2 ¢ 1) (2 ¢
A=AV DAY D @AY b= 6P BN and Wi(x) = Az,
for j =1,...,L. It is then easily seen that
Wy ifL=1

. (15)
WrpopoWp_10p...poWy if L > 2,

P(®q,Pg,...,P0) = {

has the desired properties. O

3 Approximation of Lipschitz Functions

We start with the definition of the spike function, introduced in [15, Appendix
F], which will be the basic building block for approximating Lipschitz functions
in terms of ReLLU neural networks.

Definition 4. The spike function ¢: R™ — R is defined according to
¢(z) = max{l + min{xy, ..., 2,0} — max{zy,...,2m,,0},0}. (16)

We have the following representation of the spike function in terms of a
ReLU neural network.

Lemma 3. [26, Lemma V.1] Let ¢ be as in Definition 4. Then, we can construct
a® e N, 1 with ®(x) = ¢(z) for all z € R™ satisfying the following properties:

L(P) < [log(m+1)] +4 (17)
M(®) < 60m — 28 (18)
W(®) < 6m (19)

K(®) C {0,1,-1} (20)

B(®) = 1. (21)



Moreover, ® has the structure
d=WyopoTopoW; (22)
with Wi (z) = (In, —In) "2, Wa(x) =z, and ¥ € Nay, 1.
We will need the following properties of ¢:

Lemma 4. The spike funktion ¢ in (16) enjoys the following properties:
(i) ¢(z) €10,1] for all z € (—1,1)™;

(ii) ¢(x) =0for all z € R™\ (—1,1)™;
(i) Lip(6) < 2
(iv) Let
S={ze€[0,1]":x1 >22> ">y} (23)
and define M C Nj* according to
M={0,e1,e1 +ea,....,e14+ -+ em} (24)
Then,
¢p(x—n)=0 forall zeSandneNj \ M. (25)
Moreover, we have
p(r) =1—-m (26)
px—eg—eg - —ep) =xp —ap41 fork=1,....,m—1 (27)
o —ey—eg- - —em) =Ty (28)
for all z € S.
(v) We have
Z ¢p(x—n)=1 forall z € R™. (29)
nezm

Proof. (i), (ii), and (v) follow from [26, Lemma II1.6] and (iv) is by [26, (24)
and (26)—(28)]. It remains to prove (iii). To this end, we write

dx)=fio(1+ fa— f3) (30)

with  fi(x) = max(x,0), fo(z1,...,24) = min{xy,...,2,,0}, and
fa(x1,...,2q) = max{zy,...,2m,0}. Since Lip(f1) = 1 and Lip(f2) = Lip(f3),
we have

Lip(¢) < Lip(f1)(Lip(f2) + Lip(fs)) < 2Lip(/fs). (31)

Now, set g(z) = max{x1,...,24}. It can be easily shown by induction that
Lip(g) < 1 so that

Lip(fs3) = Lip(f1 o g) < Lip(f1) Lip(g) < 1. (32)
Using (32) in (31) yields Lip(¢) < 2. O



As an immediate consequence, for every N € N, the functions {¢(Nz —
n)}nen form a partition of unity on R™.

Corollary 1. Let N € N. Then, we have
Yy (z) = Z ¢(Nx—n)=1 forall x e R™. (33)
neZ’l”L

Proof. Since ¥y (xz) = 1 for all z € R™ if and only if ¢n(z/N) = 1 for all
x € R™, we can assume, without loss of generality, that N = 1. But ¢1(z) =1
for all x € R™ owing to (v) in Lemma 4. O

We are now in a position to state our main approximation result for Lipschitz
functions.

Theorem 1. Let m, N € N and set J = {0,1,..., N}. Further, consider a
Lipschitz function f: [0,1]™ — R and set Dy = {x € R : ’m‘ < | fllzweqo,17) }-
Suppose that ¢ € [0,00) and let h: Dy — R be an arbitrary function satisfying
|h(z) — x| < 6 for all z € Dy. Finally, define fy: [0,1]™ — R according to

In(@) = (ho f)(5)s(Na —n) (34)
nGJ"‘

with ¢ the spike function from Definition 4. Then, the following properties hold:
@) [If = fvlleay < Lip(f)/N +6;
(ii) We have

Lip(fn)/m < Lip®™(fx) < Lip™(f) + 2N6 < Lip(f) + 2Ns.  (35)

Finally, consider the following ReLLU neural networks:
(a) Let ¥ be as in Lemma 3, and set, for every n € J™,
¢, n=VopoW,n (36)
with Wy, v (@) = N(Ln, —In) T2 — (n, —n)T.

(b) Set F = (h(f(n/N)) : n € J™), define W: RIZ"l — R according to
W (z) = Fx, and define the ReLU neural network ® as follows:

S=WopoP(®,n:neTM). (37)

Then, we have
®(x) = fy(x) forall x €[0,1]™ (38)

with

L(D) < [log(m+1)] +4 (39)
M(P) < (N +1)™(62m — 28) (40)
W(P) < (N +1)"6m (41)
B(®) < max{N, || fllz.(o,1m) + }- (42)



Proof. First, define fy: [0,1]™ — R according to

— Zj:m f(%)q&(Nx —n). (43)

Next, note that :
flx) = sz ¢(Nz —n)f(x) (44)
= n:zj:m $(Nz —n)f(z) forallz € [0,1]™, (45)

where (44) follows from Corollary 1 and in (45) we applied (ii) in Lemma 4. We
therefore have

fa >—fN< >| (46)
< |f(@) = I @)] + @) = fu (@) (47)

<3 (\f(x)— F@/N)|+ (ko £)(n/N) = f(n/N)] )(Nw —n)  (48)
negm

< (M) 4 5) 37 oV ) (49)

neJgm

Lip(f) m

< N +d forall z €[0,1]™, (50)

where (48) is by (44)—(45), in (49) we applied the Lipschitz property of f and
|h(z) — x| < 6 for all Dy, and (50) is again by Corollary 1. This establishes (i).
We next prove (ii). The first and the third inequality in (35) follow from the
norm inequalities || - |1 < m|‘|loc < m| |l in R™. It remains to establish the
second inequality in (35). To this end, fix k € {0,..., N — 1}™ arbitrarily and
set Qr = (0,1/N)™ 4+ {k/N} and

Sp={r€Qp: a1 >z0> > xp} (51)

Now, let M be as defined in (24). Then, we have

> (hof)(5)eNe—n) (52)

ne{k}+M

— (ho f)(k/N) +NZmz(hof)( ) -hen(2H)) 63)

In(z)

for all z € Sy, where in (52) we applied (25) and (53) follows from (26)—(28)
with zo =k and z; = k+4+e1 +es+---+e¢; fori =1,...,m. We thus have

(@i f) @) = N|(ho £)(5) = (ho () (54)
<Nuen(F) =S +H(F) - GF)] o9
+ N[ () = o ns (52| (56)
< LipM(f) +2N§ forallz € Sy andi=1,...,m, (57)




where (54) follows from (52)—(53) and in (57) we applied the Lipschitz property
of f and {h(:ﬂ) — x’ <0 for all x € Dy. We can therefore conclude that

Lip™ (fwls.) < NIV N ool s0) (58)
< Lip™(f) + 2N, (59)
where (58) follows from the fact that fy is an affine function on Sy owing to

(52)—(53) and (59) is by (54)—(57). Since fx as the finite sum of Lipschitz
functions is Lipschitz on [0, 1]™, (58)—(59) yields

Lip®M (fnls;) < Lip™ (f) +2N6, (60)
Now, for every permutation 7: {1,...,m} — {1,...,m}, set
S]iﬂ) = {$ € Qy : Tr(1) > Tp(2) > * 0 > xﬂ-(m)}' (61)

As fn is a symmetric function and k was assumed to be arbitrary, (62) yields
Lip(l)(fN\STr)) < Lip™M(f) + 2N§ (62)
k

for all such permutations 7 and k € {0,...,N — 1}, Finally, since the sets

S,EW) are all convex and closed and cover [0, 1], Lemma 12 in combination with
(62) establishes

Lip® (fx) < Lip™ (f) + 2N (63)

Alternatively, (63) can also be proved using the correspondence between
Lipschitz functions and Sobolev spaces stated in Theorem 7. Concretely, as fn
is a symmetric function, (54)—(57) implies

IV llooll b 0n) < Lip®M (f) +2N8 fori=1,...,m. (64)

Since £ ((0,1)™\Uyeqo,... n—13m Q&) = 0, by the arbitrariness of k, (64) yields

IV £ lloo b (0,1ym) < Lip™M (f) + 2N (65)
We therefore have
Lip™ (fn) = Lip™ (fnl(0,1m) (66)
< MV Enlloo Lo (0,1m) (67)
< Lip™"(f) + 2N3, (68)

where (66) follows from the fact that fy as the finite sum of Lipschitz functions
is Lipschitz on [0, 1]™ and [0, 1]™ = (0,1)™, in (67) we applied Theorem 7, and
(68) follows from (65), which again establishes (63). Finally, (38) follows from
the fact that

po®, v(z) =¢(Nz—n) forallzel0,1]™ andne J™ (69)

and (39)—(42) are by construction. O



Some comments are in order. First, note that only the last layer W of the
ReLU neural network & in (37) depends on the specific choice of f. For the
particular choice h(z) = x, i.e., § = 0, Theorem 1 recovers [14, Theorem 1.1].
Following the ideas in the proof of [14, Corollary 5.1], by composing ® o x with
k: R™ — R™ defined according to

p(z1) — p(z1 — 1)
K(z) = : ; (70)
p(m) — p(Tm — 1)

we obtain a ReLU neural network satisfying (Pox)(z) = ®(x) for all z € [0,1]™
with

Lip™(® o k) < Lip™M (D] 17m). (71)

Finally, and most importantly, we want to emphasize that the function h in
Theorem 1 need not be Lipschitz. This property allows us now to particularize
Theorem 1 to the case where h is a quantization function, which establishes that
Lipschitz functions can be approximated by ReLU neural networks of bounded
Lipschitz constants with quantized weights and solves the open problem pointed
out in [14, Section 6.3]:

Corollary 2. Let m, N € N and set

Fy ={k/N :keZ}n|[-N,N]. (72)

Then, we can construct a collection L%/A(,m) C J\/’m,l of ReLU neural networks
with

log (‘%15’”)‘) = (N +1)™log(2N? + 1) (73)

with the property that for every A C [0,1]™ and every Lipschitz function
f+ A — R satisfying

£l 2y + Lip(f) < N, (74)
we can pick a ¢ € L%/A(,m) satisfying
(@) IIf = @llrwa) < (Lip(f) +1/2)/N;
(ii) Lip(®[0,1)/m < Lip™ (®|(o,1) < Lip(f) + 1.

Moreover, every ¢ € ¥, ]\(,m) has the same architecture and satisfies:

L(®) < [log(m +1)] +4 (75)
M(®) < (N + 1)™(62m — 28) (76)
W(®) < (N + 1)™6m (77)

K(®) C Fn (78)

B(®) < N. (79)

10



Proof. Fix a set A C [0,1]™ and a Lipschitz function f: A — R satisfying
(74) arbitrarily. Further, set J = {0,1,..., N}, Next, define f: [0,1]" — R
according to

f(z) = inf (f(y) + Lip(f)[|z — ylloo)- (80)

yeA

Then, f(z) = f(z) for all 2 € A and Lip(]{) = Lip(f) owing to [24, Theorem
1]. Moreover, by construction, we have || f|lz_(o,11m) < IIfllzoa) + Lip(f).

Now, consider the quantization function g: [7”‘/?“[100([071]711)7 ||f||Lm([071]m)} —
Fn, y— [Ny]/N and note that
l9(y) =yl <1/(2N) for all y € [~[| fll . 0,175 Il L r0.11m))- (81)

Further, note that g is well-defined since [N f(z)]/N € Z/N and

|INF@)]|/N < NIl o) )N (52)
< IN(If 1w + Lin(F)I/N (83)
< [N*)/N (34)
=N forall z €[0,1]™. (85)

Now, let ® be the ReLU neural network obtained by applying Theorem 1 to
the Lipschitz function f with h = g and § = 1/(2N). Then, (i) and (ii) follow
from (i) and (ii) in Theorem 1, respectively, upon noting that ® = fy thanks
to (b) in Theorem 1. Moreover, (75)—(77) follow from (39)—(41) and (78)—(79)
are valid by construction. Finally, since ® in (37) is completely determined by

F=(g(f(n/N)inegm™)yeFy", (86)
we conclude that
log ((J@&") D = (N + 1) log(|Fx|) = (N + 1)™log(2N2 +1).  (87)

O

4 Rectifiable Measures

In this section, we show how to generate measures on low-dimensional objects
using ReLU neural networks. Specifically, we are interested in the class of
measures on R™ that are supported on Lipschitz images of compact sets in R™.
To this end, we start with the definition of rectifiable sets.

Definition 5. Let m,n € N with m < n. Then, £ C R" is called

(i) m-rectifiable if there exists a compact and nonempty set A C R™ and a
Lipschitz mapping f: A — R™ such that £ = f(A);

(ii) countably m-rectifiable if
e=J& (88)
i=1
with & m-rectifiable for all i € N.

11



We need the following quantitative improvement of [29, Lemma 3.1], which
states that finite unions of m-rectifiable sets are again m-rectifiable.

Lemma 5. Let £ € N. For k = 1,...,¢, let Ay, C R™ be compact and let
fr: Ax — R™ be Lipschitz. Further, for £k = 1,...,¢, fix a closed cube Q) C
R™ of sidelength s such that A; C Ok and consider the m-rectifiable set
& = U£:1 fw(Ax). Then, we can construct a compact set B C [0,1]™ and a
Lipschitz mapping g: B — R™ with || g||._ 8y = maxp—1, ¢l frl £ (4,) and

Lip(g) < 2¢max { diam(&), sy Lip(f1), s2 Lip(f2), ..., s Lip(fg)} (89)
satisfying £ = g(B).

Proof. For k = 1,...,m, let ¢x denote the center of Q) and define the affine
bijections ¢ : [0,1]™ — Qj according to

dr(x) = spx+cp — (sp/2)(e1 +e2+ -+ em). (90)

Further, for £k = 1,...,/, define the affine bijections ¥ : R™ — R™ according
to

Ur(x) = (20xy — 2(k — 1), 22,23, ..., Tm)" (91)
and set By, = 11 (¢~ (A})). Since
V(@) = (21/(20) + (k — 1) /b2, 23, ..., @) " (92)
and ¢~ (Ag) C [0,1]™, we have
By C[(k—1)/¢,(2k — 1)/20] x [0,1]™*  fork=1,...,m (93)

by construction. What is more, the sets By are compact and, by (93), pair-
wise disjoint subsets of [0,1]™. Now, set B = Uf;:l By, and define g: B — R"
according to

9(x) = fr(dp(Wr(x))) forallz € By and k=1,...,¢ (94)
so that & = ¢g(B). If z,y € Bk, then

lg(z) = 9(y)lloc < Lip(¢x) Lip(v) Lip(fi)llz — ylloo = 2€sx Lip(fi)lz — yll(oo~)
95

If x € By, and y € By, with k; # ko, then ||z — ylloo > 1/(2¢) thanks to (93),
which implies

lo(2) = 6W)llee _ ¢ giam(e). (96)
2 =yl
Combining (95) and (96) yields (89). O

We next introduce measures on (countably) m-rectifiable sets.

Definition 6. Let v be a finite measure on R™. Then, we call v

(i) m-rectifiable subordinary to £ if it is Borel regular and supported on the
m-rectifiable set £ C R";

12



(ii) s™-rectifiable subordinary to (€, ¢) if v = ¢(H#™|¢), where £ C R™ is
m-rectifiable and ¢: R™ — [0, 00) is a #™-measurable mapping;

(iii) countably m-rectifiable subordinary to £ if it is Borel regular and sup-
ported on the countably m-rectifiable set £ C R";

(iv) countably s#™-rectifiable subordinary to (£, ¢) if v = ¢(H#™|¢), where
& C R"™ is countably m-rectifiable and ¢: R™ — [0,00) is a Borel measur-
able mapping.

One could ask why the assumption of Borel-regularity is missing for the
measures in (ii) and (iv) of Definition 6. It turns out that these measures are
inherently Borel-regular, which is established next.

Lemma 6. (Countably) ##™-rectifiable measures are Borel-regular. In partic-
ular, the measures in (i)—(iv) of Definition 6 are all Radon measures, and we
have the implications (ii) = (i) and (iv) = (iii) in Definition 6.

Proof. Let v be (countably) s#™-rectifiable subordinary to (€, ¢). Since S |¢
is Borel regular owing to (ii) in Theorem 10 and ¢ is J#™-measurable, by
Lemma 18, v = ¢(#"™|¢) must be a Borel regular measure. The measures
in (i)—(iv) of Definition 6 are therefore all Borel-regular and, in turn, Radon
measures as they are finite by assumption. The implications (ii) = (i) and (iv)
= (iii) in Definition 6 are trivial. O

The following result states that m-rectifiable and 5#"™-rectifiable measures
can be generated as push-forwards of Radon measures.

Theorem 2. Let A C R™ be compact, suppose that f: A — R" is a Lipschitz
mapping, and consider the m-rectifiable set £ = f(A). Then, the following
properties hold.

(i) If v is m-rectifiable subordinary to £, then, there exists a Radon measure
@ on A such that v = f#pu.

(ii) Suppose that ¢: R™ — [0, 00) is a S#™-measurable mapping and v is J#™-
rectifiable subordinary to (£, ¢). Then, there exists a Radon measure p on
A such than v = f#u with p < £™| 4. Moreover, we have dimy(p) = m
provided that v is nontrivial.

Proof. In (i) and (ii), v is supported on the m-rectifiable set £ C R™. The
existence of a Radon measure p on A satisfying v = f#u is established in
Corollary 9. We next prove that p < Z™| 4 if v is #™-rectifiable subordinary
to (€,¢). Toward a contradiction, suppose that there exists a set C C A such
that u(C) > 0 and .£™(C) = 0. Then, we have

v(f(C) = n(f7H(f(C))) = u(C) > 0. (97)

Now, Borel regularity of Z™ implies that there exists a Borel set B C R™ with
C C Band £™(B) = £™(C) = 0. Using the properties of Hausdorff measures
in Lemma 21, we obtain We thus have

A (f(C)) < Lip™(f)2™(C) < Lip™ (f).2™(B) = Lip™ (f)-£™(B) = 0(, :
98
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which is in contradiction to (97) since v < ™ by Lemma 18. Hence, u(C) > 0
implies Z™(C) > 0 so that u < .£™| 4.

It remains to show that dimp(p) = m if v is J#™-rectifiable subordinary
to (€,¢) and nontrivial. The elementary properties of Hausdorff dimension
[9, Section 3.2] imply that Hausdorff dimension can not exceed the ambient
dimension so that dimg(p) < m. Next, note that v(f(spt(u)) > 0 since v =
f#u and v was supposed to be nontrivial. This implies S (f(spt(p))) > 0
as v < ™. We thus have S (spt(p)) > 0 by (ii) of Lemma 21. Therefore,
dimg (@) > m owing to the definition of Hausdorff dimension Definition 20. [

Note that, in Theorem 2, u in (i) can have arbitrary small dimg(u) as
we did not impose any regularity conditions on v, whereas p in (ii) satisfies
dimy (p) = m, which is a consequence of v < .. In (ii) of Theorem 2, if the
functon ¢ is Borel regular and f is injective, we have an explicit form of u:

Lemma 7. Let A C R™ be compact, suppose that f: A — R™ is an injec-
tive Lipschitz mapping, and consider the m-rectifiable set £ = f(A). Suppose
that ¢: R" — [0,00) is a Borel measurable mapping and v is J#™-rectifiable
subordinary to (€, ¢). Then, v = f#u with ¢ = (Jf)(¢ o f).

Proof. We first establish that ¢ is Lebesgue measurable my inspecting the in-
dividual components: The function ¢ o f: A — R as the composition of a
Borel measurable mappings is Borel measurable. The function Jf : A — R
is Lebesgue measurable thanks to Rademacher’s theorem [18, Theorem 5.1.11].
Next, we prove that p is a finite measure. We have

wd) = [ If e agzn (99)
A

_ / b (100)

(A
=v(f(A) (101)
<v() (102)
< 00, (103)

where in (100) we used Theorem 8 upon noting that
Y. of@) = ow)xsly) forally R, (104)
z€ANf~(y)

which implies that p is a finite measure. By Lemma 18, ;1 = ¢.Z™ is also Borel
regular since v is Lebesgue measurable and £ is Borel regular. Therefore,
by Lemma 14, p is a Radon measure. Now, fix a Borel set C C R"™ arbitrarily.
Then, we have

i@ = [ pazr (10)
- / hdaem (106)
= [ ¢d™ (107)
= (;%ﬂm)(c) (108)
=v(C), (109)



where (106) follows from Theorem 8 with

=Y (10

wef 1N (w)
= ¢(y)xc(y) forallyeR", (111)

upon noting that f~1(C) is Borel measurable since f is continuous and C is Borel.
Now, v is a Radon measure owing to Lemma 6. Since p is a Radon measure,
so is f#u thanks to Theorem 11. Summarizing, v and f#p are both Radon
measure so that (105)—(109) in combination with (105)—(109) yields v = f#pu
by Theorem 11. O

We next show that the class of m-rectifiable and J#™-rectifiable measures
is closed under addition.

Lemma 8. Let &,& C R™ be m-rectifiable. Then, the following properties
hold:

(i) If vy is m-rectifiable subordinary to & for k = 1,2, then vy + vy is m-
rectifiable subordinary to & U &,.

(ii) Suppose that ¢ : R™ — [0,00) is Borel-regular and vy, is 5™ -rectifiable
subordinary to (Ek,¢r) for k = 1,2. Then, vy + vy is S ™-rectifiable
subordinary to (&1 U &z, xe, ¢1 + Xe, d2).

Proof. We first prove (i). The set £ U &; is m-rectifiable owing to Lemma 5.
Since v1 +v5 is supported on £1UE; and sums of Borel-regular measures are again
Borel regular thanks to Lemma 15, we conclude that 1y 4+ v is m-rectifiable.
Next, we establish (ii). Set ¢ = xg, &1 + Xxe, $2 and consider the measure
v = ¢ I ue,. Since & U &, is m-rectifiable owing to Lemma 5, v is -
rectifiable subordinary to (£;U&s, ¢). It remains to show that v = v + 4. Since
v and vy + vo are Borel regular measures thanks to Lemma 6 and Lemma 15
and

vB) = [ 0y, (12)
B
= / (bl d%mk‘l +/ ¢2 d%ngz (113)
B B
=11(B) +1v2(B) for all Borel sets B C R", (114)
we have v = v1 + 15 by Lemma 16. Thus, vq + 19 is ™ -rectifiable. O

The following result states that countably m-rectifiable measures can be
approximated by m-rectifiable measures. The same holds for countably -
rectifiable measures.

Lemma 9. Suppose that A, C R™ is compact and f: A — R"™ is Lipschitz
for all k € N and consider the m-rectifialbe set & = |J;—; fx(Ax). Suppose that

£ is bounded and set & = Uizl fx(Ag) for every £ € N. Then, the following
properties hold:
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(i) Suppose that v is countably m-rectifiable subordinary to £. Then, the
measure vlg, /v(E) is m-rectifiable subordinary to & and satisfies

Wi (vle, /v(&),v) < (1 —v(&))diam(E) for all £ € N. (115)

(ii) Suppose that ¢: R® — [0,00) is Borel-regular and v is countably 5¢™-
rectifiable subordinary to (£,¢). Then, the measure v|g,/v(&) is J™-
rectifiable subordinary to (&g, ¢/v(&)) and satisfies (115) for all £ € N.

Proof. Fix ¢ € N arbitrarily. Suppose that v is countably m-rectifiable subor-
dinary to £. In particular, this implies that v is Borel-regular. Moreover, &
is m-rectifiable owing to Lemma 5. Since vl|g,/v(&;) is supported on & and
Borel-regular thanks to (ii) of Theorem 10, we conclude that v|g, /v (&) is m-
rectifiable subordinary to &. Next, suppose that v is countably J#-rectifiable
subordinary to (£, ¢). Then, we have

Ve, /(&) = (6(H™e))le, /v (Er) (116)
= o/v(&) (A" ¢,), (117)

where (117) follows from Lemma 18. Since & as the finite union of m-rectifiable
sets is m-rectifiable owing to Lemma 5, we conclude that v|g, /v (&) is H™-
rectifiable subordinary to (&, ¢/v(E;)). It remains to prove (115) for (i) and
(ii). Set 0, =1 — v(&). Then, we have

Wi(vle, /(1= dp),v) = W1 ((1 —00)(Wle /(L= b0)) + e(W]e, /(1 = 6e)),  (118)

(1= 80)(Vle, /(1= 60)) + GeVlere, /80))  (119)

< Wl(V|52’V‘5e) +0,Wy (V|52/(1 - 55)7 V‘é’\&z/éf) (120)
< 6, diam(€), (121)

where (120) follows from Lemma 28 and in (121) we applied Lemma 23. O

4.1 Generation of Rectifiable Measures

We are now in a position to state our results on the generation of rectifiable
measures through ReLLU neural networks. We start with m-rectifiable measures.

Theorem 3. Let m,n, N € N and set

Fn ={k/N:keZ}n[-N,N]. (122)

Then, we can construct a collection Ji/]\(,m’n) C Ny.n of ReLU neural networks
with

log (’f%/]\(,m’n)

) =n(N +1)"log(2N? + 1) (123)

with the property that for every compact set A C R™, every Lipschitz mapping
[+ A — R” satisfying

£l e () + diam(A) Lip(f) < N, (124)
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and every measure v that is m-rectifiable subordinary to f(.A), there is a ® €

,%/A(,m’"), a compact set B C [0,1]™, and a Radon measure p on B such that
®|p#u is m-rectifiable subordinary to ®(B) and satisfies

Lip(®]0,1)) < m(diam(A) Lip(f) + 1) (125)

and
v(€)(diam(A) Lip(f) + 1/2).

Wi, ®lsin) < = (126)
Moreover, every ¢ € ¥, A(,m’”) has the same architecture and obeys

L(®) < [log(m+1)] + 4 (127)

M(P) < n(N +1)™(62m — 28) (128)

W(®) < n(N+1)"6m (129)

K(®) C Fy (130)

B(®) < N. (131)

Proof. Fix a compact set A C R and a Lipschitz function f: A — R satisfying
(124) arbitrary and let Q be a closed cube of side-length diam(.A) such that
A C Q, denote by ¢: [0,1]™ — Q the affine mapping satisfying Q = ¢([0,1]™),
and set B = ¢~ !(A). The function ¢ = (g1,92,...,9n)": B — R"™ defined
according to g = f o ¢ is Lipschitz with [|g|p~) = | f||L~(4) and Lip(g) <
diam(A) Lip(f) and satisfies £ = g(B8). Moreover, by (i) in Theorem 2, there
exists a Radon measure ;. on B such that v = g#u. Now, let ®; denote the ReLU
neural network resulting from applying Corollary 2 to the Lipschitz mappings
g; satisfying

i Lip(f) +1/2
s — @0y < TALRE £ (132)

and
Lip(®;ljp,1j») < m(diam(A) Lip(f) +1) forj=1,...,n (133)

and set ® = P(®y,...,P,). Then, (133) implies that ® satisfies (125). More-
over, properties (75)—(79) for ®; listed in Corollary 2 imply that ® satisfies
(127)—(131). Next, note that

Wi (v, ®|p#1) = Wi (g#u, DH#u) (134)
< [lg = @lslz.cod (135)
= | max g~ @ldp (136)
< W) a4 Line) 41/ s
_ u(E)(diam(AjifLip(f)Jrl/Q)’ 138)

where (135) follows form Lemma 26 and (137) is by (132), which proves (126).
Now, ®|g#u is a Radon measure by Theorem 11 and supported on the m-
rectifiable set ®(B). Therefore, ®|g#u is m-rectifiable subordinary to ®(B). O
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We can combine Theorem 3 with Corollary 8 to obtain the following space-
filling result for m-rectifiable probability measures.

Corollary 3. Let n, NV € N and set

Dan ={a/b:a € Z,beN,|a] <4(3N)™ and b < 4(3N)™2}.  (139)

Then, we can construct a collection _# Is,m’") - NLn of ReLU neural networks
with

log (|7

with the property that for every compact set A C R™, every Lipschitz mapping
f+ A— R"” satisfying

) < 3n(3N)™ log(6N) (140)

£l e () + diam(A) Lip(f) < N, (141)

and every measure v that is m-rectifiable subordinary to f(.A), there is a ¥ €
(m,n) . .
IN satisfying

Lip(¥|po,1) < m(6(N + 1))+ (142)
and
W (y, \I/#(E(l)|[071])> < (m+ 1)(diam](\;4) Lip(f) + 1)' (143)

Moreover, every ¥ € ¢ ]E,m’n) has the same architecture and obeys

L(Yy) < [log(m +1)]4+6(m —1)+7 (144)
M(Ux) < T8mn(3N)™ (145)
W x) < 6mn(3N)™ (146)

K(¥x) C Dax (147)

B(Uy) < 4(3N)"H! (148)

Proof. Consider the collections %, ]\(,m’") and %(Zl) from Theorem 3 and Corol-
lary 8 (with d = m and K = 3N), respectively and set

]gfm’”) ={PopoX:Pe A" and X € %,(E)} (149)
Then, we have
< (6N)3n(3N)m, (152)

which establishes (140). Since every ® € """ satisfies (127)—(131) and every
Y € 9N obeys (395)-(400) for d = m and K = 3N, we conclude that every

U e /]S,m’n) satisfies (144)—(148) upon noting that

Fn={k/N:keZ}N[-N,N]C Dsy. (153)
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Now, fix a compact set A C R™, a Lipschitz function f: A — R satisfying
(141), and a measure v that is m-rectifiable subordinary to f(.A) arbitrarily.
Then, Theorem 3 implies that there exists a compact set B C [0,1]™, a Radon
measure g on B, and a ® € /""" satisfying

(m + 1)(diam(A) Lip(f) + 1)

Wi (v @lstn) < - (154)
and
Lip(®[jo,1jm) < m(diam(A) Lip(f) + 1). (155)
Moreover, by Corollary 8, there is a ¥ € %(ZL) satisfying
Lip(¥) < 2™t (3N)™ (156)
and
Wi (5 S#LD o)) < 1/N, (157)
We set ¥ = ® o poX and can therefore conclude that
Lip(¥|po,1) < m(6(N + 1))™* (158)
and
Wi (v, 9L Do, 1) (159)
< Wi (v, @lstn) + Wi (@t WLV o)) (160)
diam(.A) Li +1/2 .
< BCALRD L2 4 i@ o) (1S4 Do) (161
< diam(A) Lip(f) + 1/2 n m(diam(A) Lip(f) + 1) (162)
N N
< (m + 1)(diam(.A) Lip(f) + 1)’ (163)
N
where (161) follows from (154) and Lemma 27 and in (162) we applied (155)
and (157). O

We next introduce classes of m-rectifiable measures, which will allow us to
derive universality result on the generation of the measures in the individual
classes.

Definition 7. Let m,n € N and C € (0,00). The class ¥(n,m,C) consists
of all m-rectifiable probability measures v on R™ with the property that there
exists an .4 C R™ and a Lipschitz mapping f: A — R satisfying

max { (m + 1)(diam(A) Lip(f) + 1), || f|lz.(4) + diam(A) Lip(f)} < C (164)
such that v is m-rectifiable subordinary to f(.A).

The next result is a universality result on the approximation of m-rectifiable
probability measures.
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Corollary 4. Let m,n € N and C € (0,00) and consider the class 4 (n, m,C)
as defined in Definition 7. Then, for every ¢ € (0,1], there exists a collection
Z(n,m,C,e) of ReLU neural networks of cardinality

|%(n,m,C,e)| < 2" (165)
with
b(e) = 3n(3[C/e])™ log(6[C/e]) (166)
such that for every v € 4 (n,m,C), there is a ¥ € Z(n, m, C, ¢) satisfying
Lip(¥[jo,1) < m(6([C/e] + 1)) (167)
and

Wi (v, WL Do) < e (168)

Moreover, every ¥ € Z(n,m, C, €) has the same architecture and satisfies (144)—
(148) with N = [C/e].

Proof. Follows from Corollary 3 with N = [C/e] and #Z(n,m,C,¢e) = /]E,m’n)
upon noting that (141) is satisfied since (164) implies

Hf”Loo(A) + diam(A) Lip(f) < C < N (169)
and (154) in combination with (164) yields

(m 4+ 1)(diam(A) Lip(f) + 1)
N

Wi (v, ®|g#u) < <C/N <e. (170)

O

Qualitatively, Corollary 4 states that the rate at which b(e) in (165) tends
to oo as € — 0 equals the rectifiability parameter, i.e., we have

inf{s € (0,00) : limossb(s) < oo} =m. (171)
E—r

4.2 Generation of Countably m-rectifiable Measures

The result for countably m-rectifiable measures, stated next, follows from com-
bining Lemmata 5 and 9 and Theorem 3. The main idea is to approximate
countably m-rectifiable measures by m-rectifiable measures that are supported
on a finite number of components of the underlying countably m-rectifiable sets.

Theorem 4. Let m,n,¢, N € N and set

Fn ={k/N:keZ}n[-N,N]. (172)

Then, we can construct a collection Ji/]\(,m’n) C Nyn of ReLU neural networks
with

[ = (2N )T (173)
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with the property that for every sequence {A;};en of compact sets A; C R™,
every sequence { f;};en of Lipschitz mappings f;: A; — R" satisfying

kiﬂlaXZkaHLoo(Ak) + X <N, (174)

where we set
Ae = 20 max { diam(&), diam(A; ) Lip(f1), . . ., diam(A¢) Lip(fe) }, (175)

and every measure v that is countably m-rectifiable subordinary to & =
Usen fi(Ai), there is a @ € %]\(,m’"), a compact set B C [0,1]™, and a Radon
measure f on B such that ®|g#p is m-rectifiable subordinary to ®(B) and
satisfies

Lip(®j,1jm) < m(A¢ +1) (176)

and

v(€)(Ae +1/2)

Wi (v, ®|p#ue) < N

+ (1 — v(&)) diam(E). (177)

Morcover, every ® € ™" has the same architecture and satisfies

L(P) < [log(m +1)] +4 (178)
M(®) < n(N +1)™(62m — 28) (179)
W(®) < n(N + 1)™6m (180)

K(®) € Fn (181)

B(®) < N. (182)

Proof. Fix a sequence {A;};en of compact sets A; C R™, a sequence {f;}ien
of Lipschitz mappings f;: A; — R™ satisfying (174), and a measure v that
is countably m-rectifiable subordinary to |J;cy fi(A:) arbitrarily and set & =

Ule fi(Ay) and vy = v|E /v (E). Now, vy is m-rectifiable subordinary to & and
satisfies

Wi(v,ve) < (1 —v(&)) diam(€) (183)

owing to Lemma 9. By Lemma 5, there exist a compact set B C [0,1]™ and a
Lipschitz mapping ¢g: B — R" with

lgllzwms) < | max [ fillz.can (184)

and Lip(g) < A, satisfying & = ¢g(B). Now, Theorem 3 implies that there exists
a ReLU neural network ® € ,)i/]\(,m’n) and a Radon measure p on B satisfying

Lip(®|j0,y) < m(diam(B) Lip(g) + 1) < m(A¢ + 1) (185)
and
i Li 1/2 1/2
0 ey < PENAEN i) £1/2) MO0V g
Combining (183) with (186) yields (177). Finally, Theorem 3 implies that every
& € ™™ obeys (178)—(182). O
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We can combine Theorem 4 with Corollary 8 to obtain the following space-
filling result for countably m-rectifiable probability measures.

Corollary 5. Let m,n,f, N € N and set
Dy ={a/b:acZ,beN,|a| <4(3N)™!, and b < 4(3N)™T2}.  (187)

Then, we can construct a collection _# Isfm’") - Nlm of ReLU neural networks
with

log (‘/Is[mn)

with the property that for every sequence {A;};en of compact sets A; C R™,
every sequence { f;}ien of Lipschitz mappings f;: A; — R" satisfying

) < 3n(3N)™ log(6N) (188)

max [ fill oo ca +Ae < N (189)

where we set
A¢ = 2¢0max { diam(€), diam(A;) Lip(f1), ..., diam(A) Lip(fe)},  (190)

and every probability measure v that is countably m-rectifiable subordinary to
& = Usen fi(Ai), there is a W € 7™ satisfying

Lip(¥|po,11) < m(6(N + 1)) " (191)

and

(m+1)(A\e+1)

N £ (1 - (&) diam(E).  (192)

Wi (v, (LD o)) <

Moreover, every ¥ € ¢ ]E,m’n) has the same architecture and satisfies

L(T) < [logm+1)]+6(m—1)+7 (193)
M(¥) < 78mn(3N)™ (194)
W(T) < 6mn(3N)™ (195)

K(¥) € Dsn (196)

B(¥) < 4(3N)™ 1L, (197)

Proof. Consider the collections %, 1\([m,n) and %(}z;) from Theorem 3 and Corol-
lary 8 (with d = m and K = 3N), respectively and set

]gfm*”) ={PopoX:deciy" andEegg(ﬁ)}- (198)

Then,(144)—(153) implies (188) and (193)—(197). Now, fix a sequence {A; };en of
compact sets A; C R™, a sequence {f;};en of Lipschitz mappings f;: A; — R”
satisfying (189), and a measure v that is countably m-rectifiable subordinary
to J,en fi(Ai) arbitrarily and set & = Ule fi(A;) and vy = v|&/v(E). By
Theorem 4, there is a ® € %A(,m’"), a compact set B C [0,1]™, and a Radon
measure 4 on B such that ®|g#p is m-rectifiable subordinary to ®(B) and
satisfies

Lip(®|jo,1)=) < m(A¢+1) (199)
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and

(Ae+1/2)

Wi (v, @|p#nu) < N

+ (1 = v(&)) diam(€). (200)
Moreover, by Corollary 8, there is a X € %3(]7\7) satisfying
Lip(¥) < 6mFTIN™ (201)
and
Wi (1, 5D j0.)) < 1/N. (202)

We set ¥ = ® o po X and can therefore conclude that

Lip(¥g,) < m(6(N + 1))+ (203)

and
Wi (M U4 (LW |[0,1])) (204)
< W (v, @lsitn) + Wi (@l DL D)) (205)
< A”T‘Uz + (1= v(&)) diam(€) + Lip(®| g1y ) W (u, 2#(£<1>|[071])) (206)
< AZ;NUQ + (1= (&) diam(€) + % (207)
< mEDOHD | g,) diam(e), (208)

where (206) follows from (200) and Lemma 27 and in (207) we applied (199)
and (202). O

We next introduce classes of countably m-rectifiable measures, which will
allow us to derive universality result on the generation of the measures in the
individual classes.

Definition 8. Let m,n € N and C € (0,00). Further, suppose that x: (0,1] —
N is monotonically decreasing. The class ¢ (n, m, C, k) consists of all probability
measures v on R™ with the property that there exist a sequence {A;}ien of
compact sets A; C R™, a sequence {f;};cn of Lipschitz mappings f;: A; — R”
such that

(i) v decays according to
K(e)
diam(€) (1 — 1/( U fk(Ak)>> <eg/2 forallee€ (0,1]; (209)

k=1
(ii) the mappings are uniformly upper-bounded by

sup  max || fullowane/s(e)} < C; (210)
e€(0,1] k=1,....5(e)
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(iii) the Lipschitz constants and the diameters of the sets are upper-bounded
as

2max { diam(€), sup diam(Ay) Lip(fx) } < C; (211)
keN

(iv) and v is countably m-rectifiable subordinary to £ := [,y fr(Ax)-

We have the following interpretations of the individual properties on the
countably m-rectifiable measure v in Definition 8. Condition (i) specifies how
fast the measure v decays on the individual m-rectifiable components of the
countably m-rectifiable set. A lower decay of the measure allows for a larger
increase of the function values in magnitude on the individual components in
(ii). Finally, (iii) is a uniform upper bound on the individual Lipschitz constants
and the diameters of the sets. The next result states an universality result on
the approximation of countably m-rectifiable probability measures.

Corollary 6. Let m,n € N and C € (0,00). Further, suppose that «: (0,1] —
N is monotonically decreasing and consider the class 4 (n,m, C, k) as defined in
Definition 8. Then, for every ¢ € (0, 1], there exists a collection Z(n,m,C, k,¢€)
of ReLLU neural networks of cardinality

\%(n, m,C, k,e)| < 2 (212)

b(e) =3n(3[2(m+ 1)(C + 1)k(e)/e])™ log(6]2(m + 1)(C + 1)k(e)/e]) (213)
such that for every v € 9(n,m, C, k), there is a U € Z(n,m, C, k, ) satistying
Lip(¥|jo,17) < m(6(N + 1))™ ! (214)

and

Wi (u, \p#(cﬂ)ho,u)) <e. (215)

Moreover, every ¥ € Z(n,m,C,k,e) has the same architecture and satisfies
(193)—(197) with N = [Ck(e)/e].

Proof. Follows from Corollary 5 with N = [2(m+1)(C + 1)k(e)/e] and
Z(n,m,C, Kk, e) = /Js,m’") upon noting that

.....

N = max {2(m + DA +1/e fna};(s)llkaLoo(Ak) + )\n(e)}- (216)

O

Concretely, we get the following examples for the qualitative behaviour of
b(e) in (213):

(1) T s(e) = [log(1/¢)] = b(e) = O([1/]™ logg ™ ([1/¢]));
(ii) if #() = [1/eF] = b(e) = (’)([1 2]+ 1og (11 /51)).
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Specifically, by (i), if the measure decays exponentially on the individual m-
rectifiable components of the countably m-rectifiable set, then the rate at which
b(e) tends to co as € — 0 in (213) is

inf{s € (0,00) : lir%zzsb(s) < oo} =m. (217)
e—

We therefore have the same qualitative behaviour as for m-rectifiable measures
in (171). This is no longer the case if the measure decays polynomially on
the individual m-rectifiable components of the countably m-rectifiable set as is
demonstrated in (ii).

A Approximations by Uniform Mixtures and
Space-Filling Results

This section contains approximation properties of uniform mixtures and quanti-

tative statements on the space-filling approximation of uniform mixtures, which

improve and simplify the results in [27]. We start with the definition of (quan-
tized) uniform mixtures.

Definition 9. Let Z = [0,1]? and K € N. For every £ € {1,..., K}, set

(6 —1)/K,(/K) ifl <K
7, = 218
‘ {[(f—l)/K,K/K] if 0= K. (218)
Further, let
A={keN : k<Kfori=1,...,d} (219)

and, for every k € A, set Jp = Ty, X Ti, X - - - X Ty, and designate A\, = ZD| . .
We call a Borel measure s on Z uniform mixture of resolution K if

K=K wphy (220)
ke A

with wy, € [0,1] for all k € K and ), ,wx = 1. For N € N, the uniform
mixture of resolution K in (220) is called (1/N)-quanitzed if wy, € 6N for all
ke A

We next state an approximation property of uniform mixtures in terms of
(1/N)-quanitzed uniform mixtures.

Lemma 10. Let Z = [0, 1]¢ be equipped with the metric p(z,y) = ||z — ¥ co-
Furhter, let k = K¢ ZkeA wr A be a uniform mixture of resolution K on Z =
[0,1]% and let N € N with N > K<, Then, we can construct a (1/N)-quanitzed
uniform mixture & of resolution K on Z satisfying

Wi (i, k) < 4(K%—1)/N. (221)

Proof. Lemma 29 implies that we can find a ()4 € (N/N)HAI satisfying
> heaWr =1 and

D |wy — k] < 4K —1)/N. (222)
ke A
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Set

f=KYY gy (223)
ke A
and note that
Wik, k) = sup /wdfi — /1/)d/1} (224)
: IR
Llp(’([) )<1

owing to Lemma 25. Since

Jw-vondi- [w-vo)dn= [vai- [vas (2

we can restrict, without loss of generality, the supremum in (224) to mappings
v satisfying 1(0) = 0 and Lip(¢)) < 1. Now, fix ¢: R? — R satisfying 1(0) = 0
and Lip(¢)) < 1 arbitrarily. Then, we have

‘/1/1d/€—/wd/£ < K¢ ka—wk\/ ] A, (226)
ke A
< g — wy (227)
ke A
< 4(K?—1)/N, (228)

where in (227) we used [¢(z)| = |[¢(x) —(0)] < Lip(¢)|z]s < 1 for all
x € T and (228) follows from (222). Using (226)-(228) and the fact that ¢ was
assumed to be arbitrary in (224), we conclude that (221) holds. O

We next approximate arbitrary Borel probability measures p by uniform
mixtures.

Lemma 11. Let Z = [0, 1]¢ be equipped with the metric p(z,y) = ||z — ¥~
and suppose that p is a Borel probability measure on the metric space (Z, p)
with p(z,y) = || — y||co- Further, let K € N and define the uniform mixture fi
of resolution K according to

=K wik (229)
keA
with wy = u(Jy) for all k € A. Then, we have
Wi i) < 1/K. (230)
Proof. Set B={k € A: wy > 0}. Then, we have
Wi, 1) <Y wiWa (] g, /w, fil 73, /) (231)
keB
<Y un [ pdl(uls o) % (Bl fn) (232)
keB
<1/K DY wy (233)
keB
=1/K, (234)
where (231) follows from Lemma 28. O
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We are now in a position to state the an approximation result by uniform
mixtures, which improves [27, Theorem VII.2].

Theorem 5. Let Z = [0,1]¢ be equipped with the metric p(z,y) = ||z — Yoo
and suppose that p is a Borel probability measure on the metric space (Z, p).
Further, let K € N and suppose that N € N with N > K% Then, we can
construct a (1/N)-quanitzed uniform mixture fi of resolution K satisfying

Wi(p, i) < 4K~ 1)/N +1/K. (235)
Proof. Follows from Lemmata 10 and 11. O

It is worth noting that Theorem 5 yields the following metric entropy upper
bound on the set of Borel probability measure on (Z, p).

Corollary 7. Let % denote the space of Borel probability measures on (Z, p)
and consider the metric space (%, W7). Then, we have

H.(F,Wh) < (¢/2)log(24/e). (236)
Proof. Set
Ag={k e N: ||kl < K} (237)

and note that the set of 1/(4K*+1)-quatized weights {wy, }re4, satisfies

d+1

{wk b eea,| < (4‘;{@ . 1) (238)
d+1

< (41;(((1 > (239)

< (12K)%", (240)

where (240) follows from (}) < (en/k)*. Now, Theorem 5 with N = 4K im-

plies that for every Borel probability measure y, there is a 1/(4K%*1)-quatized
uniform mixture i of resolution K satisfying

Wi, 7)) < 2/K. (241)
combining (238)—(238) with (241) yields (236). O

We also note the following relation to quanitzation [11]. For every n € N,
let F, denote the set of all Borel measurable mappings f: [0,1]? — [0,1]¢
satisfying | £([0,1]%)| < n. For a Borel probability measure 1 on [0,1]?, the n-th
quantization error of order one can be defined according to [11, Equation (3.1)
and Lemma 3.4]

Voa(u) = inf Wi(p, f#p) (242)
with Wasserstein distance

Wiur)= it [ pan (243)
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and p(z,y) = ||z — y|l;. The Wasserstein distances Wi in (243) and W, as
defined in (486) satisfy W, < W, < dW; owing to I lloo <1111 <d||“]loo- The
upper quantization dimension of order one of a Borel probability measure p is
defined as

— . log(n)
D =limsup ——————. 244
) = S g 1/ Vo () =
and Theorem 5 with N = 4K (K% — 1) therefore yields the upper bound
Di(p) < d, (245)

which is tight provided that p is regular of dimension d [11, Definition 12.1 and
Theorem 12.18].

We next establish that (1/N)-quantized uniform mixtures can be approxi-
mated with arbitrarily small error as push-forwards of £ (1)|[0,1] using space-
filling curves. What is more, the space-filling curves can be realized as ReLLU
neural networks. A result in this direction was already established in [27, The-
orem V.6 ], but we here present a quantitative version of this result and a much
more direct and structured proof.

Theorem 6. Let K € N\ {1}, set Z = [0,1]%, and consider the following setup:
1) For every k € {1,..., K}, set

7, - [(k—1)/K,k/K) ?fk<K (246)
[(k-1)/Kk/K] k=K.
Further, for j =1,...,d, set
A ={k e N : ||kl|oo < K} (247)

and, for every k € Ay, set Jp = I, X Ly, X -+ x I, and designate
M = ZD| 7. Finally, let N € N with N > min{K9 4} and let u be
an arbitrary (1/N)-quantized uniform mixture of resolution K defined
according to

p=K" " wik (248)
keAy

with wy € N/N for all k € A, and ZkeAd wy = 1.

2) For every j € {1,...,d — 1} and (k1,...,k;) € A;, define the “marginal
weights” as

K K K
S>> wg (249)

j+1:1 k?j+2:1 ka=1

W(ky,....k;) =

k
For every j € {2,...,d} and (ki,...,k;) € A;, define the “conditional
weights” according to

W(ky,...,k;)

Whj|(k1..kj—1) = (250)

Wky,...,kj_1)
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3)

Set bp = 0 and, for k1 =1,..., K, let by, = Zf;l w(;) and designate the
sets

(251)

o — (b, —1,bx,) if kb <K
BT ke, i) i ey = K

For every j € {2,...,d} and (ky,...,k;) € Aj, set bojk,,...k,_1) = 0,

k;
Dk (kg 1) = D Wil(ka oy 1) (252)
i=1
and designate the sets

Kb (kr.bya) = [Ory 1] (s ty 1) Oy (ki oky o)) TRy < K (253)
s [bkj—1|(lc1u.kj,1)7bkj\(kl.,.kj,l)] if kj =K.

Let Ky = Ky X iy, X 0 X Kiy(ka1,....k;) and define the mapping
f+Z — T according to f =", 4 F®x, with

(k1) by ky
7 (@) R * %
f(kl’kQ)(zC ) T;(_& %
F9 (@) = 2 2 - Whalta (254)
(k17k2,--.-,kd) 1d_bkd\(k1,..i,kd71) k
Ta (wa) Kw 1 (ky .. ikg_1) +F
for all x € K, and k € Ay.
Fix s € N and define f(*): R — R according to f(*) = (fi, ~2(3), . ~(§s))T
with
filz) =z forall z € (—00,0), (255)
f@) = > A"k, (@) forallze0,1], (256)
k1€A
and
fi(z) = 1/(Kwiey)(x — 1)+ 1 for all z € (1, 00), (257)
and
(s pk1,.. ki
f]( ) — Z (fj( ! 2 0gs0 ijﬂ) (258)
(kl, ,kjfl)G.AJ71
o (St t P ogony, ) (269)
(260)
(k1) L s
o(faogsoLy)o fi, (261)
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where g, is as defined in Definition 22, L;(x) = Kz — ¢+ 1 for all z € R
and £ € N, and, for every j =2,...,d and (ki,...,kj_1) € Aj_1, we set

f;kl’”"kj’l)(x) =z forall z € (—00,0), (262)

K
2k e k1 -
f]( z )(x) = E fg( J)XIC;C_»HM b, (@) forallz e [0,1],
k}jzl
(263)

and

fifre R0 (@) = 1) (Kwg,jay oy )@ — 1) + 1 for all 2 € (1, 00).
(264)
Then, the following properties hold.
(i) The mapping f in 4) is a bijection with f(Kg) = Ji for all k € Ay
satisfying u = f#.2@|1.
(ii) For every j = 1....,d, define the cubes Cf]’ for k; =1,...,K and r; =

1,...,2°7 ! as follows. Set

ki—1 r;—1 k;j—1 T
kj:[ g J J J ) 265
Crj K TR Tk Kool (265)

ifkj<Kork;=Kandr; < 25—1 and

1
K _
cK_, = [1 — 1]. (266)
Further, set

Bfr = frl(Ck) forki=1,...,Kandr =1,...,2°7! (267)

and define inductively

kiyenk; _ F(8) T ok Ky ko

BTll,...,Tj - fg (CT] ) n Brl,...,'rj,ll (268)

for all (ki,...,k;) € Aj, r1,...,r; € {1,...,2°71} and j = 2,...,d..
Then, we have

(fO#(L D) (Chr x CF2 - x CFd) = p(Clr x Cf2 - x CFe) (269)
for all (ki,...,kq) € Ag and 71,79,...,7q € {1,...,2571}.
(iii) We have

- 1
Wi (FO#L Do) 1) < 5o (270)
with
~ s(d—1)
Lip(/®) < 2 (271)



(iv) We can construct a ReLU neural network @x?K € M 4 with

L@F) =3+ (d—1)(5+5) (272)
M(@Y)) < 4d (2K 435+ HKY/(K 1) (273)
W) < 4K (274)
K(®R) ) € D (275)
B@{)) <N, (276)
where we set
Dnix ={a/b:acZ,beN,|a| <N, and b < NK}, (277)
satisfying
Wi =7 (278)
and
9s(d—1) v
Lip(®§)x) < T 2
ip(®4) < 2 (279)
The architecture of @S\S,?K only depend on s,d, and K but not on p and
N.
Proof. We first prove (i). By construction, we have
0 (Ky) = i, (280)
13" Kigia) = Ty (281)
(282)
frgkhk%“’kd)(lckdl(kd 1, )) Ikd’ (283)

which implies f(Ky) = Ji for all k € Ag. Since Z = J,c 4 T, this implies in
turn that f is onto. Now, f(*) is injective on K}, for all k € Ay. Moreover, since
the sets Ji are pairwise disjoint and f(Ky) = J for all k € A, f is injective on
Ukea, Kk Finally, since

U Kr, = [0,bx] =[0,1] (284)
k1=1
and
U Ko\ (k- reoer) = [0, 08 (oo 1)) (285)
J—l
—[0,1] forj=2,....,d, (286)

we conclude that (J,c 4, K = T so that f is injective on Z. Summarizing,
f+Z — T is a bijection with f(Kg) = Ji for all k € A;. Now, fix k € Ay
arbitrarily and suppose that By C Jx. Then, we have

LD (f7H(Br) = Kwy, LN (B NIy, ) (287)
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and
LW (f71(By)) = Ky
which yields

Gy )LV (BeNIy,) forj=2,....d, (288)

d
2D (14 B1) = K, (T w0 ) Me(Br) (289)
j=2
= dekAk(Bk). (290)
We thus have

2 = > 2t YBNTk)) (291)

keAy
= Y K'wph(B) (292)

keAq
=u(B) forall BCI, (293)

where (292) follows from (289)—(290), which proves u = f#(Z@|7). We next
prove (ii). Suppose first that d = 1. Since ff* has slope 1/(Kw,)), we have

LO(BE) = Kug 20 (C5) = wi, /2 (204)
forky =1,...,Kandr = 1,...,2°"! which establishes (269) for d = 1. Next,
suppose that d > 1. We divide the proof into several steps.

Step 1: We prove by induction that, for every j € {2,...,d}, we have
@) = (7 ogeo Ly, o (For oD ogon, ) (295)

o(fékl)ogsoLkl)ofl(z) for all z € BEFi-1, (206)

yeeesT

(k1,...,kj—1) € Aj_q, and rq,...,7j—1 € {1,...,251}. Suppose first that
j=2and fix ki, r1, and x € Bfll arbitrarily. Then, we have

i@ = 30 B egioLu o hi). (207)
(1)eA,
Since B = f’l_l(Cfll), we have fi(z) € Ckr C T;, so that (f(el) ogsolLy o

fi)(x) = 0if 1 # k; owing to gs(z) = 0 for all z ¢ (0,1) and f(e1 (0) =0. We
thus have

f28) () = fékl) 0gsoLg ofi(zx) forallze B (298)
Now, suppose that (295)-(296) holds for j < d and fix (k1,....k;) € Aj,
r,.ooor; € {l,...,8%71} and z € Bfll ’rf arbitrarily.  Suppose that
(61, . ,€j,1) € Ajfl with (61, gjfl) # (kl, .. kjfl). Then, we have
£ 7‘ 701, Zj_
(7 0 gyo Ly, ) o (£ 0 g0 Ly, ) (299)
0---0 ( (él)OgSOLz) ()( ) (300)
£y,
= (fi 0 gio Ly, ) (0) (301)
=0 fort;=1,...,K, (302)
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where (301) follows from Bfllff C Bfll”ff,',’ff:f, the fact that (295)-(296) holds
for j, and because all the functions in the sum in (258)7(261) are nonnegative

and (302) is by gs(x) = 0 for all x ¢ (0,1) and f """ 37(0) = 0. We therefore
have

K
Fhw) = 3 (A ooy Yo (£ ogeoty, ) (a0
ijl
0---0 (f2(kl) ©Js oLkl) ofl(S)(x) <304)
K ~
=3 (o 0g,0 ) 0 ) 09
=1
Ak ,.,.,kj r(s
_ (f;+11 ) o gs oij) of; )(3;‘), (306)

where (305) follows again from Bfll,]fj C Bffrj ~ and the fact that
(295)-(296) holds for j and in (306) we used f(s (x) € er CIy, ifr e Bfllfj,
gs(x) = 0 for all z ¢ (0,1), and fi5, "= )(0) =0for; =1,...,K. Plug-
ging the expression for fj( from (295)-(296) into (306) establishes (295)-(296)

for 7+ 1.
Step 2: We prove by induction that, for every j € {2,...,d}, we have

f](s)(x) _ (f](kl,.“,kjfl) ° ]—{Tj_1 Oij—l) o (f](?l,...,kjfﬂ OHrj_g Oij_g) (307)

oo ( i) o H, o L,ﬁ) o fi(x) forall z € BE~ (308)

—1?

(k1,...,kj—1) € Aj_q1, and ri,...,rj—1 € {1,...,2°7'} where, for r =

1,...,2°7! the continuous piecewise linear function H,: R — R is defined ac-
cording to
2%¢ —2(r—1) ifzx e (—o0,(2r—1)/2°
- {FT-2-D e (-2
—25x 4 2r if x € ((2r—1)/2%, 0].

Suppose first that j = 2 and fix k1, r1, and x € Bfll arbitrarily. Then, we have

@) = fi) o ggo Ly, o filx) (310)
2@ 1

= Z 9 o hyo Ly, o fi(x) (311)

é’“) o H,, o Ly, o fi(x), (312)

where (310) is by (295)-(296), in (311) we applied Lemma 32, and (312) follows
from BE! = f171(C,’f11),

Li, (Cr}) € [(r = 1) /257 e /2571, (313)
and H,, (x) = h, (x) for all x € [(ry — 1)/2°71,71/2°7!]. Now, suppose that
(307)-(308) holds for j < d and fix (ki,...,kj) € Aj, r1,...,m; € {1,...,2°7 1},
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k1. k; . .
and z € Brf“,,,”’ arbitrarily. Then, we have

ki,..., k‘]‘ r(s
Fh@) = (fir o goo Iy, ) o [17(@) (314)
2571
= (fjﬁ’fl ----- k) o oLkJ> o f) () (315)
r=1
= [ o | o Ly, o 1 (), (316)

where (314) is by (303)—(306), in (315) we applied Lemma 32, and (316) follows
-1, .
from By )’Tj C f(s (CTJ'),

Ly, (Cr7) € [(r5 = 1)/2°7 Y /2571, (317)

and H, (z) = hy, (x) for all z € [(r;—1)/2°"1,r;/2°']. Plugging the expression
for f{*) from (307)-(308) into (316) establishes (307)-(308) for j + 1.

Step 3: We prove by induction that, for every j € {2,...,d}, we have

<<fj(k1,...,kj—1) oH, o ijil) o (f(ﬁll,...,kj—z) oH, ,o ij72> (318)
-1

0-+-0 (fQ(kl) o IJ,,.1 [e) Lkl) (e} f1> (./4) (319)

= ((f}’“"“”“” o Hy, oLy, ) o (Aot oLy, ) (320)

-1
o...o(fQ(kl’k2)oH oLk) kl) (A) (321)

for all (ky,...,k;) € Aj, r1,...,1; € {1,...,2°7 '}, and A C T,, with H, as
defined in (309) for 7 = 1,...,2°"'. Suppose that j = 2 and fix (k1,k2) € A,
ri,72 € {1,...,2°71} and A C Zy, arbitrarily. Then, (i) implies

fg(kl)il(-A) _ f2(k1,k2)71(‘A) C [0, 1]. (322)

Moreover, we have

Lo MHSN(0,1)) C Tyt C T, (323)

so that (i) yields
-1

N -\ —1
(A oty oL o i) (A)= (K" e Hy oL o ff7) (A), (324)

which establishes (318)—(321) for j = 2. Next, suppose that (318)—(321) holds
for j < d and fix (ky,...,kj11) € Ajp1, 715,741 € {1,...,2°71} and A C
Ty,,, arbitrarily. Then, (i) implies

o N—1 1
FE (A = ) A € o], (325)
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Moreover, we have

_ _ ki =
L N(H([0,1])) =C,) C Iy, (326)
Now, (325) and (326) imply
_ 1 5(kyenky) "t =
L HSN ) (A) € Ty, (327)

Finally, combining (325), (327), and (318)—(321) establishes (318)—(321) for
j+1

Step 4: Combining the results from Step 2 and Step 3, we obtain
J[.J(s)(x) _ (fj(k1,...,kj) o Hrj,l ° ij71) o (f;ill,...,kj—ﬂ o ]1]'”_72 o Lk]‘,2> (328)
0---0 (fQ(kl’kZ) oH,, o Lkl) o fl(kl)(x) for all z € Bff;j_‘_‘:fjj, (329)

(k1,....kj) € Aj, and r1,...,r; € {1,...,2°71} and j = 2,...,d, with H, as
defined in (309) for r = 1,...,2571.

Step 5: We establish
LW Bl < St (330)
for all (ki,...,kq) € Ag and rq,...,7q € {1,...,2°71}. To this end, fix

(k1,...,ka) € Agand r1,...,7q € {1,...,2571} arbitrarily and note that (328)—
(329) for j = d implies

+(s) 2$(d—1)
T ey, e — 331
( fd )‘5’;11 _____ ﬁ:ii Kw(kl,...,kd) ( )
and, since |H, '(z)| <2forallz € Rand r=1,...,2°71,
=1
BE ki { 7 (x)}‘ <2471 for all z € [0, 00). (332)
We therefore have
Kw -
1) (rrk1,..ka) _ (k1,---,ka) (s)
LW (B = 25(+_1)‘1/B,m_”kd(des ) d.zM (333)
R
Kwg,, .k (s)~ 1
N
Td
KW, ki) cp(1) ok
< miﬂ( )(er) (335)
Wy, k

where (333) follows from (331), in (334) we applied the area formula Theorem 8,
fi) (B oka) C Cha) and (iv) in Lemma 21, and (335) is by (332), which
proves (330).
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Step 6: We prove by induction that, for every j € {2,...,d}, we have

A7 (0.1) € [0.1] (337)
and
K 25—1
U U Bhob =01 (338)

Suppose that j = 2. Then, we have

25 1 23 1
U U B = U UA C’“ (339)

ki=1r1=1 ki=1r=1
K 2t
‘1< U u Cf;> (340)
ki=1r1=1
= A (0,1)) (341)
=1[0,1], (342)

where in (342) we used the fact that
fi(z) €[0,1] for all z € [0,1], (343)

which follows from (256) and f{*")(z) € [0,1] for all z € Ky, and ky = 1,..., K.
Now, pick « € [0, 1] arbitrarily. Then, (339)—(342) implies that there exists a k;
and an ry such that o € B!, We therefore have

(@) = f§) o H,, o Ly, o fi(z) (344)
e fi") o H,, o Ly, (CF) (345)
C f5([0,1) (346)
= [0,1], (347)

where (344) follows from (307)—(308) and in (346) we used (313), which proves
(337) for j = 2. Next, note that

K 251 K 251 o
U U Buk= U U (Bani? ) (348)
k1,ko=171,mr2=1 k1,ko=171,mr2=1
25 1 25 1
_ U | BE ( U U fo c’@) (349)
ki=1r=1 ko=112=1
-1, K 2!
=1[0,1]n f§” ( U Uy Cf;) (350)
ko=1r2=1
— 0,17 /2 (0. 1) (351)
=[0,1], (352)
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where (350) is by (339)—-(342) and (352) follows from (337) for j = 2, which
establishes (338) for j = 2. Now, suppose that (337) and (338) hold for j < d

and pick x € [0, 1] arbitrarily. Then, there must exist a (k1,...,k;) € A; and
T1y..0,m; € {1,...,2°71} such that x € Bfll %7 We therefore have
i) flab) o B, o Ly, o J 353
fiti(@) = fi37 o Hyy o Ly o f77 () (353)
€ f<k1> o Hy, o Ly, (C}?) (354)
(k1)
C f] 1([0,1]) (355)

where (353) follows from (314)—(316), which proves (337) for j+ 1. Finally, note
that

K 2¢71
i,k
U U s (357)
k)l,‘“,k}jﬁ,l:l7"1,...77"j+1=1
K 2571
k1., k
= U U (BEobnddytes) (358)
k1,. ,k]+1:17‘1,...,7‘j+1:l
K 2°7 1
k1 ko
- U U ol U U @2 fek) o 659)
ki,oonkj=171,5...,m5=1 kjp1=1rj41=1

= 0,1 () (U U chie) (360)

Ejpi=17rj41=1

=[0.10 (7)1 ([0,1]) (361)
= [0,1], (362)

where (360) is by (338) for j and (362) follows from (337) for j + 1, which
establishes (338) for j + 1.

Step 7: We prove (iii). To establish (269), fix (ki,...,kq) € Ay and

r1,72, ..., 7q € {1,...,2°"1} arbitrarily. Then, we have
k k ka\ _ Wki,....ka)

Combining (330) with (338) yields

(s . Wkq,....k
(fc(l )#,,2”(1)\[0’1])(67’?11 X Cff e X Cff) = -Z(l)ho,u (Bfffkj) = sz_l)d (364)

upon noting that (fu(ls)#.,%(l)ho,l])(I) =1 and

2@1

DS Sl 1, (365)

ki,...,kg=17r1,....,rq=1

Now, (270) follows from Lemma 11 with K2°~! in place of K. It remains
to establish (271). To this end, note that (255)—(257) in combination with
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Theorem 7 implies that fl is a piecewise linear function with

Lip(f2) < (366)

and (254) and (328)—(329) in combination with Theorem 7 implies that f;s) is
a piecewise linear function with

s(dfl)N

5(s) .
Lip(f;™) < I for j=2,...,d. (367)
Combining (366) and (334) proves (271).

It remains to establish (iv). We first realize the individual mappings appear-

ing in the composition of the mappings fj as ReLU neural networks.

(a) Consider the affine mappings Wy: R — R3 Wy: R3 — R3 and W3: R? —
R defined according to

2 0

Wi(z)=(4]z—- |2 (368)
2 2
2 -2 2 0

Wolz)= |4 —4 4]z |2 (369)
2 =2 2 2

Wi(z)=(1 -1 1)a, (370)

respectively, and define, for every s € N, the ReLU neural network &, €
Ni 1 according to

b, =W30poWsop...WaopW; (371)
—— —

(s—1) times

with £(®,) = s+ 1, M(®,) = 11s — 3, K(®,) = {0,1,2,4, -1, -2, -4} C
Dn .k, and W(®,) = 3. Then, we have &5 = g;.

(b) For every £ € {1,..., K}, consider the affine mapping L;: R — R defined
according to Ly(x) = Ka — £ + 1. Further, define the affine mappings
Vi: R = R? and V;: R — R according to

Vie) = ( 11) . (372)

Vo(z) = (K —K)x—(+1 (373)

and define, for every ¢ € {1,..., K}, the ReLU neural network ©, € N7,
according to

Oy=Va0poVy (374)
with £(©,) = 2, M(©,) = 5, K(0y) = {-K,...,K} C Dn,k, and
W(©,) = 2. Then, we have ©, = L,.
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(c) Consider the mapping f; as defined in (255)—(257). Further, consider the
affine mappings U;: R — R25~1 and Uy: R?6—1 — R defined according
to

—x
x
xXr — b1
U(z)=| *— b (375)

r—br_1
T —br_1

and

x/(;(wl)
x/(Kws)
Us(x) = —z/(Kwy) , (376)

o/ (Kuwi)
—z/(Kwg_1)
respectively and define the ReLU neural network ¥y € N; ; according to
\IfliUQOpOUl (377)

with £(01) = 2, M(¥;) = 4K —1, and W(¥,) = 2K, and K(¥1) C Dy .
Then, Lemma 30 implies U1 = f;.

(d) Fix (k1,...,kj—1) € Aj_1 and j = 2,...,d arbitrarily, consider the map-
ping f;kl """ %=1 a5 defined in (262)—(264). Further, consider the affine

mappings U0 R oy R2E-1 apd piFtooRi) R2ZE-1 R de-
fined according to

—X
X
T = b1|(ky,.c k1)
Uk @y = |2 = Oujgh,k ) (378)

T - bK—l\(klw-,kj—l)
T — bKA\(kl,,..,kj,l)

and
.
—x
o/ (Kwi|(k,... k1))
z/(Kwa|(ky ... k1))
UQ(kl""’k"fl)(x) = | =/ (Ewi,k; ) , (379)

T/ (KWK|(ky ... kj1))
—2 /(KWK _1|(ky,... k1))
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respectively and define the ReLLU neural network \Ilgkl
cording to

\I/;klp..,kjfl) — UQ(k'lanwkjfl) opo Ul(kl"“’kjfl) (380)

. Ky ko Ky ko Ky ko
Wlth E(‘I’g * 1)) = 27 M(\I]g 1 1)) — 4K _ 17 W(‘I’§ 1 1)) —
2K, and K(ngl’wkkl)) C Dy k- Then, Lemma 30 implies \Ilgkl""’kj’l) =
p(k1,.. k1)
I :

e) Fix j = 2,...,d arbitrarily and consider the mapping f,” as defined in

Fix j = 2,...,d arbitrarily and consider th ing f1*) as defined
(258)—(261). Combining the ReLU neural networks in (a)—(d) by adding
a void ReLLU activation function p between all the individual ReLLU net-

works, we can construct, for every (ki,...,k;;) € Aj_1, a ReLU neural
network ‘I’Eii,...,kj,g with!
LOVG o ) =2+ (d=1)(5+s) (381)
MEE) )= (d=)(E+8) + (G~ DEAK + 115 +1) + 4K — 1
(382)
(s) _
W) = 2K (383)
KRG g, ) € D (384)
such that
FE D DR (RS (385)

(k1,eskj—1)EA; 1

(f) Fix j = 2,...,d arbitrarily and consider the mapping f;s) as defined in
(258)—(261). Combining Lemma 2 with (e) and realizing the sum in (385)
as inner product with the all-ones vector of length K7~!, we can construct
a ReLU neural network \IIE-S) with

L) =3+~ 1)(5+5) (386)
M@Y= ((d= )5 +s) + (j = DEAK + 115 + 1) + 4K ) K/~ (387)
W) = 257 (388)
K(¥) € Dy (389)

such that f;s) = \Ilgs).

(g) Consider the ReLU neural networks \I/;s) constructed in (f). Then, the
ReLU neural network &, = P(‘Ilgs)7 ey \IJS)) has the desired properties

1By adding void components of the form 10 p...10 p of lengths (d — j)(5 + s), we can
make all networks to have depth 2 4+ (d — 1)(5 + s).
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in (iv) upon noting that

d
Z((d—j)(5+s)+(j—1)(4K+115+1)+4K)Kj_1 (390)

<4d(3s+2K +4)K/(K — 1) (391)
and
d
2Y K7 =2K(K'-1)/(K -1) (392)
. < 4K (393)

Finally, (279) follows from (271) and (278).
O

We next combine Theorem 5 and Theorem 6 to obtain space-filling approx-
imations of arbitrary Borel measures on [0, 1]%.

Corollary 8. Let Z = [0,1] be equipped with the metric p(z,y) = ||z — yl|co-
Further, let K € N\ {1} and set

Di ={a/b:acZ,beN,|a| <4K™ and b < 4K}, (394)

Then, we can construct a collection gl(éi ) C Ni 4 of ReLU neural networks with
|gl(<d)’ < (12K)K * with the property that for every Borel probability measure u
on (Z,p), thereisa ¥ € %I((d) satisfying

Wi (11, S#(L Do ) ) < 3/K. (395)

Moreover, every ¥ € ?f}((d) satisfies

LX)=3+6(d—1) (396)
M(E) < 44dK*¢ (397)
W(E) < 4K (398)
B(X) = 4K+ (399)
K(X) C Dg. (400)
and
Lip(¥) < 2¢H1 K4, (401)

Proof. Fix an arbitrary Borel probability measure px on (Z, p) and let i be as
in Theorem 5 with N = 4K9t!. Further, consider the ReLU neural network

Y= @f&gdH’K from (iv) in Theorem 6 when applied to fi with N = 4K9*! and
s = 1. Then, we have

Wi (1 S D 0,1)) < Wa (s 1) + Wi (7S£ |o,1) (402)

< (K= 1)/K™ 4 2/K (403)

<3/K, (404)
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where (403) follows from Theorem 5 and (iii)—(iv) in Theorem 6. Moreover,
Y satisfyies (395)—(400) owing to (iv) in Theorem 6 upon noting that (2K +
7)/(K — 1) < 11. Finally, set

Ag={k e N?: ||k]|oo < K} (405)

and note that ¥ is completely determined by the set of 1/N-quatized weights
{witrea, of . But

{wk}rea,| < (I](Vd__11> (406)
< < ;{Vd) (407)
- (") (108)
< (12K, (409)

where (409) follows from (7}

) < (en/k)*, which establishes |€§I(<d)| < (12K)Kd.

O

Corollary 8 implies that, for fixed d and ¢ € (0,1], the number of ReLU
neural networks required to approximate an arbitrary pu on Z with error no
larger than € through push-forward of /3(1)|[0,1] is upper-bounded by

(12[3/]) 371" (410)

A Properties of Lipschitz Mappings

In this section, we state basic definitions and properties of Lipschitz mappings
required in the current paper. We start with the definition of Lipschitz con-
stants, gradients, and generalized Jacobian determinants of Lipschitz mappings.

Definition 10. Let A C R™ and suppose that f: A — R" is Lipschitz. For
every p € [1,00], we set

Lip® (f) = inf{ s € [0,00) : sup I1@) = 7 @)l <s (411)
m,y#E.A 2 —yllp

and designate Lip(f) := Lip®(f). We define the gradient of f according to
Vf= (0 f,0,f,...,0z, f) at each point where V f exists and write

Jf:{ dQet(VHTVS)) ifm<n

det((VAHVST)  ifn>m. (412)

for the generalized Jacobian determinant of f.

Rademacher’s theorem [18, Theorem 5.1.11] ensures that the Vf and Jf in
Definition 10 are defined up to a set of Lebesgue measure zero and Lebesgue-
measurable. The following result states that on convex open domains, the set
of Lipschitz functions equals the set of local Sobolev functions.
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Theorem 7. Let O C R™ be open and convex and consider an arbitrary
function f: O — R. Then, the following properties hold.

(i) f is Lipschitz if and only if f € W1°°(0’) for all open and bounded sets
0 CO;

(ii) If f is Lipschitz, then
Lip™ () = [V fllso | w0y (413)

Proof. The proof follows along the same lines as the proof of [17, Theorem 3.31].
Suppose that f is Lipschitz. Then, V f exists up to a set of measure zero thanks
to Rademacher’s theorem [18, Theorem 5.1.11]. Moreover, we have

|f(z +te;) — f(a)]

T I
eIV f(@)| = lim : (414)
< LipM(f) for almost all z € @ and i = 1,...,m, (415)

which implies |||V fllooll 2. &m) < Lip®(f) and, in turn, that f € W1o°(0)
for all open and bounded sets O’ C O.

Now, fix an open, bounded, and convex set O’ C O arbitrarily and suppose
that f € W1°(0’). Further, fix p € (m, 00) arbitrarily. Since O’ is bounded,
we have f € W1P(0') thanks to [1, Theorem 2.14 | so that [I, Part II of
Theorem 4.12 | implies that f has a representative that is uniformly continuous
on O'. Let f be the zero extension of that representative outside O'. Now, set

~1/(-llalla) g 1
n(a) =4 iffleflz < (416)
0 else,

where ¢ € (0,00) is chosen so that [7d.Z™ = 1. Further, for every ¢ € (0, o),
set ne = n(-/e)/e™, OL = {x € Ot supycpolle — yll2 > 2¢}, and fo = fxn.,
where * denotes convolution. Now, [1, Item (e) of Theorem 2.29 ] implies that
fe converges uniformly to f on O’. Next, note that

IV felloo = Z_:I{laxm |0, fe| (417)
= max |[(Dg, f) * 1| (418)
i=1,...,m
< (,max Do, fl) *ne (419)
=D flloc * e, (420)

where (418) is by [17, Theorem 1.19] with D,, f denoting the weak derivative
of f and in (420) we set Df = (Dg, f,..., Dy, f)T. We therefore have

IV fellooll 2, 02) <MD flloollz, 00 1mellL, (o) (421)
< ||||Df||oo||Lp(O) for all € € (0,00), (422)

where in (421) we applied Young’s inequality for convolutions [1, Corollary
2.25 | in combination with (417)-(420). By the arbitrariness of p, (421)—(422)
together with [1, Theorem 2.14 | yields

IV fellooll Loc02) < TP llocll e (o) for all e € (0, 00). (423)
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Now, fix z,y € O arbitrarily and pick an open, convex, and bounded set O’ C O
with x,y € O'. Futher, let g9 € (0,00) be sufficiently small so that z,y € O,
Then, we have

1
() — ()] = \ [ Vit @00 - pa (424)
<MV hllomonlle — gl forallee (O.c0),  (425)

where (424) follows from the fundamental theorem of calculus [31, Proposition
1.6.41]. Taking the limit ¢ — 0 in (424)—(425) and using uniform convergence
of f. = f and (423), it follows that | £(y) — £(z)] < |IDflecllz o)z — ylh-
Since z,y were assumed to be arbitrary, we can conclude that f is Lipschitz
with Lip®! (f) < D fllsoll o (0)- Finally, we can replace D f by V f thanks to
Rademacher’s theorem [18, Theorem 5.1.11]. O

We next state an elementary property of Lipschitz functions on convex and
closed domains.

Lemma 12. Let A, By,...,B, C R™ be convex and closed with A = J;_, B;.
Further, let f: A — R be Lipschitz. Then, we have

Lip"(f) < max Lip™(f]s,). (426)

Proof. Fix z,y € A with & # y arbitrarily and set & = {ty + (1 —t)z : t €
[0,1]}. We next establish that there exist xo, ...,z € L satisfying the following
properties: (i) xg = z, (ii) 2, = y, and (iii) for every i € {1,...,k}, there
exists a Bj, such that z;,x;_1 € Bj,. Set o = z. There exists an 1 € (0, 1]
and a B;, such that {ty + (1 — t)zp : t € [0,e1]} C B;, owing to Lemma 13
below. If y € B;,, then set 1 = y and we are done. If y ¢ B;,, then set
t1 = max{t € [0,1] : ty + (1 — )z € By, } and x1 = t1y+ (1 —t1)xo. Now, there
exists an €2 € (0,1] and a B;, such that {ty + (1 —t)z1 : t € [0,£1]} C By owing
to Lemma 13 below. By construction, B;, # B;,. If y € B,,, then set 22 =y
and we are done. If y ¢ B;,, then set to = max{t € [0,1] : ty + (1 — t)z1 € B;,}

and xg = toy + (1 —t2)z1. Now, continue this way to find points z1,...,z; with
xo, w1 € By, ..., xj_1,2; € Bi;. Now, the sets B;,,...,B;, satisfy B;, # B;,_,
for s = 1,...,j by construction, which implies that they are pairwise disjoint

owing to the assumption that they are all convex. Since there are a finite number
of sets B;, this procedure has to stop after a finite number of steps k < n. We
therefore have

£ ( z)| < Z (i) = fzia)] (427)

< Z Lip™ (f]s,,)llws — wi-1lx (428)
i=1
S maX Llp (fls:) Z”xz —zi-1lh (429)
= max Llp( Y(fle)ly — =, (430)
which establishes (426) as x,y were assumed to be arbitrary. O
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Lemma 13. Let A, By,...,B, C R™ be convex and closed with A = J;_, B;.
Then, for every z,y € A, there exists an £ € (0,1] and a B;, such that {ty +
(I—t)x:tel0e]} CB,.

Proof. Toward a contradiction, suppose that there exist x,y € A such that
the statement of the lemma is false and set C = Uie{l)mn}:we& B; and D =
Uie{l,...n}:w¢l’j’i B;. Now, fix k € N and a B; with = € B; arbitrarily. Since the
statement is false, we can find a t,(f) € (0,1/k] such that t,(j)y +(1- tff))x ¢ B;.
As B; is convex and x € B;, this implies ty + (1 —t)x ¢ B; for all ¢ € [t,(j), 1]. By
the arbitrariness of B;, this implies in turn that xy := (1/k)y + (1 —1/k)x € D.
Since k was assumed to be arbitrary, we can conclude that z € D for all z € N.
But « ¢ D and lim,,_,, = x, which is a contradiction to the fact that D as the
finite union of closed sets is closed. O

Finally, we need the following version of the area formula.

Theorem 8. [18, Corollary 5.1.13] Let m,n € N with m < n. Furher, let A C
R™ be Lebesgue measurable and let f = (f1,..., fn)": A — R™ be Lipschitz.
Finally, let g: A — [0,00) be Lebesgue measurable and define h: R" — [0, o0]
according to

hy)= Y. gla). (431)

ze ANf~1(y)

Then, h is H™-measurable and

/ gJfdLm = / hdH™. (432)
A n

B Tools from General Measure Theory

This section summarizes the main definitions and properties in general measure
theory needed in this work. We follow mainly the exposition in [23, Section 1].

Definition 11. Let (X, p) be a metric space and designate Z(X) = {A: AC
X}. A measure p is mapping p: Z(X) — [0, o] satisfying

(i) p(@) =0;
(i) (&) < p(F) forall E C F C X;

(ii) ,L(UZEN 51-) < Ysen H(E:) for all £, -+ C X

Definition 12. Let (X, p) be a metric space equipped with a measure p. If
A C X satisfies pu(X \ A) = 0, then we say that p is supported on A. We set

spt(p) = X'\ U{V C X :Vis open and p(V) = 0}, (433)

which is the smallest closed support set.
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Definition 13. Let (X, p) be a metric space equipped with a measure u. A set
A C X is called p-measurable if

&) =pENA)+pu(E\A) foral £ CX. (434)
We set Z#(u) = {AC X : Ais p-measurable}.

Theorem 9. [23, Theorem 1.4] Let (X, p) be a metric space equipped with
a measure g. Then, M(u) is a o-algebra containing all sets of measure zero.
Moreover, p is countably additive on M (u).

Definition 14. Let (X, p) be a metric space equipped with a measure p. Then,
w is called
(i) locally finite if, for every € X, there exists an r € (0,00) such that
n({y € X = d(z,y) <r}) < oo
(ii) Borel if .#(u) contains all Borel sets;

(iii) Borel regular if it is Borel and for every €& C X, there exists a Borel set
B C X such that £ C B and u(€) = u(B);

(iv) a Radon measure if it is Borel and satisfies the following properties:

(a) u(K) < oo for all compact sets I C X;
(b) u(V) =sup{u(K) : K CV,K is compact} for all open sets V C X;
(¢) u(A) =inf{u(V): ACV,V is open} for all sets A C X.

Lemma 14. [23, Corollary] A measure on R" is a Radon measure if and only
if it is a locally finite Borel measure.

We have the following properties for sums and limits of Borel regular mea-
sures.

Lemma 15. Let p; and ps be Borel regular measures on the metric space
(X, p). Then, p; + ps is a Borel regular measure.

Proof. 1t follows immediately from Definition 11 that pq + ps is a measure. Fix
a Borel set B and a set £ C X arbitrarily. Then, we have

(1 + p2)(€) = pa(E) + pa(E) (435)
= p1(ENB) + p1(E\ B) + p2(E N B) + p2(E\ B) (436)
= (1 + p2)(ENB) + (p1 + p2)(E\ B), (437)

which implies that 111419 is a Borel measure. Finally, fix a set A C X arbitrarily.
Then, there exist Borel sets By, Bs satisfying A C B; and p;(A) = p(B;) for
i =1,2. Now, set B = B; N By. Then, we have A C B and ug(A) < pp(B) <
1k (Bi) = pu(A), which implies (p1 + pi2)(A) = (1 + p2)(B). Hence, py + po is
Borel regular. O

Lemma 16. Let p; and ps be Borel regular measures on the metric space
(X, p) satisfying p1(B) = pa(B) for all Borel sets B C X. Then, p1 = ua.
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Proof. Fix an arbitrary set A C X. Then, there must exist Borel sets By C X
satisfying A C B and ug(By) for k = 1,2. Set B = By N By. Then, we have

e (A) < pn(B) < pi(Be) = pw(A) - for k= 1,2, (438)

which implies
p1(A) = p1(B) = p2(B) = p2(A). (439)
O]

Lemma 17. Let (ux)ren be a sequence of measures py on the metric space
(X, p). Then, the following properties hold. Suppose that pg(€) < pgy1(E) for
all k € Nand £ C X and define oo : P (X) — [0, 00| setwise according to

Hoo(E) = ler{:o pr(€) forall € C X. (440)

Then, pi is a measure. If, in addition, uy is Borel (regular) for all k£ € N, so is
Hoo-
Proof. We first establish that 1 is a measue. (i) and (ii) in Definition 11 follow

immediately from (440). To establish (iii) in Definition 11, fix an arbitrary
collection {&; : i € N} of sets & C X and set £ = | J;c & Since

k(&) <D () <Y poo(&r) for all k €N, (441)
¢eN leN

we conclude that

oo (E) = T 14(€) < 3 o (&) (442)
keN

This proves (iii) in Definition 11 and, in turn, that p is a measure.
Next, suppose that g is a Borel measure for all £ € N, and fix a Borel set
B and a set £ C X arbitrarily. Then, we have

poo(€) = lim pui(E) (443)
= lim (ui (€N B) + (€ B)) (444)
= lim p(ENB) + lim i (E\ B) (445)
= too(ENB) + oo (E\ B), (446)

which prove that ps is a Borel measure.

Finally, suppose that pj is Borel regular for all ¥ € N and fix £ C X
arbitrarily. Then, for every k € N, there exists a Borel set By, satisfying & C By
and i (E) = pr(Br). Set B = (\,cy Be- Then, we have £ C B and ux(€) <
wr(B) < pup(Br) = ux(E) for all k € N, which implies

foo(E) = lim 1, (E) = lim 1 (B) = poo(B). (447)
k—o0 k—o0
Therefore, p1oo is Borel regular. O
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Definition 15. Let (X, p) be a metric space equipped with a measure p and
C C X. Then, we defined p|c: Z(X) — [0, 00] according to

ple(€) =w(ENC) forall &€ e Z2(X). (448)

Theorem 10. [23, Theorem 1.9] Let (X, p), i, and C be as in Definition 15.
Then, the following properties hold.

(i) plc is a measure and . (p) C A (plc).

(i) If, in addition, u is Borel regular and C € .# (p) with p(C) < oo, then ple
is Borel regular.

Definition 16. Let (X, p) and (), o) be a metric space and consider a mapping,.
f:xXx =)
(i) f is called Borel if f=1(B) is a Borel set in X for all Borel sets in );

(ii) if p is a measure on X, then f is called g-measurable if f=1(V) € .4 (u)
for all open sets V C ).

Definition 17. Let (X, p) be a metric space equipped with a measure p and
let f: X — [0,00] be p-measurable. We define fu: 2(X) — [0, 0] according
to

fu(é'):inf{/sfd,u:lge,///(u),ggl?}. (449)

Lemma 18. Let (X, p), i, and f be as in Definition 17. Then, fu is a measure
satisfying fp < p and A () C .4 (fu). Moreover, we have

(fm)la = flpla)  for all A€ 4 (u). (450)
If, in addition, p is Borel (regular), so is fpu.
Proof. (i) and (ii) in Definition 11 follow immediately from (449). To establish

(iil) in Definition 11, fix an arbitrary collection {&; : i € N} of sets & C X and
set €& =J,.n&i- Then, we have

ieN
fu(é’):inf{/fd,u:BE///(u),c‘:gB} (451)
B

< inf { / fdu:B; € #(n),E CB; foralli e N} (452)
ien Bi

ginf{z/ fdu:B; € #(u),E C B; for allz’EN} (453)
B;

ieN
:Zinf{/ fd,u:Bl-E///(H)agz'CBi} (454)
ieN Bi
Y e (455)
iEN
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where in (453) we applied [6, Corollary 4.9]. We next prove fu < p. To this
end, suppose that A C X with p(A) = 0. Since this implies A € .#(u) and,
in turn, fu(A) = [, fdu, we conclude that fu(A) = 0 thanks to [6, Corollary
4.10]. Next, we establish .# () C #(fp). To this end, fix A € #(u) and
€ C X arbitrary. Then, we have

fu(&) < fu(€NA)+ fu(E\ A) (456)

thanks to (ii) in Definition 11, an, by (449), we obtain

fu(é):inf{/deu:BEJ/{(u),SgB} (457)
:inf{ fd,u—l—/ fd,u:BE///(u),SgB} (458)

BNA B\A
zinf{/fd,u:BEJ//(u),gﬂAgB} (459)

B
+inf{/fdu:86///(u),5\A§B} (460)
B

= fu(ENA)+ fu(E\ A), (461)

where in (458) we applied [6, Corollary 4.9]. Now, (450) follows from

(f,u)|A(€):inf{/de,u:BEJ//(/,L),SﬂAQB} (462)
:inf{/ fdu:Be///(u),EgB} (463)
BNA
:inf{/fdmA:BE///(u),SgB} (464)
B
= f(ula)(E) forall £ C X. (465)

If p is Borel, so is fu since 4 () C A (fu). Finally, suppose that p is Borel
regular and fix £ C X arbitrarily. Then, there exists a Borel set B satisfying
E C B and p(€) = u(B). Now, (449) implies fu(&) < fu(B). To establish
fu(&) > fu(B), fix A € A () with € C A arbitrarily. Then, we have

n(€) < p(BNA) < pu(B) = u(é), (466)
which implies (BN .A) = p(B) and, in turn,
B\ A) = pu(B) —p(BNA)=0 (467)
since A € 4 (p). We thus have fu(B\ A) = 0 thanks to fu < g so that
fuB) = fuB\A) - fuBNA) = fu(B\A) < fu(A) (468)
owing to A € #(fu). Since A was assumed to be arbitrary, (468) implies

() = fu(B). O
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Definition 18. Let (X, p) and (), o) be metric spaces, let u be measure on X,
and suppose that f: X — ) is y-measurable. Then, we define f#u: 2(Y) —
[0, 00] according to

J#u(E) = n(F(E)) for all £ C V. (469)

Lemma 19. Let (X, p), (),0), u, and f be as in Definition 18. Then, f#u is
a measure, and A € . (f#u) provided that f~1(A) € . (u). If, in addition, p
is a Borel measure and f is Borel measurable, then f#u is a Borel measure.

Proof. Tt follows immediately form (469) that f#pu is a measure by verifying
the defining properties in Definition 11. Suppose that A C ) satisfies f~1(A) €
A (11). Then, we have

f#E) = p(f~ 1(5)) (470)
= u(fTHE) N FTHA) + u(fHE N FTH(A) (471)
=u(f7H(EN ) u(fHENA) (472)
= FHUENA) + f#uE\A) forall € C Y, (473)

which implies A € #(f#u). Finally, suppose that p is a Borel measure and
fix a Borel set B C ) arbitrarily. Now, suppose that p f is Borel measurable,
and fix a Borel set B C Y arbitrarily. Then, f~1(B) is a Borel set and, in
particular, y-measurable. Thus, B € .# (f#u), which establishes that f#u is a
Borel measure. O

Theorem 11. [23, Theorem 1.18] Let (X, p) and (Y, o) be be separable metric
spaces. if f: X — )Y is continuous and g is a Radon measure on X with
compact support spt(v), then f#u is a Radon measure. Moreover, spt(f#u) =

fspt(p))-

Theorem 12. [23, Theorem 1.20] Let (X, p) and (Y, o) be metric spaces and
suppose that f: X — ) is a continuous surjection. Then, for every Radon
measure v on ), there exists a Radon measure p on X satisfying v = f#u.

Corollary 9. Let A C R™ be compact and f: A — R™ Lipschitz. Further,
suppose that v is a Radon measure on R™ supported on the m-rectifiable set
E = f(A). Then, there exists a Radon measure p on A such that v = f#u .

Proof. Equip f(A) with the measure o defined according to 7(C) = v(C) for all
&€ C f(A). Clearly, 7 is a Radon measure. Moreover, by Theorem 12, there
exists a Radon measure p on A such that 7 = f#pu. Finally, we have

v(B)=v(BNE) =o(BNE)=u(f~HBNE)) (474)
= u(f1(B)) = (f#u)(B) (475)
for all Borel sets B C R™, which establishes v = f#p thanks to Lemma 16. O

Definition 19. Let (X, p) be a metric space. For every s € [0, 00), the Hausdorff
measure J°: P(X) — [0, 00] is defined according to

H°(E) = lim JG° (E) (476)

§—0
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with

s/2

25(8) m 7 inf { Y e | Fodiam(E) < 5} (477)

PRA+s/2) Vi T

for all £ C X and § € (0,00).
The Hausdorff measures ##° are Borel regular measures [23, Corollary 4.5].

Lemma 20. Let (X, p) be a metric space equipped with the Hausdorff measure
2 and suppose that A C X is J#5-measurable with 5#°(A) < oco. Then,
% 4 is a Radon measure.

Proof. By assumption, 5#°| 4 is a finite measure. Moreover, it is Borel regular
thanks to (i) in Theorem 10 and Borel regularity of .7°°. Therefore, J#%| 4 is a
Radon measure. O

Lemma 21. [2, Proposition 2.49] [8, Lemma 3.2] The Hausdorff measures J#*
on R"™ have the following properties:

(i) For every s1, 82 € [0,00) with s; < s and € C R"™, #7%2(€) > 0 implies
% (E) = o0

(ii) If f: R™ — R™ is Lipschitz, then
H0°(f(€)) <Lip®(f)°(€) forall s € [0,00) and € CR™;  (478)
(iii) If f: R™ — R™ is Lipschitz and A C R™ is Lebesgue measurable, then
f(A) e (A™);
(iv) ™ (B) = Z£"(B) for all Borel sets B C R™.

Definition 20. [18, Definition 2.5.1] Let (X, p) be a metric space. The Haus-
dorff dimension of a set £ C X is defined according to

dimy (£) = sup{s € [0, 00] : H°(E) > x0}. (479)
If 14 is a measure on X, then we set dimy (u) = dimpy (spt(pu)).

Lemma 22. [18, Definition 2.5.1] Let (X, p) be a metric space and € C X.
Then, the Hausdorff dimension satisfies

dimy (€) = sup{s € [0, 00] : H#°(E) = o0} (480)
= inf{s € [0,00] : F°(E) < o0} (481)
= inf{s € [0, 00] : H°(E) = 0}. (482)

C Properties of Wasserstein Distance

This section summarizes the main definitions and properties of Wasserstein
distance needed in this work. We follow mainly the exposition in [3, Chapter 7]
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Definition 21. Let (X, p) be a separable complete metric space. We denote
by P(X) the set of all Borel probability measures X. A coupling = between
u,v € P(X) is a Borel probability measure on X’ x X satisfying

m(A X)) =pu(A) foral ACX (483)
m(X,B) =v(B) forall BCX. (484)

We denote by TI(u,v) the set of all couplings between u,rv € P(X). For every
p € [1,00), we set

Pp(X) = {u € P(X) 3xg € X with /pp(xo, Jdp < oo} (485)

Finally, for every p € [1,00), a € (0,00), and p,v € Pp(X), the Wasserstein
distance of order p between au and av is defined according to

mell(p,v

1/p
W, (ap, av) = al/p< inf )/pp dﬂ') . (486)

Lemma 23. Let (X, p) be a separable complete metric space and suppose that
S C X is bounded. Then, we have W,(u,v) < diam(S) for all p,v € Py(X)
satisfying spt(p) C S and spt(v) C S.

Proof. Fix m € I(u,v) arbitrarily. Then, 7|sxs/7(S x §) is also a coupling,
and we have

wp !

(. v) < TS xS /pp drlsxs < diam?(S). (487)

O

We have the following relation between Wasserstein distances of different
order.

Lemma 24. Let (X, p) be a separable complete metric space and suppose that
p,q € [1,00) with ¢ > p. Further, assume that spt(u) € S and spt(v) C S.
Then, we have

Wy(p,v) < Wylp,v) < diam?P(S)WP/9(u,v) for all u,v € Py(X).
(488)

Proof. Jensen’s inequality [28, Theorem 2.3] applied to the convex function
é: (0,00) = (0,00), t — t9/? yields Wi(p,v) > Wi(u,v) and

diam??(S)
q <= 7 f P 4
Wq (/.L,V) - 7T(S X S) ﬂGIlTr%p,,u)/p d7T|S><S ( 89)
= diamqip(S) Wg(,lh l/). (490)
O

Lemma 24 implies that for bounded separable complete metric space,
Wasserstein distances of different order are all comparable in the sense of (488).
For the particular case where p = 1, we have the following dual characterization.
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Lemma 25. [3, Equation (7.1.2)] Let (X, p) be a separable complete metric
space Then, we have

Wi (p,v) = sup {/wdu /wdu} for all p,v € P1(X). (491)

: X—=R
Llp<w><1

We need the following properties of the Wasserstein distance of order one
under push forwards of measures.

Lemma 26. Let (X,p) and (¥,0) be separable complete metric spaces and
let p € [1,00) and o € (0,00). Further, let 4 € P,(X) and suppose that
f,9: X = Y are y-measurable. Then, we have

Wi, g#am) < a [ of.g)d (192)
Proof. Since

Wi(f#(ap), g#(ap)) = Wila(f#p), a(g#p)) = aWi(f#u, g#u1)  (493)

/ o(f.9) d(op) = a / o(f. 9) du (494)

we can assume, without loss of generality, that « = 1. We have

and

WiF o) = s { / D d(fHmu) — / d g#u} (495)

: X—R
Llp(w)<1
= s {/wofdu /wogdu} (496)
X*}]R
Llp
< S {/¢0 —togldu (497)
: X—=R
Llp(w)<1
< [att.9)dn (498)
where (495) follows from Lemma 25. O

Lemma 27. Let (X, p) and (), 0) be a separable complete metric spaces and
let p € [1,00) and « € (0, 00). Further, let p, v € P,(X) be Borel measures and
suppose that f: X — ) is Lipschitz. Then, we have

Wi (f#(an), f#(ow)) < Lip(f)Wi(ap, av). (499)

Proof. Since

Wi (f#(on), f#(av)) = Wilaf#p), a(f#v)) = aWi (f#u, f#v)  (500)

and

Wi(ap, av) = aWi(u,v) (501)
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we can assume, without loss of generality, that « = 1. Now, define g: X x X —
Y — Y according to

g(x,y) = (f(x), f(y))- (502)

Now, fix 7 € II(, v) arbitrarily. Then, we have

(g#m) (A x V) = 7(fTHA) x X) = p(fH(A)) = (f#r)(A) (503)
and

(g#m)(Y x A) = 7(X x fTHA)) = v(f7H(A)) = (f#v)(A), (504)

which implies g#n € II(f#pu, f#v) so that

Wit f40) < [ ate.y)digin (505)

— [ ots@). ) dn (506)

< Lip(/) [ plavy) dr. (507)

which establishes (499) for @ = 1 as 7 was assumed to be arbitrary. O

Finally, we need the following result for sequences of measures.

Lemma 28. Let (X,p) be a separable complete metric space satisfying
sup, yex p(7,y) < oo and let p € [1,00). Further, let (u;)ien and (v;)ien be
two sequences of Borel regular probability measures on X' and let (a;);en be a
sequence in [0, 1] satisfying > . _ya; = 1. Then, the measures

i€N
W= Z @it (508)
€N
and
v= Z a;v; (509)
i€EN

are Borel regular, in P,(X), and satisfy
Wi (p,v) < Zaiwl(u“ V). (510)
ieN

Proof. Set C = sup,, ,cx p(,y) and note that C' < oo implies y;, v; € Pp(&X) for
all i € N. Now, Lemma 17 implies that p and v are both Borel regular measures,
where convergence in (508) and (509) is setwise. Moreover, p,v € P,(X) since,
for fixed x¢ € X, we have

[ plaszo)dn < Cu) = €Y () = € (511)

€N
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and similar for v. Now, for every i € N, fix m; € II(u;, ;) arbitrarily. Then,
again by Lemma 17,

=Y am (512)

ieN

is a Borel regular measure, where convergence in (512) is setwise. Moreover, we
have

T(Ax X) = am(Ax X) = a;p;(A) = p(A) (513)
1€EN €N
and
m(X ) A) =D aimi(X x A) =Y awi(A) = v(A), (514)
ieN €N

which implies 7 € II(u,v). Since the coupling 7; was assumed to be arbitrary,
we conclude that

Wi(p,v) < inf /ppd(ZamZ) (515)

i €1 (pi,vi)

for alli € N =

= Zai inf /pp dm; (516)
ieN i € (pi,v3)

= Zaiwl(ui,ui), (517)

ieN

where (516) follows from (512) and approxixmation of p through simple func-
tions. O

D Auxiliary Results

Lemma 29. Let n, N € N with N > n, set § = 1/N, and let mq,...,m,, €
[0,1] with >, _, mg = 1. Then, we can construct y,..., 0, € 6N satisfying
Y op_q Wi =1 and

n

> ik — wi| < 46(n — 1) (518)

k=1
Proof. Set py = 6|wy/é| for k = 1,...,n—1 and p, = 1 — ZZ;;@C By
construction, we have py € §Ny with 22:1 pr = 1. Moreover, the pj satisfy
n n—1
D 1pe — wi =25 |lwp /6] — wy /6] < 26(n —1). (519)
k=1 k=1

Next, set

C={ke{l,...,n}:pp =0} and ct={1,...,n}\C (520)
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and let a = ’C|5 and 8 = |CL‘5. Since

Yo be=12a+p,
keC+
we can find ay,az. .., ¢ € 0Ng satisfying
> o
keC+
such that
Wy, = py — ay € 0N for all k € C*.
Setting

Wy =pr+9 forall keC,

we have Y ), @, = > ,_; Pr = 1 by construction and

ka*wk‘ < Z\wk*f)ﬂ +Z|ﬁk — wy,
=1 =1 =1
26(n —1) +2[C|o

<
<46(n—1),

where in (526) we used (519) and (522)—(524), which establishes (518).

(521)

(522)

(523)

(524)

(525)

(526)
(527)

O

Lemma 30. Let wy,...,wx € (0,1] with Zszl wg =1 and set ag = 1/(Kw)
and by = 0. For k= 1,..., K, set ar = 1/(Kwj1) — 1/ (Kwy), b = Y, wj,

and

[bk—hbk) iftk< K
Ky = .
[br—1,00) if k=K.

Define f: R — R according to

f(x) x for all x € (—o0,0)
xTr) =
(x —bg)/(Kwy) +k/K forallz e Ky and k=1,..., K
and g: R — R as
K
g(z) = —p(—2x) + Z p(z — bg_1)ak—_1.
k=1

Then, f=g.
Proof. We have

g(x) = —p(—x) =2 = f(z) for all x € (—0,0).
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Next, we establish f(z) = g(z) for all z € [0,00). To this end, fix k € {1,..., K}
arbitrarily and note that

k k
glx) = xZaj_l - Zaj_lbj_l for all z € Ky. (532)
j=1 j=1
Now,
k
> a1 =1/ (Kuy) (533)
j=1
and
k
K aj-1bja (534)
j=1

= w1 (1/wz — 1/w1) + (w1 + w2)(1/w3 — 1/ws) (535)
ot (wr Hwe + o+ wpon)(L/we — 1/wg—1) (536)
=1—k+ (w1/we + (w1 +wa)/ws + -+ + (wy + - +wi—1)/wg)  (537)
— (w1 /we + (w1 +we)/ws + -+ (w1 + - -+ + wi—2)/Wwk—1) (538)
=1—k+br_1/(wg). (539)

Using (533) and (534)—(539) in (532) yields
(

9(2) = (@ — be-1)/(Kwn) + (= 1)/K (540)
= (x—by)/(Kwg) + k/K (541)

= f(z) for all z € K. (542)

O

E Properties of the Sawtooth Function

We start with the definition of the sawtooth function.

Definition 22. The sawtooth function g: R — [0, 1] is defined according to

2z if x€10,1/2)
g(x) =921 —2) ifzell/2,1] (543)
0 else.
For every s € N, we set
gs=gogo---og. (544)
P

We next state some elementary properties of g.

Lemma 31. For every s € N, we have g4(x) =0 for all z € R\ (0,1) and

2°x — | 2%z if |2°z] is even
Js (.’I;) — . L J ) ] I. . J . (545)
1— 2%+ |22 if [2°2] is odd.
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Proof. Since gs(x) = 0 whenever g(z) = 0, we conclude that gs(x) = 0 for all
x € R\ [0,1]. We prove (545) by induction. For s = 1, (545) follows from
[22] =0 for all z € [0,1/2) and [2z] =1 for all « € [1/2,1] and the definition
of g. Suppose that (545) holds for s — 1 and set Z;, = [(k — 1)/2°,k/2°) for
k € N. Then, for every m € N, we have

T € Ty = |2 12 =2m —1,|2%2] = 4m — 1, and g,_1(x) < 1/2  (546)
T €Ly 1 = [2°7 2] =2m —1,|2%¢) =4m — 2, and go_ () > 1/2  (547)
€ Lymo = [2° 2] =2m —2,(2°2] =4m — 3, and g1 () > 1/2 (548)
€Ly 3= [2° 12| =2m —2,|2%¢) =4m — 4, and g, (x) < 1/2, (549)
which implies
2gs—1(x) =4m — 25z =1 — 2% + |2°z] if x € Ty,
(2) = 2—2gs_1(x) =2%c —4dm + 2 = 2°¢ — | 2°x] if £ € Zypp—1
9s\7) = 2—2g,_1(x) =2z —4dm+4=1-2%c+ |2°2| i x € Tyn_o
2¢s—1(x) =2°x —4Am + 4 = 2%z — | 2°z] if v € Zyp_a.
(550)
O
Lemma 32. For every s € N, we have
2571
g5 =) M (551)
k=1

with hy: R — [0,1], hg(z) = g(2° o —k+1) for k = 1,...,2°"!. The mappings
hy, satisfy hi(z) = 0 for all x ¢ Fr := ((k —1)/2°"1,k/2°~1). Moreover, for
every mapping f: [0, 1] — R satisfying f(0) = 0, we have

2371

foge=> foh. (552)
k=1

Proof. It follows immediately from Definition 22 that hy(z) = 0 for all z ¢ Fj.
Moreover, by Lemma 31, we have

gs(k/2°"Y =2k — [2k] =0 for all k € Z. (553)

Since the intervals Fj are pairwise disjoint, it is therefore sufficient to es-
tablish hy(z) = gs(x) for all x € F, and k = 1,2,...,2°7L. Now, fix
ke {1,2,...,2°"1} arbitrarily and let F\") = ((2k — 2)/2¢, (2k — 1)/2°) and
F& = [(2k — 1)/2%,2k/2°) so that F = F.) U FP. since [2°] = 2k — 2 for
all z € f,gl) and |2°z] =2k —1for all z € ]:,52), we have

(554)

() 2%x —2k+2=2%¢—|2°¢z] forallze ]—',il)
€r) =
g 9%k — 2w =1— 2z + [2°z| forallx € F?,
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which implies hx(s) = gs(z) for all x € Fj, owing to Lemma 31. To establish
(552), fix k € {1,2,...,2°"1} arbitrarily. Then, we we have

2.5‘71
Flgs(2)) = f( > hk<x)> (555)
k=1
= f(h(x)) (556)
25—1
=" f(hi(z)) forall z € Fy, (557)
k=1
where (555) follows from (551), in (556) is by the fact that hx(xz) = 0 for all
x & Fi, and in (557) used f(0) = 0 and again hi(x) = 0 for all = ¢ F. O
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